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• Analytical evaluation:

• exact analytical evaluation
• difficult visibility evaluation

• Line sampling:
• part analytical — part stochastic evaluation
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Line sample — generation

How to generate the line samples?

• choose a random direction
#»

l
• project light source onto
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l
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∫
A
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Line sample — evaluation

Contribution of a line sample:

Lline (. . .) =

∫ l

0
Llight (. . .) fr (. . .)G (. . .) V (. . .) dt

= Llight
∫ l

0
fr (. . .)G (. . .) V (. . .) dt assume diffuse light source

Materials:

• Diffuse BRDF
• Phong BRDF
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Diffuse material

Diffuse BRDF:
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(
x, #»yx↔ Θ

)
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Line sample contribution (extension of [Nishita et al., 1985]):
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Phong material

Phong BRDF:
fr (x, #»yx↔ Θ) = ks

(n+ 2)
(

#»yx · #»R
)

2π

Line sample contribution (extension of [Poulin and Amanatides, 1991]):

Lline (...) = Llightks
n+ 2
2π

∫ l

0
G (...)

(
#»yx · #»R

)
dt
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Phong material

Line sample contribution:

Lline (...) =

∫ θmax

θmin

cos
(
θ − θ # »Nx

)
cos

(
θ − θ # »Ny

)
cos

(
θ − θ #»R

)n dθ

= − cos
(
θ #»R − θ # »Nx

)
sin

(
θ #»R − θ # »Ny

)∫ θmax−θ #»R

θmin−θ #»R

cos (u)n+1 sin (u) du

− sin
(
θ #»R − θ # »Nx

)
cos

(
θ #»R − θ # »Ny

)∫ θmax−θ #»R

θmin−θ #»R

cos (u)n+1 sin (u)du

+ cos
(
θ #»R − θ # »Nx

)
cos

(
θ #»R − θ # »Ny

)∫ θmax−θ #»R

θmin−θ #»R

cos (u)n+2 du

+ sin
(
θ #»R − θ # »Nx

)
sin

(
θ #»R − θ # »Ny

)∫ θmax−θ #»R

θmin−θ #»R

cos (u)n sin (u)2 du

Integral identities:
∫
cos (θ) sin (θ) dθ =

− cos (θ)n+1

n+ 1

∫
cos (θ)n dθ =

cos (θ)n−1 sin (θ)
n

+
n− 1
n

∫
cos (θ)n−2 dθ
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Importance sampling
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Importance sampling

Line sample contribution is correlated to its length
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Importance sampling

Solution: importance sampling with the pdf ≃ l.

Uniform sampling Importance sampling
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Visibility evaluation

• Use acceleration structure to
find occluders overlapping
the shadow triangle.

• Find intersection between
occluders and shadow
triangle.

• Back projection on line
sample.
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Summary

What do we have so far:

• generate importance sampled line samples
• determine the visible parts of the line sample
• evaluate shading of diffuse and Phong materials
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Monte Carlo — convergence

• Convergence of Monte Carlo with
independent samples:

MSE = O
(
N−1)

• Convergence of Monte Carlo with
stratified samples: [Mitchell, 1996]

• function with bounded first derivative:

MSE = O
(
N−1−2/d

)
• piecewise continuous function:

MSE = O
(
N−1−1/d

)

Random sampling
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Monte Carlo — convergence

Point sampling

• function with bounded first
derivative:

MSE = O
(
N−2)

• piecewise continuous function:

MSE = O
(
N−1.5)

Line sampling

• function with bounded first
derivative:

MSE = O
(
N−3)

• piecewise continuous function:

MSE = O
(
N−2)
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Sponza — stratified sampling

101 102 103 104
10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Samples

M
ea
n
Sq
ua
re
d
Er
ro
r

Point (Stratified) - O
(
N−1.47)

Line (Stratified) - O
(
N−2.69)

38



Sponza — stratified sampling

101 102 103 104
10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Samples

M
ea
n
Sq
ua
re
d
Er
ro
r

Point (Stratified) - O
(
N−1.47)

Line (Stratified) - O
(
N−2.69)

38



Sponza — stratified sampling

10−1 100 101 102 103
10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Time (in seconds)

M
ea
n
Sq
ua
re
d
Er
ro
r

Point (Stratified) - O
(
N−1.59)

Line (Stratified) - O
(
N−2.73)

39



Sponza — small area light
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Cornell Box with triangles – non-stratified sampling
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Cornell Box with triangles — stratified sampling
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Cornell Box with triangles — stratified sampling
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Eurographics Logo – non-stratified sampling
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Eurographics Logo — stratified sampling
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Eurographics Logo — stratified sampling
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Conclusion

• Line sampling for direct illumination
• unbiased images
• higher order of convergence

• Future work
• more material models
• optimize visibility evaluation
• alternative methods for line sampling
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Line sampling — direction
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