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Abstract

In this papemwe presentanalgorithmto performinteractve boolean
operationson free-form solids boundedby surfels. We introduce
a fastinside-outsidetest to checkwhethersurfelslie within the
boundsof anothersurfel-boundedsolid. This enablesus to add,
subtractandintersecitomple solidsatinteractive rates.Our algo-
rithm is fastbothin displayingandconstructinghe new geometry
resultingfrom thebooleanoperation.

We presenta resamplingoperatorto solve problemsresulting
from sharpedgesn theresultingsolid. The operatoresampleshe
surfelsintersectingwith the surfaceof the othersolid. This enables
usto representhe sharpedgeswith greatdetail.

We believe our algorithmto be anidealtool for interactive edit-
ing of free-formsolids.

CR Categories:  1.3.5 [Computer Graphics]: Computational
Geometryand Object Modeling—Cune, surface, solid, and ob-

jectrepresentationd;3.6 [ComputerGraphics]:Methodologyand

Techniqgues—Graphicdatastructuresand datatypes!.3.4 [Com-

puterGraphics]:GraphicsUtilities—Graphicseditors

Keywords:  free-form modeling, boolean operations,surfels,
point-basedjeometry

1 Intro duction

Constructve solid geometry(CSG)hasbeena usefultool in com-
putergraphicgor mary years.Usually, CSGis appliedto primitive
objects(spheresgylinders,cubes)o constructobjectswith amore
complex geometricshape.However, booleanoperationsarealsoa
versatiletool for editing free-formsolids. Adding, subtractingand
intersectingsolids enablesus to createmore complex models. In
this paperwe presentooleanoperationsasan intuitive andinter
active editingtool for free-formsolidsboundedy surfels.Surfels,
representeds orientedpointsin 3D space approximatethe local
orientationof the surfacethey represent.Eachsurfel canbe con-
sideredo represena smallareaof this surface.As a consequence,
whenperformingbooleanoperationson two solidsA and B, most
of the surfelsof the surfaceof solid A arecompletelyinsideor out-
sidesolid B andvice versa.Only asmallnumberof surfelsintersect
with the surfaceof the othersolid.

Our algorithmworksin two steps:in a rst stepwe classifythe
surfelsof bothsolidsasinside,outsideor intersectingwith the sur
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Figure1: Two free-form surfel-boundedsolids constructedising
CSG(inspiredby "Bond of Union” by M.C. Escher).

faceof the othersolid. In a secondstepwe resamplethe surfels

intersectingwith the surfaceof the othersolid. Our methodis fast,

bothin displayingthe booleanoperationsasin calculatingthe new

geometryof theresultingsolid. An exampleof a free-formsurfel-

boundedsolid constructedvith our algorithmis shavnin gure 1.
This paperaddressethefollowing importantquestions:

How to testef ciently whethera surfelof onesurfel-bounded
solid lies insideor outsideanothersurfel-boundedolid?

How to representhesharpedgedypically resultingfrom per
forming booleanoperationson solids,usingsurfels?

We startby giving a brief overview of relatedwork in section2.
Section3 introduceghe conceptgelatedto surfel-boundedolids.
In section4 we presenta fastinside-outsidetest that enablesus
to classify the surfelsof solid A asinside, outsideor intersecting
with the surfaceof solid B. In section5 we considerthe surfels
intersectingwith the surfaceof the othersolid andproposehefast
resamplingoperator Section6 givesimplementationdetailsand
illustratesthat we areableto performbooleanoperationson com-
plex solidsat interactive rates. We concludeandgive sometopics
of futureresearchpossibilitiesin section?.

2 Related Work

Point-BasedGeometry

The interest in using points as a display primitive in com-
puter graphicshas grown tremendouslyin recentyears. P ster
et al. [2000] introducedthe conceptof surfels inspired by the
work of Levoy and Whitted [1985], and more recentlythe work
of Grossmanand Dally [1998]. Signi cant researchhas been
performed on efcient high quality rendering of point-based
geometry QSplat[Rusinkievicz andLevoy 2000]usesa hierarcty
of bounding spheresfor progressie renderingof large models.
Zwicker et al. [2001] introduce surface splatting which makes
the benets of the Elliptical Weighted Average (EWA) lIter

available to point-basedrendering. Alexa et al. [2001] present
point set surfacesand use dovn-samplingand up-samplingto
meetthe requireddisplay quality. Kalaiah and Varshng [2001]



| Operation| Surfaceof Akept | Surfaceof B kept |

Al B outsideB outsideA
A\ B insideB insideA
A B outsideB insideA
B A insideB outsideA

Tablel: Partof surfaceskeptwhenperformingboolearnoperations.

usedifferential pointsthat capturethe local differential geometry
in the vicinity of the sampledpoint. More recentlyBotschet al.

[2002] introducea compactrepresentatiothat useslessthantwo

bits per point position. Cohenet al. [2001] andChenandNguyen
[2001] introduceda hybrid system,combiningpolygonand point

rendering.RecentapproachegRen et al. 2002; CoconuandHege
2002] exploit the power of currentgraphicshardware to render
point-baseayeometrywith high quality.

Also, work hasbeenpublishedon modelingand editing point-
sampledgeometry Pauly and Gross[2001] introduce spectral
ltering and resamplingof point-basedyeometry Pointshop3D
[Zwicker etal. 2002] extends2D photoeditingto 3D point clouds.
They introducea set of tools (painting, sculptingand ltering)
to edit the geometryand appearanceof the model. However,
geometrymodeling is limited to normal displacement. Pauly
et al. [2002] are able to perform large model deformationson
point-basedjeometryjthanksto adynamicresamplingstrateyy.

Constructive Solid Geometry

Lots of researchhas been performed concerning constructve
solid geometry For an excellent overviev we refer to [Foley
et al. 1996] and [Hoffmann 1989]. Interactve renderingof CSG
is often performedusing graphicshardware [Goldfeatheret al.
1986;Goldfeatheetal. 1989;RappoporandSpitz1997]. Another
method for CSG display is to corvert the CSG structureto a
boundaryrepresentationwhich can be renderedby all rendering
systems. Interactve modi cation of boundaryrepresentationss
oftenslow anddif cult. Recentwork however hasproventhatit is
possibleto computethe resultof booleanoperationson free-form
solidsin a reasonablemountof time. Kristjanssonet al. [2001]
presenta framework to perform booleanoperationson free-form
solidsboundedby multiresolutionsubdvision surfaces.Musethet
al.[2002] present level setframenork to performvarioussurface
editingoperations.

We extendtheir work to solidsboundedby surfels. We present
booleanoperationson surfel-boundedolidsasaninteractve edit-
ing tool. Thework presentedn this paperis mostly relatedto the
work of Kristjanssoretal. andMusethetal. Our algorithmcannot
only displaythe resultof the booleanoperation but alsocompute
the resultingsolid at interactve rates. We also showv that we are
ableto representhe sharpfeaturedn theresultingsolid.

3 Surfel-Bounded Solids

The objectsusedin this paperare closedsolids whosesurfaceis
representedly surfels.Eachsurfels consistf a positionxs, ara-
diusof in uence rg andanorientationng. Thereforesurfelscanbe
thoughtof asdisksorthogonalto ng with centerxs andradiusrs.
Theradiusrg shouldbe chosersothatthe projectionsof the disks
ontheimageplaneoverlap. Thesurfel-boundedolidsareobtained
by LDC (layereddepthcubg samplingand3-to-1reductionasde-
scribedin [P ster etal. 2000]. Initially eachsurfelwill thushave
aradiusrs= = 3hwith h the samplingdistancein eachdimension
chosernto matchtherequireddisplayresolution. Althoughwe use
uniformly sampledsolids, our algorithmsdo not rely on this. For
eachsolidwe de ne rpax= maxrs astheradiusof thelargestsurfel
belongingto its surface.
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Figure2: Constructinghe quadtreeof depthd = 3. Left: in a rst
stepthe quadtreeis constructedthe blue cells are the boundary
cells. Middle: classifyingtheemptyleafcellsatdepthd = 3. Green
cellsareinsidethe solid, yellow cells areoutsidethe solid. Right:
classifyingtheemptyleafcellsatdepthd 1,i.e. 2.

4 Inside-Outside Test

When constructinga new surfel-boundedsolid from two solids A
andB we have to determinewhich surfelsof A andB will be part
of the surface of the resultingsolid. Dependingon the boolean
operationdifferentpartsof the surfacesof A andB will represent
the boundaryof the new solid. E.g. when taking the difference
A B we wantto keepthe partof the surfaceof A thatis outside
B andthe partof theinvertedsurfaceof B thatis insideA. Tablel
givesanoverview for thedifferentbooleanoperations.

In this sectionwe proposea fastinside-outsideestthatenables
usto classifythe surfelsof solid A asinside,outsideor intersecting
with thesurfaceof solid B andvice versa.Theinside-outsiddestis
basedon 3-color octreeSamet1990]with leaf cells classi ed as
interior, exterior or boundary For boundaryleaf cellswe partition
thespaceevenfurtherusingtwo parallelplanes.

For clarity the ideaspresentedn this sectionareillustratedin
two dimensionsbut areeasilyextendedo 3D.
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4.1 Octree Construction

For eachsolidwe constructinaxis-alignedctree We startwith the
boundingbox containingall the surfelsof the solid andsubdvide it
into 8 equallysizedchildren. Eachnodeis recursvely split into 8
childrenaslong asit containssurfelsandaslong asa userchosen
depthd (typically 4 or 5) is notreached.

After constructingthe octree,the empty cells are classi ed as
beinginside or outsidethe solid, asillustratedin gure 2. The
resultingoctreehasthreetypesof leaf cells: boundarycells,empty
cells inside the solid and empty cells outsidethe solid. Within a
nodeof the octree,eachcell hasa neighborin oneof the principal
directions.If anemptycell hasanon-emptyneighbomwelook atthe
orientationof thesurfelsin thisneighboringcell. Theorientationof
the surfelthatis closestio the emptycell tells usif theemptycell
is inside or outsidethe solid: if this surfelis pointing towardsthe
emptycell, theemptycell mustbe outsidethe solid, if the surfelis
pointing away from the empty cell, the emptycell mustbe inside
the solid. More formally: let ce andc, be the coordinatesf the
centersof the emptycell andits non-emptyneighborandlet s be
the surfel closestto the emptycell with normalng, thenthe empty
cellis classi edasinsideif (c, ceg) hs> 0. Otherwisetheempty
cell mustbeoutsidethe solid.

Therearethreedifferentcaseshenclassifyinganemptycell:

theemptycell hasonly onenon-emptyneighbor

the empty cell hasmore than one non-emptyneighbor( g-
ure3, left),

theemptycell hasno non-emptyneighbor( gure 3, right).

In the rst casethe emptycell is classi ed by looking at this non-
empty neighbor In the secondcase,we only considerone of the
non-emptyneighbors.In thethird casewe rst classifythe neigh-
bors, and give the sameclassi cation to the empty cell as neigh-
boring empty cells musthave the sameclassi cation. Becausea
nodein the octreehasat leastone non-emptycell, we canalways
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Figure3: Classi cationof emptycells. Left: bothemptycellshave
two boundaryneighbors.Theyellow cell is classi ed outside,the
greencell inside. Right: the empty cell at the right top hastwo
emptyneighborsn theprincipaldirections.It is classi edasinside
afterthetwo otheremptycellsareclassi ed.

Vel

classifythe emptycells. In the worst case,if a nhodehasexactly
onenon-emptychild, we needthreestepsto classifythe remaining
sevenemptycells.

4.2 Partitioning for Boundary Cells

Boundarycellsarepartitionedevenfurtherby constructingwo par
allel planeswithin the cell. Theseplanesdivide the cell in three
areas: interior, exterior and boundary Let n = § ns=k§ ngk be
the averagenormal over all surfelss in the boundarycell. De-
ne the two parallelplanesn x d;, = Oandn x d,= 0and
letd; = min(n xs) andd, = max(n xs) over all surfelss in the
boundarycell. The offsetsd; andd, aredeterminedy the surfels
§, = aigmin(n Xs) ands, = algmax(n Xs). All thesurfelss of the
boundarycell arenow onthepositve sideof theplanen x d; =0
andon the negative sideof theplanen x d, = 0 ascanbeseen
in gure 4, left. Theothersidesof thesetwo planesareemptyand
canbe classi ed asinterior or exterior. The negative half-spaceof
n x d; = Oisinside(outside)thesolidif n ng is positve (neg-
ative). The positive half-spaceof n x d, = Qis inside(outside)
thesolidif n ns, is negative (positive). In gure 4theleft side(yel-
low) is classi ed asoutsideandthe right side (green)is classi ed
asinside.

The partitioningis bestwhenall the surfelsin the boundarycell
lie in the sameplaneandhave the sameorientation. The partition-
ing is not alwaysoptimalasonewould expect. If a boundarycell
containssurfelsfrom differently orientedsurfacestheremight exist
a betterpartitioning. In the absencef noise(incorrectlyoriented
surfels)however, thepartitioningfoundby thetwo planeds always
correct.In theworstcasepothplanesmaylie outsidetheboundary
cell andtherewill beno partitioning.

4.3 Inside-Outside Test: Algorithm

We usetheoctreesonstructedor bothsolidsA andB, to testwhich
partof the surfaceof A is inside(or outside)solid B andvice versa.
We testthe octreeshierarchicallyagainst eachother Startingat
the root of the octreewe testif the boundingbox overlapswith

the otheroctree. Whentestingboxesfor overlapwe enlage them
in all directionsover a distancermax the maximal surfel radius.
This compensatefor thefactthatsurfelsarenotjust points,but are
consideredo be disks. The box-boxintersectiontestis basedon
the separatingxistheoremGottschalk1996].

Therearefour differentcases:

1. theboundingbox doesnot overlapwith the otheroctree,

2. theboundingboxonly overlapswith exterior cellsof theother
octree,

3. theboundingboxonly overlapswith interior cellsof theother
octree,

4. the boundingbox overlapswith atleastoneboundarycell of
theotheroctree.

It is clearthatit is not possiblefor the boundingbox to intersect
bothwith aninterior andan exterior cell without intersectingwith
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Figure4: Left: Furtherpartitioningthe spacein a boundarycell.
Theleft partis classi ed asoutside theright partasinside. Right:
Inside-outsideéestin boundancells. Surfelais classi edasoutside
becauset is on the positive sideof P, andn ns, > 0. Surfelb
is classi ed asinside becausét is on the negative side of P; and
nns >0.

aboundarycell aswell. In casesl and2, thereis no intersectiorof
surfaces all the surfelsareclassi ed asoutside.In case3, thereis
nointersectioreither but hereall thesurfelsareclassi edasinside.
In the fourth case we cannot make a decisionright away because
theremight beanintersectionWe recursvely testeachof thenon-
emptychildrenof the root nodeagainstthe otheroctree. For each
child we repeatthe overlaptestandcontinuethe recursionaslong
asits boundingbox intersectawith aboundarycell. If we're still in
the fourth caseandthe cell we're testingis a leaf cell we have to
testeachsurfels of thecell individually againstthe otheroctree.

It is clearthatif a surfels falls into aninterior (exterior) cell it
is classi ed asinside (outside)the othersolid. If the surfel s falls
into a boundarycell of the otheroctreeit is testedagainstthe two
boundaryplaneswithin the leaf (see gure 4, right). If sis onthe
negative sideof theplaneP; :n x  d; + (rmax* rs) = 0, weclassify
sasinsideif n ng > 0, otherwisewe classifys asoutside.If sis
on the positive siéle of planeP;, we tests in the sameway against
theplaneP,:n x d, (rmax* rs) = 0. Theoffsetsrmax+ rs are
introducedo compensatéor thefactthatsurfelsarenot points,but
diskswith radiusrs. Remarkthatthis offsetis conserative dueto
the orientationof the surfels.

If s lies betweenthe two planesP; andP,, we searchfor its
nearesheighborsurfelt in the othersolid. If the disksof s andt
intersectwe classifys asintersectingwith the surfaceof the other
solid. If not, sis classi ed asinsideif sis on the negative side
of theplanethrought: n; (Xs X;) < 0 andoutsideif sis onthe
positive sideof theplanethrought: n, (xs x;) > 0. If thereis no
partitioning,i.e. the planesP; andP, bothlie outsidethe boundary
cell, the algorithmalwaysinvokesthe nearesneighborsearchfor
this boundarycell. For nearesneighbor nding in the boundary
cells we implementedhe TINN method[Greensparet al. 2000].
This methodis basedon the triangleinequalityandworks well for
smallpointsets(lessthan200 points).

Figure5 illustratestheinside-outsidgest. The whole algorithm
is givenin gure 6.

5 Resampling Operator

Surfelsof solid A intersectingwith the surfaceof solid B (andvice
versa)areclassi ed asintersectingby theinside-outsideest. They
lie bothinsideandoutsidethe othersolid. Leaving themoutwould
resultin holesin the nal solid. But addingthemunchangedre-
sultsin a poor representatiomearthe intersectionof both solids
(gure 7, left). Asthesesurfelslie bothinsideandoutsidethe other
solid, theirregion of in uence, givenby theradiusrs, is too large.
For eachsurfels classi ed asintersectingby the inside-outside
test we perform the following resampling. During the inside-
outsidetest we not only classify s as intersecting,we also store
the closestsurfelt found by the nearesheighbormethod. We ap-



Figure5: Union of the headanda helix. Redandblue surfelslie
in boundarycells of the octreeof the othersolid. Redsurfelslie in
the region betweerthe two planesde ned for eachboundarycell,
the blue surfelslie outsidethis region. Yellow (green)surfelslie
outsideor in exterior cells of the octreeof the helix (head).

proximatetheintersectiorof swith the surfaceof the othersolid by
theintersectiorbetweers andthe planethrought ( gure 8). This
intersectionis a chordof the circle with centerxs andradiusrg in
theplane:ns (x Xxs) = 0. Theplanethrought splitsthe surfels
in two parts.Dependingon the booleanoperatiorwe wantto keep
the large partof s or the smallpart. Supposeve wantto keepthe
large part. We approximatethe straightcut by replacingthe surfel
sby thesmallersurfels2 Thenew surfels’crossesheintersection
chordby auserde ned distancee, which we call the overshooter-
ror. If his thedistancerom xs to theintersectiorchord,theradius
of Lwill equal(rs+ h+ €)=2. To completelycover theintersection
chord, we add surfelsto the left andright of s®with radiusrs=3.
Thesesurfelscrossthe intersectionchordfor the sameamounte.
By resamplingthe surfel s in this way, the straightcut madeby s
and the planethrought is very well approximatedsee gure 7,
right). In the examplesgivenin this paperwe setthe overshooter-
ror e equalto ryax=20. Dependingon thedistanceh, the surfelsis
usuallyreplacedby 1, 3 or 5 smallersurfels. Similar calculations
hold whenwe wantto keepthe smallerpartof s.

6 Implementation & Results

Weimplementedhedatastructuresindalgorithmsdescribedibore
in C++. Forthevisualizationof thesurfelswe usetexturedtriangles
in OpenGLcomputedat run-timefrom the surfelsposition,orien-
tation,andradius.More advancedrenderingtechniquegRenetal.
2002; Coconuand Hege 2002; Zwicker et al. 2001] could be in-
corporatedhough. During interaction,we cull backfacingsurfels
usingvisibility cones/GrossmarandDally 1998]. Objectscanbe
rotated,translatedand uniformly scaled. At this point, we do not
have non-uniformscaling, but it could be implementedusing the
techniqueproposedn [Pauly et al. 2002]. Additionaly we imple-
menteda local smoothingoperatofAdamsandDutré 2003]which
enablesss,if desiredto eliminatesharpcreasesvhenaddingsolids
togethemwith theunionoperator

We testedour algorithm on a variety of free-formsolids. The
timingsgivenin this paperareobtaineconan1.6 GhzAMD Athlon
with 512MB RAM anda GeForce4MX graphicscard. In table2
we give the timings for the creationof one headof the Bond of
Union (gures 1 and 10) for differentsamplingratesand octree
depths. During interactve manipulationwe obtain averageframe
ratesrangingfrom 7.7 FPSto 2 FPSdependingon the numberof
surfels. Thesetimings includethe time performedon resampling.
The updatetime given is the time spenton updatingthe octree.
This updateis not necessarguring interaction. It is only invoked
whentheuserhasplacedheobjectsn their nal positionandwants
to startwith a new booleanoperationon the resultinggeometry
During update we not only have to addanddeletesurfels,we also
have to createanddeletenew nodesin the octree. So mostof the
updatetime is usedfor memoryallocationanddeallocation.Other

InsideOutside@st(nodeA, nodeB) f
if (B doesnotintersectwith A)
classifyall surfelsof B asOUTSIDE
elseif (B only intersectaith exterior cellsof A)
classifyall surfelsof B asOUTSIDE
elseif (B only intersectawith interior cellsof A)
classifyall surfelsof B asINSIDE
else
if (B notaleafnode)
for eachnon-emptychild C of B do:
InsideOutside@st(A,C)
else
for eachsurfels of B do:
InsideOutsidebrSurfel(A,s)

g

InsideOutside6rSurfel(nodeA, surfels) f
if (soutsideA) classifysasOUTSIDE
elseif (sin exterior cell of A) classifysasOUTSIDH
elseif (sin interior cell of A) classifysasINSIDE
else

if (xs N dy+ (rmax* rs)  0)
if (n nNs, > 0) classifys asINSIDE
elseclassifysasOUTSIDE
elseif (xs N d, (rmaxtrs) 0)
if (n ns, > 0) classifysasOUTSIDE
elseclassifysasINSIDE
else
surfelt = nearesheighborof sin A
if (sandt donotintersect)
if (y (Xs %) > 0) classifysasOUTSIDE
elseclassifysasINSIDE
elseclassifysasINTERSECTING

Figure6: Pseudocodéor inside-outsidaest. The rst procedurés
calledwith theroot of the octreesof solidsA andB andclassi es
the surfelsof solid B asINSIDE, OUTSIDEr INTERSECTIN@ith
solid A.

resultsaregivenin gures 9, 11 and12 andin the accompaging
videos.

7 Conclusion & Future Work

We presentedooleanoperationson free-form solids boundedby

surfels. The simple yet ef cient inside-outsideestbasedon the

octreeenableaisto calculatetheresultat interactve rates.Thanks
to theresamplingoperatowe areableto representhe sharpedges
with greatdetail. As future work we planto explorethe following

topics:

Combiningdifferenttypesof boundaryrepresentationsuch
aspolygon-boundedolidswith surfel-boundedolidswould
certainlyyield new possibilities.
Point-sampledbjectsaremostoftenstoredn ahierarcly like
the LDC tree[P ster etal. 2000]. We believe that our algo-
rithms anddatastructurescould easily be extendedandused
to performbooleanoperation®n thesehierarchicarepresen-
tations.

Thetechniquepresentedn this papercould be usedin other
applicationssuchasvirtual sculpting.
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Figure7: Intersectiorof two spheresLeft: noresampling.Right:
resamplingof surfelswhich intersectwith the othersurface. This
resultsin sharpedgeswithout signi cant overshoot,even under
magni cation.

cooo surfel s

surfel s'

Figure8: Intersectiorof the surfels andthe planethroughits near
estneighbott in theothersolid. Surfelsis replacedy threesmaller
surfelsby theresamplingoperator
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Figure10: Constructingoneheadfor the Bond of Union (after M.C. Escher)from the mannequirhead(350k surfels,octreedepth5) anda
helix (370ksurfels,octreedepth5). Resultinggeometryof union, differenceandintersectiorareshavn. During interactve manipulationve
obtainaframerateof 2 framespersecond.

Figurell: Subtracting cylinders(230k surfelseach,octreedepth4) and2 sphereg46k surfelseach,octreedepth4) from the mannequin
head(350k surfels,octreedepth5). Averageinteractionrateis 4.4 FPS.Left: original solids. Middle: the four booleanoperations.Right:
resultinggeometry

Figure12: Mythical centaurconstructedrom the horsemodel(340k surfels),the Venusmodel (250k surfels)andthe dragonmodel (650k
surfels)all with octreedepth5. Averageinteractiontime of unionbetweerhorsemodelandVenusmodelwas2.5FPS betweerdragonhead
andcentaubodywas3.3FPS.Local smoothings performedn the neighborhooaf the surface-suréceintersections.



