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ABSTRACT

Theradiositymethodis a physicallybasedmethodto computetheillumination in
avirtual environmentwith diffuse(matte)surfaces.It allowsto generateveryrealistic
imagesof suchenvironmentsby computer, andit is suitablefor quantitative predic-
tionsof theillumination.

In the radiositymethod,a numberof simplifying assumptionsaremadethat can
however leadto certainimageartifacts. In this dissertation,the numericalerror in-
troducedby theseassumptionsis analysed.The analysisallows to proposenew al-
gorithmsin which this error, the discretisationerror, is efficiently controlledduring
thecomputationsby meansof hierarchicalrefinement.

The radiositymethodalsorequiresthesolutionof very largenon-sparsesystems
of linearequations(about100,000equationsis common).Moreover, thecoefficients
of thesesystemsare non-trivial four-dimensionalintegrals. The main part of this
dissertationis devotedto an in-depthstudyof how the Monte Carlo methodcanbe
appliedin this context.

TheMonteCarlomethodis suitablefor reliablecomputationof thecoefficientsof
thesystemsof equations.It alsoleadsto algorithmsthatdo not requireexplicit com-
putationandstorageof thesecoefficients. A systematicoverview of suchalgorithms
is presented.Previously proposedalgorithmsof this type are comparedand some
new algorithmsare developed. Next, the applicationof several variance-reduction
techniquesis described,and the useof low-discrepancy samplingin this context is
discussed.Finally, new ways to incorporatehigher-order radiosity approximations
andhierarchicalrefinementareproposed.

The resultingMonte Carlo radiosity algorithmsdo not only appearto be more
reliable, but also often lead more rapidly to usableimagesthan their deterministic
counterparts.They requiresignificantlylesscomputerstorage,andthey aremoreuser
friendly. It is expectedthat thesealgorithmswill stimulatethe useof the radiosity
methodin a widespectrumof applications.
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1 Intr oduction

Thisdissertationaddressesaproblemin computergraphics.Morespecifically, it deals
with physicallybasedglobalillumination(

�
1.1)with theradiositymethod(

�
1.2).The

objectivesof thisdissertationarestatedin
�
1.3.An overview will bepresentedin

�
1.4.

1.1 Physically-basedglobal illumination

The goal of physically basedglobal illumination is to computethe illumination in
a, not necessarilyexisting, environmentin a physicallyaccurateway by computer.
It allows to generatephoto-realisticcomputerimagesin which illumination effects
suchassoft shadows, glossyreflectionsandcolour bleedingeffectsarereproduced
with high fidelity. Sucheffectsarecalledglobal illumination effectsbecausethey are
due to interactionsof light in which multiple surfacesin a virtual environmentare
involved.This is in contrastwith socalledlocal illuminationeffects,whicharedueto
interactionbetweena light source,a singlesurfaceanda viewing positiononly.

Global illumination effectsin imagesynthesiscanbereproducedby othermeans
thanby physicallybasedilluminationcomputationsaswell. For many globalillumin-
ationeffects,suchassoft shadows, ad-hocalgorithmsthatexploit thecapabilitiesof
3D graphicshardware,have beenproposed(seefor instance[11]). Computingthe
illumination in a physicallycorrectmannerhowever, will not only lead to ultimate
realism,but theresultcanalsobeusedfor quantitative predictionof the illumination
in a virtual scene.

Physicallybasedglobal illumination findsapplicationsin areassuchasarchitec-
tural designvisualisation— in addition to the useof scalemodelsfor instance—
civil engineering,lighting designand lighting optimisation,fine arts,virtual reality
andcomputerentertainment.Thesearealsothemainareasthatcanbenefitfrom the
work presentedin this thesis.

First, the problemandrequirementsof physicallybasedglobal illumination are
briefly formulatedandan overview of previously proposedapproachesis given. A
morecompleteandelaborateintroductionto physicallybasedglobal illumination, as
well astheradiositymethod(

�
1.2),canbefoundin [56, 29,150, 41].

1.1.1 Input

In general,theinputof a physicallybasedglobalilluminationsystemconsistsof:� A descriptionof the geometryof the sceneto be rendered. In practice,the
surfacesin thesceneareapproximatedby asetof simplesurfaceprimitivessuch
astrianglesandplanarconvex quadrilaterals,spheres,cylinders,tori, NURBS
surfaces������ A descriptionof the light scatteringpropertiesof thesurfacesin thescene.The
light scatteringpropertiesof asurfacearemodelledby thebidirectionalreflect-
anceandtransmittancedistributionfunction(BRDF/BTDF).TheBRDF/BTDF

1
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basicallyexpresseswhat fraction of light power coming in from a first direc-
tion will bescatteredinto a seconddirection. In general,theBRDF/BTDFare
furthermorefunctionsof location,wavelengthof light, andtime. In practice,
simplemathematicalmodels,suchas describedin [99] or [179], are usedin
orderto specifythelight scatteringproperties;� A descriptionof the light sourceson the scene:a numberof surfacesin the
scenewill notonly scatterincidentlight, but alsospontaneouslyemit light. The
intensity of spontaneouslyemittedlight, as a function of location, direction,
wavelengthandtime, is expressedby a functioncalledthe emittancedistribu-
tion function(EDF);� For imagesynthesis,also a descriptionof the virtual camera is needed:the
virtual observerpositionin 3D space,theviewing direction,adirectionthatwill
appearasverticallyupin theimage,theimageresolutionandthehorizontaland
verticalfield of view angles.

1.1.2 Output

Theoutputconsistsof somekind of anapproximaterepresentationof theillumination
in a virtual environment.

Theillumination on thesurfacesof a sceneis commonlyquantifiedby a quantity
calledradiance. Radianceexpressestheintensityof theillumination asa functionof
location,direction,wavelengthof light, andtime. Therelationbetweenradianceand
thescenegeometryandopticalsurfacecharacteristicsis expressedby amathematical
equationcalled the renderingequation[83]. The renderingequationis a second-
kind Fredholmintegral equationof dimension7 in thegeneralcase:3 dimensionsfor
position,2 for directionand1 for wavelengthandtime each. It resultsafter making
severalsimplificationsto thegeneraltheoryof light transportin physics[56, 174]. It
is an instanceof the generalBoltzmannequation,which alsodescribesother linear
transportproblems,suchasneutronandradiative heattransport.In physically-based
rendering,anapproximaterepresentationof theillumination in a virtual environment
is obtainedby numericallysolvingtherenderingequationin someway.

Most often,physically-basedillumination computationsareusedin orderto gen-
erateaphoto-realisticimageof thescene.Theultimategoalis for thisimageto invoke
thesamevisualexperienceasif thevirtual scenewererealisedandviewedundercor-
respondingconditionsin reality. The computedradiancesthenneedto be converted
into RGB or CYMK colourvaluesfor display. This conversionneedsto take into ac-
countthecharacteristicsof theoutputdevice,e.g.by doinggammacorrection,aswell
asof thehumanvision system.Thisconversionis calledtonemapping[173, 105].

1.1.3 Requirements

Physicallybasedglobal illumination algorithmsideally fulfil the following require-
ments:� Speed: the resultshouldbe computedasquickly aspossible;Speedis crucial

in designapplicationswherea designeris waiting for the renderedoutput in
orderto decidewhetheror not further refinementsof thedesignarenecessary.
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Renderingspeedalsolargelydeterminestheproductioncostof computeranim-
ationmovies. Ideally, renderingspeedshouldbesuchthattheillumination of a
scenecanbecomputedrapidly enoughto follow thecomputerdisplayrefresh
rate(typically 50 to 100Hz);� Accuracy: theradiancecanonly beapproximatedtofinite accuracy. For lighting
designapplications,a relativeaccuracy of a few percentis sufficient. For image
synthesis,theaccuracy shouldbe high enoughso thatdisplayedcolour values
areperceivedascorrect[126];� Reliability: the algorithmshouldyield a result of controllableaccuracy for a
classof input modelsaswide aspossible. It shouldnot fail unexpectedly. In
particular, it shoulddeal well with geometricaland optical complexity. Al-
thoughbettercomplexity measuresexist ([50] for instance),scenecomplexity
is often expressedby the numberof surfaceprimitives,e.g. polygons,in the
model.Many scenemodelsbeingusedat this timeconsistof hundredsof thou-
sandsor evenmillions of polygons;� User-friendliness: in order to be useful for non-experts,it is mandatorythat
thealgorithmsneedasfew non-intuitive parametersaspossible.Gooddefault
valuesshouldbeavailablefor theseparameters.In particular, no tedioustrial-
and-errorcyclesshouldberequiredin orderto appropriatelyconditiontheinput
dataanddetermineparametervalues.

1.1.4 Approaches

In orderto createaphoto-realisticimage,theaverageradianceperceivedthrougheach
pixel of theimageneedsto becomputed.This canbedoneeitherby directcomputa-
tion of pixel intensitiesin a pixel-drivenapproach, or by projectionof a precomputed
object-spaceradiancesolution:

Object-spaceapproaches Objectspaceapproachesfirst computea representation
of the radiancefunction on the surfacesof the objectsin a virtual environment. In
order to createan imagefrom a given viewpoint, the visible surfacesthrougheach
imagepixel aredeterminedusingray-casting,a scan-linevisibility algorithmor the
Z-buffer algorithm.Theaverageradiancein eachpixel is computedfrom theaverage
radianceradiatedtowardstheviewing positionfrom thesurfacesthatarevisible in the
pixel. Someexamples:� In the classicalradiositymethod(

�
1.2), particletracing[120] anddensityes-

timation [145] for instance,the averageradianceon eachpolygonin a diffuse
polygonalenvironmentis computed.� Somenon-diffuseradiosity-like algorithms[4, 161] computetheaverageradi-
anceemittedby polygonsin thescenetowardsotherpolygonsin thescene.In
[77, 148, 25], an angularinsteadof spatialparametrisationof the directional
dependenceof radianceis used.

The mainadvantageof an object-spaceradiancerepresentationis that the computed
resultcanbeusedeasilyfor thesynthesisof multiple images,e.g.in avirtual building
walk-through.In theclassicalradiositymethod,3D graphicshardwareis usedin order
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to carryout the projectionstep,yielding imagegenerationtimeswhich arefractions
of a secondoncea world-spaceradiancerepresentationhasbeencomputed.

A secondadvantageof object-spacealgorithmsis that significantre-useof the
computedresultsis often possibleafter a changeto the geometryof light emission
or scatteringpropertiesof thesurfacesin thevirtual scene[52, 22, 39]. Object-space
algorithmsthereforemay be very attractive for lighting designandoptimisationap-
plications[86, 138].

Themain limitation of object-spacealgorithmsis theenormousstoragerequired
for representinghighly direction-dependentradiance,suchason a mirror. Even the
storageof diffuseillumination canbe prohibitive in scenesconsistingof millions of
surfaces.Currentobject-spacealgorithmssuchasradiosityalsooftenhavehigh inter-
mediatestoragerequirementsfor thesocalledform factors(see

�
1.2).

Pixel-driven approaches Pixel-drivenalgorithmsdirectly computetheaveragera-
diancein eachpixel without first computingan object-spacerepresentationof the
radianceon the surfacesin the scene.Examplesof pixel-driven imagesynthesisal-
gorithmsareray-tracing[182, 30, 83], pathtracingwith direct computationof pixel
intensities[43] andbidirectionalpathtracing[96, 175].

The main advantageof pixel-driven algorithmsis that storageof any dataother
than the scenegeometryand materialscan be avoided. They are suitedfor more
complex modelsthanfeasiblewith object-spaceradiancealgorithms.They will even-
tually yield correctresultsfor awideclassof light emissionandscatteringmodels,no
matterhow directionally-dependenttheresultingradianceis. Moreover, pixel-driven
algorithmsareoften very user-friendly, oneof the key reasonsfor the popularityof
theray-tracingalgorithm.

The main disadvantageof pixel-drivenapproachesis that all computationsneed
to be doneover from scratchwhen the viewing position is changed.Object space
algorithmsmayalsoyield resultsof fair quality significantlyfasterthanpixel-driven
algorithms.

Multi-pass approaches A promisingapproachis to computeradiancein object-
spaceasmuch aspossible. A pixel-drivenalgorithmis thenusedto renderonly the
radiancecontributionsof which the computationandstoragein object-spaceis not
feasible.Suchapproachesarecalledmulti-passapproaches[177, 149, 23,79, 164].

1.2 The radiosity method

Theradiositymethod,first introducedin [58, 116, 27], is anobject-spacephysically
basedimagesynthesismethodfor environmentsthat consistexclusively of surfaces
that areperfectlydiffuse(matte,or Lambertian)emittorsandreflectorsof light: the
EDF andBRDF of thesurfacesin thescenedo not dependon direction. (TheBTDF,
describingrefractionof light throughsurfaces,is not taken into accountin the basic
radiositymethod.)

In staticdiffusescenes,theEDF andBRDF arefully determinedby spatialloca-
tion andthewavelengthof light only. Theadvantageof sucha simplificationis that
theradiancewill notdependondirectioneither:afixedpointonasurfacein thescene
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will be perceived with the sameintensityandcolour regardlessof the viewing pos-
ition. This reductionof the dimensionof the radiancefunction makesit feasibleto
storeanaccurateobject-spacerepresentationevenfor fairly largescenes.

In diffuseenvironments,it is moreappropriateto quantify the illumination at a
givenlocationandwavelengthusingthequantityradiosityratherthanradiance.

1.2.1 Outline

Theradiositymethodbasicallyconsistsof four steps.Thesestepsareenumeratedhere
for the classicalradiositymethod[58, 116, 27], but arethe samein moreadvanced
algorithms.A derivationof themethodwill bepresentedin chapter2.

1. Discretisationof a virtual environment into planar convex polygons,called
patches. For eachpatch � , the intensityof self-emittedillumination, expressed
by theself-emittedradiosity ��� (unit 	 
���
���� ), anddiffusereflectance��� is de-
termined.The diffusereflectanceis a dimensionlessnumberbetween0 and1
expressingwhat fractionof incidentillumination is reflected.Both thediffuse
reflectanceandemittanceareassumedconstantovereachpatch;

2. Calculationof form factors ����� for eachpair of patches� and � . The form
factor � ��� is adimensionlessnumberthatexpresseswhatfractionof theincident
illumination on patch� is dueto patch� ;

3. Solutionof thesystemof linearequations� ��� � ��� � � � � � ��� � � � (1.1)

Theunknowns
� � aretheaveragetotal radiosityon patch � (unit 	 
���
��!� ) and

expresstheintensityof thetotaldiffuseilluminationon � . Thereis oneunknown
and one equationper patchin the scene. Due to the size of this systemof
equations,iterative solution methodssuchas Jacobiiterationsor Southwell-
relaxation[26] areused;

4. Visualisationof the solutionasseenfrom oneor moreviewpoints. This step
involvesvisible surfacedeterminationandtonemapping.

Theequations(1.1)expressthattheillumination
� � onapatch� is thesumof theself-

emittedillumination andthe reflectedincidentillumination from otherpatches.The
incident illumination is a weightedsumof the illumination on otherpatches� . The
weightsin thissumaretheform factors����� . A fraction ��� of theincidentillumination
is reflected.

1.2.2 Problems

Unfortunately, the basicradiosity methodsuffers from several importantproblems.
Themainproblemsconcernmeshingandform factorcomputationandstorage.
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Meshing

Thediscretisationof thesurfacesof thesceneinto patchesneedsto accuratelycapture
illuminationvariations(figure1.1illustratesthekind of imageartifactsthatcanappear
dueto impropermeshing):

Figure 1.1: Imageartifactsin theradiositymethoddueto impropermeshingincludelight and
shadow leaks,jaggedshadow boundariesandshadingdiscontinuitiesin regionswherethe il-
lumination variessmoothly(upper-left image). Shadingdiscontinuitiesin smoothareasare
washedout usingGouraudinterpolation,but otherartifactspersist(upper-right image). In the
lower-left image,thepatcheshavebeenpartitionedinto non-intersectingparts,andacubicradi-
osityapproximationhasbeencomputed.Theresultis accuratewithout smoothing,exceptnear
theshadow boundaries,wherehigher-orderdiscontinuitieshave not beenresolved. Thelower-
right imageshows thecorrectresultthatwould beobtainedwith full discontinuitymeshing.

" Visibility changesw.r.t. aprimaryorbrightsecondarylight source,will resultin
discontinuitiesof variousorderin theradiosityfunction[71, 103]. Mostnotable
arediscontinuitiesin valuewheresurfacestoucheachother. If notproperlydealt
with, theseleadto light- andshadow leaksin an image.Discontinuitiesin the
first andsecondderivativeresultatshadow boundariesandalongvariouscurves
insidethepenumbrazonecastupona receiversurfaceby light source/occluder
surfacepairs. Ignoring theseleadsto imageartifactssuchasblurredor jagged
shadow boundaries.In discontinuitymeshing[71, 103, 38, 162, 163, 13], the
sceneis discretisedalongthesediscontinuitylinessothat theselinesappearas
patchedgesandnodiscontinuitiesoccuron theinteriorof thepatches;" In absenceof visibility changes,the radiosity function variessmoothly. The
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classicalradiositymethodhowever only computesa singleconstantradiosity
valueper patch. Even with higherorderpolynomialradiosityapproximations
[70, 72, 185, 172] however, a sufficiently fine meshis requiredin orderto ac-
curatelyrepresentillumination variationsin suchregions. On the otherhand,
too fine ameshwill resultin unnecessarycomputations.� Thepatchesneedto fulfil severaltopologicalrequirementsaswell [8].

Meshgenerationfor radiosityhastraditionallybeena matterof trial anderror, exer-
cisedby expertsfor eachsceneseparately. A goodmeshingstrategy will balancethe
requirementsof accuracy andspeed.Automaticmeshgenerationis a requirementin
orderto make theradiositymethoduser-friendly.

Form factor computation and storage

Theaccuratecomputationof theform factors����� requiresthecomputationof a non-
trivial integral and is by far the most time consumingstepof the radiositymethod.
Moreover, a form factorneedsto be computedandstoredfor eachpair of patches.
Storagerequirementsarehugeevenfor scenesconsistingof nomorethana few thou-
sandsof patches.

Form factors arenon-tri vial to compute Theform factor �#��� betweentwo patches� and � is givenby 4-dimensionalintegral. Analytical solutionsexist only in caseof
full visibility andfor constantradiosityapproximations[9, 141]. In general,theform
factorneedsto be computedby numericalintegration. The numericalintegrationis
non-trivial dueto theneedto evaluatevisibility betweenpairsof points,oneon each
patch,anddueto potentialdiscontinuitiesandsingularitiesin theintegrand:� Visibility is calculatedusingeitheraZ-buffer [27], aray-tracing[178] approach,

or usinganalyticalvisibility algorithms[40, 123]. Whenray-tracingis used,
familiar ray-tracingaccelerationtechniques[55] canbeexploited. Specialpur-
poseaccelerationtechniques,suchasshaftculling [61] have beendesignedes-
pecially for form factorcomputationaswell. Global visibility pre-processing
[169] is anotheralternative to save visibility computationtime during form
factorcomputation;� The form factorintegrandwill be discontinuousin valueandin derivativesin
caseof partial visibility. Discontinuitymeshing[71, 103, 38, 162, 163, 13],
resolvespartof thesediscontinuities.Full resolutionof the discontinuitiesre-
quiressophisticatedgeometriccomputationsanddatastructuressuchasa back
projection[38, 162] or thevisibility skeleton[40];� The form factor integrandcontainsa $%� factorin the denominator, where $ is
thedistancebetweena pair of points,oneon eachpatch.For patchesthatshare
anedgefor instance,theform factorintegrandwill exhibit a (weak)singularity
along the sharededge. Specialpurposenumericalintegrationstrategieshave
beenproposedin orderto dealwith this singularity[139].
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The number of form factors is huge Theaccuratecomputationof form factorsis
not only complicated,but alsoneedsto be carriedout &('*)+�-, timeswhere ) is the
numberof patchesin thescene.A lot of researcheffort hasbeenspentin reducingthe
numberof form factorsto becomputedwithoutsacrifyingaccuracy:� Sub-structuring[28] reducesthenumberof form factorsby subdividing patches

into elements.Incomingillumination is alwayscomputedat the finer element
level, basedon the radiosityemittedby the patches,representingthe average
effect of the elementsinto which it hasbeensubdivided. If . input patches
aresubdividedinto ) elements,only &/'0.1)�, form factorsneedto becomputed,
which is substantiallylessthan &/'2)+�%, if )435. ;� With adaptivemeshing[28, 20, 70], aninitially roughsubdivisioninto elements
is successively refineduntil a givenquality criterionis met. In eachrefinement
step,“inaccurate”elementsarereplacedby groupsof new elements.Theinter-
mediatelyavailableform factorsandradiositysolutionarere-usedasmuchas
possible;� In hierarchical radiosity [68] (

�
2.3) the ideaof sub-structuringis extendedto

morethantwo levels.This resultsin automatic,adaptivemeshinganda further
reductionof the numberof form factorsto &/'0.1� � )�, . If input polygonsare
alsogroupedtogetherinto ahierarchyof clusters [151, 147, 24], thenumberof
form factorsis reducedfurtherto &/'2)�, ;� Higherorderradiosityapproximations[70, 72, 185, 172] (

�
2.2)allow anaccur-

aterepresentationof theradiosityfunctionin absenceof discontinuitieswith far
fewerelementsthanwith a constantapproximation.A reductionof thenumber
of elements) , impliesalsoa reductionof thenumberof pairsof elements)+� .
Perpairof elementshowever, a largernumberof generalisedform factorsneeds
to becomputed.Thecomputationof generalisedform factorsfor higherorder
approximationsis alsomoredifficult;� In view-importancedriven radiosityalgorithms[152] (

�
9) thenumberof form

factorsto be computedandstoredis reducedby taking the view point, from
which an imageis to begenerated,into accountduring theradiositycomputa-
tions. Not all form factorsareequallyimportantfor theperceivedillumination
in a given image. In importance-drivenradiosity, lessrelevant light transport
is computedto lower accuracy thanmorerelevant,e.g.directly perceived,illu-
mination.Lessrelevantlight transportincludesillumination from surfacesthat
reachesthe virtual observer only indirectly, after several (attenuating)reflec-
tions;� An obviousway to avoid a large form factorstoragecost is not to storeform
factorspermanentlyin computermemory, but to re-computethem whenever
they areneeded.Clever caching strategies[159] have beenproposedin order
to avoid re-computationof form factorsasmuch aspossible. Theseallow a
trade-off betweencomputationtimeandstoragerequirements.
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1.3 Objectivesof this dissertation

This dissertationaimsat the further improvementof the speed,accuracy, reliability
anduser-friendlinessof theradiositymethodthrough:� an analysisof thediscretisationerror, introducedby representingthe radiosity

in anenvironmentasapiecewiselow-orderpolynomialapproximation,andthe
developmentof anautomatic,hierarchicalmeshingstrategy thatallows to com-
pute the radiosity to given discretisationaccuracy with minimal computation
work andstoragerequirements;� a thoroughinvestigationof the useof the Monte Carlo methodasan alternat-
ivefor deterministiciterativesolutionmethodsfor thelinearsystemof radiosity
equations.TheMonteCarlomethod(

�
4) is knownfor its reliability andversatil-

ity in thesolutionof awideclassof difficult problems.MonteCarlotechniques
have beenusedfor solvingvery largesystemsof linearequations.They do not
requireexplicit knowledgeor storageof thecoefficientsof thesystem.Theneed
to explicitly computeandstoreform factorsmaythusbeavoided.

Therestrictionto diffuseenvironmentsmayappeara very limiting restrictionat first
sight.Theradiositymethodis however importantfor two reasons:� First,a largepartof theillumination in realenvironmentsis to goodapproxim-

ationdiffuse. In interior-scenes,diffuseillumination is perceivedas“soft” and
“cozy” unlike mirror-like reflections.Diffuseillumination playsan important
role in architecture;� Second,theproblemof computingdiffuseillumination is a trimmed-down ver-
sionof thegeneralproblemandexhibitssimilarcharacteristics.It differsmainly
in dimension.It is ourhopethatsuccessfulapproachesfor thediffusecase,will
carryover to theobject-spacecomputationof the illumination in glossyenvir-
onments.It is clearthatobject-spacecomputationof completedirectionalillu-
minationwill neverbeapreferredapproach,but weexpectthatthedevelopment
of moreefficient, reliableanduser-friendly object-spacealgorithmswill allow
to shift morecomputationwork from thepixel-drivenpassto theobject-space
radiancecomputationpassin multi-passapproaches.Eventually, thismayresult
in moreefficient synthesisof sequencesof imagesof dynamicscenes.

1.4 Overview of this dissertation

Thisdissertationis organisedasfollows:� Chapter2 presentsa short review of the radiosity methodwith higher order
approximationsandhierarchicalrefinement;� In chapter3, thediscretisationerror in higher-orderGalerkinradiositycompu-
tationsis analysedandsomealgorithmsproposedin orderto dealwith it;� Chapter4 briefly reviewsthebasicprinciplesandtechniquesof theMonteCarlo
method. The Monte Carlo methodwill be usedfor morereliableform factor
computationaswell asfor solvingtheradiositysystemof equations.An over-
view is givenat theendof this chapter;
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�
5 to

�
8 presentasystematicoverview of basicMonteCarloestim-

atorsthatcanbeusedin thecontext of radiositywith constantapproximations:

– Chapter5 dealswith MonteCarlo form factorcomputation.It alsointro-
ducesbasicsamplingtechniquesthatwill beusedin subsequentchapters;

– Chapter6 presentsstochasticrelaxationmethodsfor the solutionof the
systemof radiosityequations;

– Chapter7 presentsthe solution of the systemof radiosity equationsby
randomwalk methods;

– In chapter8, someotherMonteCarlomethodsfor linearsystems,found
in thegeneralliteratureon this subject,arebriefly mentioned.

Specialattentionis paidto analysingthecomputationalerrorof thealgorithms
andwaysof controllingit;� Thechapters9 to 11dealwith variancereductiontechniquesthatcanbeapplied
in order to increasethe efficiency of stochasticrelaxationand randomwalk
methods:

– Chapter9 presentsapplicationsof importancesampling. In particular,
view-importancedrivenMonteCarloradiosityalgorithmsareproposed;

– Chapter10 discussesthecontrolvariatesvariancereductiontechnique;

– In chapter11, variousstrategies for combininggatheringand shooting
radiosityestimatesareproposed.� Chapter12 dealswith the issueof low-discrepancy samplingin Monte Carlo

radiosity. Variousexperimentsarepresentedthatalsoconfirmtheoreticalresults
derivedin previouschapters;� In chapter13, presentsthe extensionof the Monte Carlo radiosityalgorithms
for constantradiosityapproximationsto higher-orderapproximations;� Chapter14proposesper-rayrefinementasastrategy to incorporatehierarchical
refinementin Monte Carlo radiosity, paving the way for the developmentof
radiosityalgorithmsin which boththediscretisationandcomputationalerroris
efficiently controlled;� Chapter15concludeswith asummary, a list of originalcontributions,andsome
directionsfor futureresearch;� Theappendicescontainadditionalinformationaboutour implementationof the
algorithmsdescribedin this thesis.

In the context of this dissertation,an extensive softwarepackage,called RENDER-
PARK hasbeendevelopedaswell. RENDERPARK is a test-bedsystemfor physically-
basedrenderingalgorithms. All empiricalresultsdescribedin this dissertationhave
beenobtainedusingRENDERPARK1.

1All experimentshavebeencarriedoutonaSiliconGraphicsOctaneworkstationwith 195MHzR10000
processorsand256MBRAM memory.



2 The Radiosity Method

At theheartof every physically-basedglobal illumination systemlays thenumerical
solutionof amathematicalequationthatdescribesthelight transportin avirtual envir-
onment.Thisdissertationfocussesonphysicallybasedglobalilluminationalgorithms
that computeanobject-spacerepresentationof the illumination in a diffuseenviron-
ment. In the context of this dissertation,every suchalgorithmis calleda radiosity
algorithm.Radiosityis theradiometricquantitythatis bestsuitedfor quantifyingthe
illumination in adiffusescene.Thefirst radiosityalgorithmsfor imagesynthesishave
beenproposedby Goralet al. [58], Nishitaetal. [116] andCohenetal. [27].

In
�
2.1and

�
2.2,themathematicalequationsmodellinglight transportin adiffuse

environmentwill bepresentedbriefly. Theremainderof thisthesisbasicallydealswith
the efficient, reliableandaccuratesolutionof theseequations.This chapteris con-
cludedin

�
2.3with a descriptionof hierarchicalrefinement,which is a key technique

leadingto automatic,adaptivemeshing.Hierarchicalrefinementlargelycontributesto
theuser-friendlinessandefficiency of theradiositymethod.

2.1 The radiosity integral equation

Considera virtual environmentconsistingof surfaces6 1. In radiosity, a restrictionis
madeto only thefollowing two modesof light-matterinteraction2:

1. Spontaneousdiffuseemissionof light. Theintensityof self-emitteddiffuselight
asafunctionof location 7 onthesurfaces,wavelength8 of theemittedlight and
time 9 is givenby theself-emittedradiosity �('*7�:;8�:<9<, (unit 	 
���
���� );

2. Diffusereflectionof light. Thefractionof incidentlight power that is reflected
as a function of location 7 , wavelength 8 and time 9 is given by the diffuse
reflectance�='27�:;8�:<9<, (dimensionless).Thefractionof incidentlight energy that
is not reflectedis absorbed,thatis: transformedinto heator someotherform of
energy.

Dir ectional formulation With only thesetwo modesof light-matter interaction,
also the total illumination on the surfacesof the scenewill be diffuseanddepends
only on location,wavelengthandtime:� '27�:>8+:?9<, � �('27�:;8�:<9<, � �='27�:>8+:?9<,@ A BDC � 'FE�'*7�:HGJIK,H:>8+:?9<,1L!M�N1O�IQPQR#S C (2.1)

where(seefigure2.1):

1Thisdissertationfocussesontriangularor planarconvex quadrilateralsurfaces,but theresultsareeasily
generalisedto any othersurfacetypesfor whichabijective mappingto a triangleor squareexists.

2See[56, 174] for an in-depthdiscussionof the simplificationsmadeto the generalphysicstheoryof
light transport.

11



12 CHAPTER2. THE RADIOSITY METHOD� theradiosity
� '27�:>8+:?9<, (unit 	 
���
��!� ) expressestheintensityof thetotaldiffuse

light of wavelength8 at location 7 andtime 9 ;�UT I denotesthehemi-sphereof directionsGJI pointingfrom 7 to theoutsideof
thesurfaceat 7 . O�I denotestheanglebetweenthedirection GJI andthesurface
normalat 7 . PQR S C denotesthe “size” (unit 	 V�$-� ) of a differentialsolid angle
containingthedirection G ;� E�'27�:>GJIQ, denotesthenearestpoint on thesurfaces6 of thescenethatis visible
from 7 into thedirection GJI . Thispoint alwaysexistsin a closedenvironment.

WYXZ!X[ X
[]\^
Z \

_ X \

`JacbDde^Df WYX-g

Figure2.1: Diffuselight transportgeometry

Becausethereis no cross-over betweendifferent wavelengthsnor in time, we will
dropthewavelengthandtimedependencein ournotation:� '27D, � �('*7D, � �='27D,@ A B�C � '0E�'27�:>GJI ,<,1L�MKN1O�IQPQR#S C � (2.2)

There is one suchequationper wavelengthand per point in time. Equation(2.2)
expressesthat the radiosity

� '*7D, at 7ihU6 is thesumof self-emittedradiosity �('*7D,
plus the fraction of incident radiosity that is reflected. The incident radiosity is a
weightedintegral, over all directions GJI pointing from 7 outward the surfaceat 7 ,
of the radiosity

� '0E�'27�:HG I ,?, of the first visible point E�'27�:HG I , . The attenuationbyL!M�N1O�I takesinto accounttheapparentareaat 7 in thedirection GJI . A fraction �='27=, of
theincidentlight is reflected.Thedivisionby @ is requiredfor energy conservation.

Spatial formulation It is often moreconvenientto transformthe integral over the
hemisphereT I at 7 to anintegral over thesurfaces6 of thescene.This leadsto:� '*7D, � �('27=, � �D'*7D, Akj]l '27�:<mn, � '2mn,oP�p�q (2.3)
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with geometrickernel:

l '*7�:?m1, � L�MKN1O�IrL!M�N1O�q@ $ �I-q vis '*7�:<mn,!� (2.4)

where� PKpsq denotestheareaof a differentialsurfaceat thepoint m/h46 ;� L!M�N1O�q is thecosineof theanglebetweentheline connectingthepoints 7 and m
andthesurfacenormalat m ;� $�I-q is thedistancebetweenthepoints 7 and m ;� vis '*7�:<mn, is apredicatethattakesthevalue1 if 7 and m aremutuallyvisibleand
0 otherwise.

Thegeometrickernel l '27�:<mn, dependsonly on thegeometryof thesceneandnot on
theradiosity, self-emittedradiosityor reflectance.

Equations(2.2) and(2.3) arecalledcontinuousradiosityequations. In practice,�='27=,]tvu for all surfacesin a scene.This is sufficient in orderto guaranteethatthese
equationshave a uniquesolution. The kernel(2.4) is singularwheresurfacestouch
eachother. The singularity is a weaksingularity. It is not presentin the directional
formulation(2.2) of the radiosityequation.Thekernel(2.4) alsohasdiscontinuities
in valuedueto abruptchangesin visibility vis '*7�:<mn, .

Equation(2.3)will sometimesbewritten in themorecompactform� '27D, � �('*7D, � A1j�w '27�:<mn, � '2mn,oP�p�q (2.5)

with kernel w '27�:?mn, � �='27=, l '27�:<mn,H� (2.6)

2.2 Galerkin radiosity

In numericalcomputingliterature[35, 94, 125], basicallytwo classesof methodsare
recommendedin orderto numericallysolve integralequationslike (2.3): theNystrom
method, alsocalledquadrature method, andprojectionmethodssuchasthe colloca-
tion andtheGalerkinmethod.

The Galerkin methodfor radiosity with higher order approximationshasbeen
proposedby Heckbert[72] and Zatz et al. [185]. In this section,a derivation of
the methodwill be presentedthat makesclear how to apply the methodwith non-
quadrilateralelementsaswell aswith afunctionbasisthatis not theCartesianproduct
of 1-dimensionalfunctionbases.

Although an extensive comparisonof the collocationand the Galerkin solution
methodsin the context of the radiosityproblemcould be an interestingtopic of re-
search,theGalerkinmethodis usedin this dissertationasin mostradiosityliterature.
Thepreferencefor theGalerkinmethodis basedontraditionin finite elementanalysis:
“Galerkin methodsprovide consistentlyaccurate, robust solutionsto a wide variety
of engineeringproblems”[72].



14 CHAPTER2. THE RADIOSITY METHOD

2.2.1 Projection methods

TheGalerkinmethodis aprojectionmethod.Thebasicideaof projectionmethodsfor
solvinglinearintegralequationssuchas(2.3) is to searchfor anapproximatesolutionx� '*7D,zy � '*7D, thatis of acertain,known, “shape”whichis inexpensiveto evaluatefor
any point 7 . A convenient“shape”for

x� '27D, is definedasfollows:� The surfacesin the sceneto be renderedare assumedto be a collection of
patches � suchastrianglesor convex quadrilateralsor simplecurvedsurfaces.
Somenumberingschemeon the patchesis assumedso thateachpatchcanbe
designatedby anindex, denoted� or � in this text;� Oneachpatch� , anumberof independent“primiti veshapes”,calledbasisfunc-
tions, {r�*| }+'*7D, aredefined. The classof “shapes”consideredon � containsall
the possiblelinear combinations~�'27=, ��� } ~ �2| } { �*| } '*7D, of the basisfunc-
tions.Thebasisfunctionsareindependentif noneof thebasisfunctionscanbe
expressedasa linearcombinationof theotherbasisfunctions.

Example: usingonebasisfunction

{r�?'*7D, ��� u�7�h46 �� 7c�h46 � (2.7)

per patch,all per-patchpiecewise constantfunctionscanbe represented.In
�
2.2.6,

moredetailswill begivenconcerningthehigher-orderbasisfunctionsthathave been
usedin our implementation.

Projectionmethodsthustry to find a “best” approximationx� '27=, � � � � } � �2| }k{r�2| }�'27D,�y � '27D, (2.8)

for the true radiosity function
� '*7D, , given a discretisationof the scenein patches�

anda setof basisfunctions {r�*| }+'27=, on eachpatch.With independentbasisfunctions,x� '*7D, is uniquelyandfully determinedby its basiscoefficients
� �2| } .

2.2.2 A bit of functional analysis

In orderto understandhow thebasiscoefficients
� �*| } aredeterminedin theGalerkin

method,acoupleof notionsfrom functionalanalysisarerequired:

Scalar product of functions Considertwo functions ~ and � definedon somedo-
main � 3. Theintegral

t�~D:o�(� � A � ~�'27=,���'27=,1PQ7 (2.9)

is calledthescalarproductof thetwo functions.It canbeseenasa generalisationof
thewell-known scalarproductof 3D vectors ���� �� � �K�z�H��� � � � �!� � � �����!��� . The
setof “components”~�'27D, of a function ~ is howevercontinuousratherthandiscrete.

3This thesisdealsonly with real-valuedfunctionsfor which the integral of the squareof the function
exists: �;����� �Q¡0¢n£H�¥¤/¦ .



2.2. GALERKIN RADIOSITY 15

Function norm With eachscalarproductcorrespondsa norm. Thenorm §�~r§ , ex-
pressesthe“size” of a function ~ . It is definedasthesquarerootof thescalarproduct
of ~ with itself: §�~r§ � � t¨~D:;~©�ª�
A functionis callednormalisedif it “hasunit size”:§�~r§ � uQ�
Orthogonality of functions Justlike 3D vectors,two functions ~ and � arecalled
orthogonal if their scalarproductis zero:t¨~D:<�(� � � �
Thatwill bethecaseif ~�'*7D, is zerowhere��'27D, isn’t andviceversa,but alsowhenthe
functions“cancel”eachotherby appropriatelychangingsignandmagnitude.A setof
functions ~�� is calledanorthonormalsetof functionsif the functionsareorthogonal
to eachotherandthey arenormalised:

t�~ � :>~ � � ��«����s� � � if �]�� �u if � � �
where «���� is Kronecker’s delta. Note that scalarproduct,norm and orthogonality
dependstronglyon thedomain � underconsideration.

Expansion of a function w.r.t. a function basis Considera set of functions { �
definedonadomain� . Then,every function ~ on � canbeapproximatedby a linear
combination � � ~��2{r�;'27=,zyª~�'*7D,
with real-valuedcoefficients ~ � . The“closest”linearcombinationis calledtheexpan-
sion of the function ~ with respectto thesetof functions {r� . Its coefficientscanbe
computedby consideringthescalarproductsof ~ with the {r� :t¨~D:<{����sy¬� � ~��rti{��?:<{������
Thereis onesuchequationperbasisfunction.Together, theseequationsform asystem
of linearequationswith thebasiscoefficients ~ � asunknowns. In orderto beableto
solve this systemof linearequations,thematrix ­ �2| ��� tª{ � :<{ � � needsto have an
inverse­¯®�° . Thatwill bethecaseif thefunctions{ � areindependent.

Dual basis In practice, the basiscoefficients ~�� can be found quickly as scalar
products: ~�� � � � t¨~D:?{��¥�±	 ­ ®+° � �?| �

� t�~D: x{r�r� with
x{r�;'27D, � � � 	 ­ ®+° � �?| �0{��K'*7D,�� (2.10)
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Thesetof functions
x{ � definedabove is calledthedual basisof thebasisformedby

the {�� . The original functions {r� arecalledthe primary basis. The dual basisof a
givenbasisis theuniquesetof linearcombinationsof theprimarybasisfunctionsthat
satisfiestherelations t x{r�o:?{���� ��« ����� (2.11)

for everyprimarybasisfunction {�� .
A basisconsistingof orthonormalfunctionsis calledan orthonormalbasis. The

dualbasisof anorthonormalbasisis thebasisitself. Thedualbasisof a orthogonal
basis, consistingof pairwiseorthogonalbut non-normalisedfunctions{ � isx{r�?'*7D, � u§H{ � § � {r�;'27D,!� (2.12)

Example with 2D vectors Considerthe non-orthogonalbasis ²��³ � :Q�³ ��´ with �³ � �'0µn:�¶�u-, and �³ � � 'o¶�uK:?·K, (seefigure2.2). Whatarethecoefficients � � and � � of the
vector �� � '0µn:�u%, w.r.t. this basis: �� � �K��� �³�� � �K��� �³ � ?

¸¹1º»<¼

½ ¹1º»¿¾

º»<¼ (2,-1)

º»o¾ (-1,3)

ºÀ (2,1) Á ¸¹kº»<¼kÂ ½¹1º»¿¾

Figure 2.2: The basiscoefficientsof the vector ÃÄ w.r.t. the basis Å ÃÆ%Ç>f ÃÆ ¢!È areobtainedmost
easilyasa scalarproductwith dualbasisfunctions.

First, thedualbasisfunctions �P � � '0É � :;Ê � , and �P � � '0É � :;Ê � , needto becalcu-
latedusingtherelations(2.11):Ë t �P � :Q�³ � � � ut �P � :Q�³ � � � � ÌÎÍ � µ�É � ¶ÏÊ � � u¶]É � � ·KÊ � � � ÌÎÍ �P � �ÑÐ ·Ò : uÒ+Ó �
A similar calculationyields �P � � ' �Ô : �Ô , . Thecoefficients � � and � � arenow easyto

obtainby calculatingscalarproductsof �� with thedualbasisfunctions �P � and �P � :Ë �K� � tÕ�� : �P � � � �Ô � µ � �Ô � u � ÖÔ� � � tÕ�� : �P � � � �Ô � µ � �Ô � u � × Ô
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Indeed: ÖÔ �³�� � × Ô �³ � �ØÖÔ '0µn:�¶�u%, � × Ô 'o¶�uQ:;·K, � '0µ1:�u-, � �� .
The basiscoefficients ~ � of somefunction ~ w.r.t. a function basis { � can be

determinedin exactlythesameway, usingscalarproductsthatareintegrals(2.9)rather
thanthefamiliar vectorscalarproductsin this example.

2.2.3 The Galerkin radiosity equations

In theGalerkinmethod,the radiositycoefficients
� �*| } in

x� '*7D, � � �*| } � �2| }k{r�2| }�'27=,y � '*7D, areobtainedby substituting
� '27D, by

x� '*7D, in theleft andright handsideof
(2.5): x� '*7D,zyª�('27=, � Anj]w '27�:<mn, x� '2mn,oP�p�q �
The identity is only approximatebecausethe integral in the right handsidewill in
generalnot be representedexactly by a linearcombinationof thechosenbasisfunc-
tions.The“best” approximation

x� '27=, is now obtainedby expandingtheleft andright
handsidew.r.t. thechosenbasis{��*| } using(2.10)and(2.9), requiringthat thebasis
coefficientsbeidentical:for each� and Ù ,

A1j x{r�*| }+'*7D, x� '*7D,oP�p�I � � �2| }
� A1j x{��*| }+'*7D,<�('27=,oP�p�I � A1j x{r�2| }�'27=, Anj�w '27�:<mn, x� '2mn,oP�p�qQPKpsIn� (2.13)

By defining

� �2| }Ú� A j x{ �2| } '27D,<�('27=,oP�p I
and

w �2| } Û �?| Ü � A j�Ý x{r�*| }�'*7D, A j%Þ w '*7�:<mn,o{��;| Ü�'2mn,1P�p�q�P�p�In� (2.14)

onefinally obtainsthefollowingsystemof linearequationsin theradiositycoefficients� �*| } : � �2| }Ú� � �*| }¯�ß� �?| Ü w �2| } Û �?| Ü � �?| Ü � (2.15)

The factors w �2| } Û �?| Ü arecalledgeneralisedpatch-to-patch form factors, for a reason
thatwill becomeclearin

�
2.2.5.

2.2.4 Overview of the Galerkin radiosity method

TheGalerkinmethodfor radiosityconsistsof thefollowing four steps:
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1. Discretisationof the sceneto be renderedinto patches� . On eachpatch,a set
of basisfunctions {r�*| }�'*7D, is fixed. For easeof implementationandrobustness
of thealgorithm,a orthogonalsetof basisfunctionsthatarenonzeroonly on a
singlepatchis preferred;

2. Computationof thegeneralisedpatch-to-patchform factorsw �*| } Û �;| Ü (2.14)for
eachpairof patches� and� . This involvesthenumericalcomputationof double
integralscontainingthevisibility functionbetweenpairsof points 7chÏ6+�o:<m©h6 � ;

3. Solutionof theGalerkinsystemof linearequations(2.15),yieldingtheradiosity
coefficients

� �*| } ;

4. Imagegenerationby evaluating� �2| } � �*| } { �*| } '*7D, for oneor morepoints 7�h46
visible througheachpixel of theimage.

2.2.5 Constant radiosity approximations

Usingtheconstantbasisfunctionsof (2.7),thefollowing resultsareobtained:

§!{��;§ � � A1j�Ý u�P�p�I � p��x{r�<'*7D, � u§H{ � § � {r�;'27D, � up �w �*| � � up � A à Ý A à Þ w '27�:<mn,1P�p�q�P�p�I � ���F�#���
The reflectance�D'*7D, � ��� is assumedconstantover eachpatch. �#��� is the classical
patch-to-patch form factor:

�#��� � up � A à�Ý A à=Þ l '*7�:?m1,nPKpsq#P�p�I�� (2.16)

With theseassumptions,theGalerkinsystemof equations(2.15)becomestheclassic
radiositysystemof equations(1.1),first proposedby Goralet al. [58]:� � � �]� � � �K� � �#��� � �Q� (2.17)

Thefour stepsof theGalerkinradiositymethodcorrespondwith thefour stepsof the
classicalradiositymethod,enumeratedin

�
1.2.1.

2.2.6 Higher order approximations

Many choicesarepossiblefor the basisfunctions { �2| } . In our implementation,we
have usedbasisfunctionsobtainedby uniform mappingof “canonical”orthonormal
basisfunctions {r�?'*á�: � , definedon a standarddomain. The standarddomainis the
standardtriangle ' � : � ,!:�'ouK: � ,H:�' � :�u-, for triangularpatchesandtheunit square	 � :�u��kâ	 � :�u�� for quadrilateralpatches.This particularchoicehasprovento beadequateand
convenientin implementation.
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Canonical basisfunctions Thecanonicalbasisfunctions { � '2á#: � , areobtainedby
orthonormalisationof theelementarypolynomialsuK:<á#: � :<á=�%:<á � : � �Q:<á � :<á=� � :<á � ��: � � ,����� on thestandarddomainusingthealgorithmof Gram-Schmidtfrom basicalgebra.
The resultingbasisfunctionsare plotted in figure 2.3. Details of their calculation
are given in Appendix A. The computedradiosity solution

x� '*7D, will be a linear
combinationof thesebasisfunctionsafter uniform mappingfrom a 3D triangle or
convex planarquadrilateralto thestandardtriangleor unit squarein 2D.

Uniform mapping Themappingfrom a 3D triangleor planarconvex quadrilateral
to thestandardtriangleor unit squarewaschosensothatequalareasin 3D correspond
with equalareasin the 2D standarddomain. The commonlyusedbarycentricmap-
ping for trianglesis sucha uniform mapping. For quadrilateralshowever, a custom
mappingwasconstructed.Detailsof theuniform quadrilateralmappingaregiven in
AppendixB.

Generalisedform factor computation Integralsovera3D triangleor quadrilateral
patch 6 � aretransformedto the2D standarddomain� correspondingwith 6 � :

A1j Ý ~�'*7D,oP�p�I � A � ~�'*7�'2á#: � ,<,HãK�;'2á#: � ,1PQáJP � �
ã��?'*á�: � , is theJacobianof themappingfrom the3D patch� to � :

ã � '2á#: � , � P�p�ID'2á#: � ,PKásP � �
TheJacobianexpressesthedifferentialareain 3D at thepoint 7�'2á#: � ,¥hc6�� thatcor-
respondswith the differential area PKásP � in the standardtriangle or unit squarein
2D. The Jacobianof a uniform mappingis a constant: ãK�?'2á#: � , � ps� for quadri-
lateralsand ã � '*á�: � , � µQp � for triangles(the surfaceareaof the standardtriangle' � : � ,H:-'ouK: � ,!:�' � :�u%, is u���µ ).

Integralsin 3D, like (2.14),involving thebasisfunctions {r�2| }�'27D, arein this way
transformedinto integralsof the canonicalbasisfunctions {ä}�'2á#: � , on the standard
triangleor unit square.The latter integralscanbe computednumericallyusingde-
terministicnumericalintegrationrulesfor thestandardtriangleor unit square.A com-
pilationof suchrules,basedon[32, 31], is givenin AppendixC. VariousMonteCarlo
integrationalgorithmswill bepresentedin

�
5 and

�
13.2.

System solution The system of linear equations(2.15) can be solved using
straightforwardmodificationsto theJacobi,Gauss-Seidelor Southwellrelaxational-
gorithms.Algorithm 1 showsthemodifiedGauss-Seidelalgorithm.

Visualisation of the solution The most straightforward way to generateimages
from the radiositysolution

x� '27=, is by tracingraysoriginatingat the viewing posi-
tion througheachimagepixel in 3D, andto evaluate

x� '27D, � � } � �2| } { �2| } '27=, at the
intersectionpoint 7 with the first surfacepatch � of the scene. In order to evaluate{r�*| }�'*7D, , theuniform parameters'*á�: � , of thepoint 7 in thestandardtriangleor unit
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Figure 2.3: Basisfunctionsusedin our implementation. The basesare: constant= ÅHï Ç È ,
linear = constant ðñÅ!ï ¢ f ï+ò È , quadratic = linear ðÕÅ!ï+ó f ï�ô f ï+õ È , cubic = quadratic ðÅHï�ö f ï+÷ f ï+ø f ï Ç*ù È . The computedradiosity solution úû de^ g is a linear combinationof these
functionsaftermappingto thestandardtriangleor theunit square.
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Algorithm 1: Gauss-Seidelsolutionof (2.15)

1. Initialise all
û�ü2ý þ ÿ���üeý þ

;

2. Until convergence

(a) for all patches�
i. set

û�ü2ý þ�ÿ���üeý þ
for all basisfunctionsï ü2ý þ on � ;

ii. for all patches� ,
A. if not yet computedbefore, compute the generalisedform factors� üeý þ�� �?ý 	

for all basisfunctionsï ü2ý þ on � and ï �?ý 	 on � ;
B. for all basisfunctionsï üeý þ on � , computeû�ü2ý þ�ÿ û�üeý þ�

� 	 � üeý þ�� �?ý 	 û �?ý 	

squareneedto bedeterminedusingtheuniform mapping: { �*| } '27D, � { } '2á#: � , . The
averageradiositythroughthepixel is displayedaftertonemapping.

It is possibleto harnessgraphicshardware also for the visualisationstepwith
higherorderapproximations:� thenearestpatchthrougheachpixel canbefoundmorequickly afterID-render-

ing: thepatchesin thescenearerenderedwith uniquecoloursandflat shading.
Theframebuffer is readinto maincomputerstorageandthepatchvisibleat the
centreof eachpixel determinedby mappingthecolourof thepixel;� texture-mappingtechniquescanbe usedin orderto determinethe '2á#: � , para-
metersof the point visible at the centreof eachpixel [69]. For quadrilaterals,
the thusdetermined'*á�: � , parametersarebilinearparametersandstill needto
betransformedfurtherinto uniformparameters(seeAppendixB).

2.3 Hierar chical refinementradiosity

Themainproblemsof theradiositymethodconcernmeshingandform factorcompu-
tation. Meshinglargely determinesthe solutionaccuracy that canbe obtained.The
meshshouldbefine enoughin orderto accuratelycapturesmoothillumination vari-
ationsaswell asillumination discontinuitiessuchasat shadow boundaries.Too fine
a meshon the otherside,will only leadto unnecessarycomputations.The number
of form factorsis quadraticin thenumberof meshelements.For eachform factor, a
difficult integralneedsto becomputed.

Hierarchicalrefinement[68, 60] yields automaticadaptive meshingaswell asa
dramaticreductionof thenumberof form factorsto becomputed.This reductionin
the numberof form factorsis dueto the useof a multi-resolutionrepresentationof
theradiosityfunctionon ahierarchyof elements.Hierarchicalrefinementcontributes
immenselyto thespeedanduser-friendlinessof theradiositymethod.

First, in
�
2.3.1and

�
2.3.2,we illustratehow hierarchicalrefinementprovidesad-

aptive meshingand how a multi-resolutionrepresentationof the radiosity function
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B

A

C D

Figure2.4: Simpleexamplescene:patchA receiveslight from anearbypatchB, asmalldistant
patchC anda partiallyoccludedpatchD.

leadsto a reductionof thenumberof form factorsthatneedto becomputed.Theal-
gorithmfor constructingthehierarchyof elementsis outlinedin

�
2.3.3.Themodific-

ationsto theradiositymethodneededin orderto incorporatehierarchicalrefinement,
includingtheso-calledpush-pullsweep, arebriefly discussedin

�
2.3.4.Finally, a re-

view of hierarchicalrefinementcriteriaandstrategiesfor radiosityis givenin
�
2.3.5.

2.3.1 Adaptivemeshgeneration

Considerthe simplescenedepictedin figure 2.4. The patchA receives light from
threeotherpatches:B, C andD. Supposethata piecewiseconstantapproximationof
the radiosityon all elementsis desiredandassumethat B, C andD emit a constant
radiosity

��� : ��� and
� � respectively.

Considernow theradiosityat a point 7 on A dueto B (cfr.
�
2.1):û de^ g a������������ Z!X ����� Z \� _ ¢X \ vis de^Df¿` g û! �"$#�\ a û! �&%��(' X*) ����� Z!X� vis de^Df¿bDde^�f WYX�g¿g "�+-, C�.

(2.18)6 � denotesthesurfaceof patch
�

and T � '*7D, thesolid anglesubtendedby B on the
hemisphereabove 7 h 6 à . Theradiosityat 7 dueto thepatchesC andD is givenby
similarexpressions.

A constantradiosityassumptionon A is valid for the radiositydueto C, but not
for theradiositydueto B or D:� PatchB is a nearbypatch.Thesolidangle T � '27=, underwhich B is “seen”will

vary considerablyfor differentpoints 7 hÏ6 à , andsowill L!MKNnO I andthusalso
theintegralsin (2.18)and

� '27=, ;� PatchC is smallanddistant:both T � '27=, and L!M�N1O�I will bedifferentonly by a
small amount for different points 7 h 6 à . The visibility factor
vis '27�:>E�'*7�:HG I ,?, � u for all points 7 anddirectionsG I pointingto C;� PatchD alsois a smallanddistantpatch,but aninterveningsurfaceblockspart
of the light castby D on A. Theproblemwith patchD is causedby changing
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due to C only
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due to B only
(a) element mesh on A

due to B only
D

B

Figure2.5: Adaptive meshingof A for (a) only sourceB, (b) only sourceC, (c) only sourceD
and(d) combinedelementmesh.

visibility vis /10-2�3(/40(2�5�6�787 : for somepoints 0:9<; , D will be fully visible and
— assumingthat D is a stronglight source— 0 receivesa fair amountof ra-
diosity from D. For otherpoints 0=9:; however, D is totally obscuredby the
interveningsurface,andno light is received (directly) from D. Therefore,the
constancy assumptionwill beviolatedfor D.

Hierarchicalrefinementradiositywill refineA into asetof smallerelements.For each
resultingelement,theconstancy assumptionwill besatisfiedfor any source.Thefig-
ures2.5a-cillustratewhatsubdivision into elementsmight benecessaryfor B, C and
D separately. Figure2.5dshows the combinedsetof elements.The resultingcom-
binedmeshwill allow any light transportto A to berepresentedaccurately, regardless
of its source.NotethatB will alsoneedto berefinedin orderto accuratelyrepresent
theillumination on B dueto A.

2.3.2 Multi-r esolutionelementmesh

A singlecombinedadaptively-refinedelementmeshasshown in figure2.5dwill allow
all illumination in the sceneto be representedaccurately. It will however leadto a
lot of unnecessarycomputation.Considere.g. the radiosityon patchA due to the
small and distantpatchC. No subdivision of A is necessaryin order to represent
the contribution of C with sufficient accuracy. The singlecombinedelementmesh
however containsmany small elements.For eachelementa form factorneedsto be
computedwith C while oneform factorwith thewholeof A wouldbesufficient.

In orderto overcomethis problem,hierarchicalrefinementradiosityusesa multi-
resolutionelementmeshrepresentingtheradiosityon eachpatchat multiple levelsof
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Figure 2.6: Themulti-resolutionelementmeshfor patchA. Thearrows (shown for just a few
elementsin thelower two levels)indicatelinks to otherpatchesor partsthereof.

detail. In theexample,a regularquadtreesubdivision is used.Theelementhierarchy
for patchA is shown in figure2.6.Thetopof theelementhierarchyis asingleelement
coveringall A. Onelevel below, thefour elementscorrespondto thefour quartersof
A. In levels further below, an elementof the parentlevel hasbeenreplacedby four
quartersub-elementsunlessthe parentelementalreadyallowed the radiositydueto
any sourceto berepresentedaccurately.

Contraryto a single-level elementmesh,anelementhierarchyallows to compute
thelight transportat the right level of detail for eachsourceinsteadof at onelevel of
detailthatsufficesfor all sources.Thearrows in figure2.6 indicatewhatcontribution
to theillumination on A is computedfor eachelement.In orderto computethelight
transportedfrom C to A, a singleform factoris usedbetweenthe top-level element
of A andC. We saythata singlelink or interactionbetweenA andC suffices.At the
sametime, light transportfrom D to A canberepresentedaccuratelyon threeof the
four second-level quarterelements.On thefourth quarterelement,a finersubdivision
is needed,yielding links with sub-elementsat lower levels.For eachsource,thesame
meshelementson A areusedasif therewereno othersources(comparewith figure
2.5a-c).

TheGalerkinmethodwith constantbasisfunctionswill computethearea-average
of the radiosity on eachelement. The top-level elementwill representthe average
radiosityon A asa whole. Thesecondlevel elementsrepresenttheaverageradiosity
on eachquarterof A andsoon. With themulti-resolutionelementmeshthuscorres-
pondsamulti-resolutionrepresentationof theradiosity. In thiscase,therepresentation
is similar to a texturemip-map.

In theexample,a constantapproximationwasusedon every element.Thebasic
ideaandmotivation is however exactly the samewhenhigherorderbasisfunctions
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areused. With the ’constantnessassumption’thencorrespondsthe assumptionthat
theradiositycanbeapproximatedwell by a linearcombinationof thebasisfunctions,
whatever thesebasisfunctionsare.

2.3.3 Hierar chical refinementalgorithm

Algorithm 2 showshow theelementhierarchiesshown in figure2.6canbeconstructed
automatically.

Considera pair of patches,e.g. A andB in theexample.Thehierarchicalrefine-
mentalgorithmwill first checkwhetheraninteractionbetweenthetop-level elements
of A andB would alreadysuffice in orderto computethelight transportfrom B to A
to desiredaccuracy (seefigure 2.7). In order to checkwhetheror not refinementis
necessary, a refinementcriterion, alsocalledoracle, is needed.Theoracleprocedure
takesinformationaboutthegeometricalarrangementof thepatches,visibility inform-
ationaswell asthesourceradiosityandreturnswhetheror notaninteractionbetween
thetwo patchesis admissible.

If an interactionbetweenthetwo patchesis not acceptable,a refinementstrategy
will prescribewhat actionneedsto be undertaken in order to obtainpairs of inter-
actingsub-elementsof A and/orB that will allow light transportto be represented
andcomputedto desiredaccuracy. Possiblerefinementactionsincludesubdivision
of oneof the two elements( 3 -refinement),extendingthe basison the receiver ele-
mentin orderto betterapproximatethe receivedradiosity(> -refinement),relocation
of meshvertices( ? -refinement)or combinationsof theseelementarystrategies.In case
of 3 -refinement,regular quadtreesubdivision canbe usedasshown in the example.
Sometimes,if informationaboutthe behaviour of the receivedradiosityfunction on
theelementsis known,abettersubdivisionchoicecanbemade.This is thecaseif e.g.
discontinuitycurveshave beendeterminedusing discontinuitymeshingtechniques
[104, 10].

Refinementyieldsoneor morenew candidateinteractions. The refinementpro-
cedureis calledrecursively for eachof thecandidateinteractions.Thecandidateinter-
actionswill eitherbeacceptedor furtherrefineduntil acceptanceor until a recursion
thresholdhasbeenreached.Theresultis a hierarchyof elementsandinteractionsas
illustratedin figure2.6.

Algorithm 2: Hierarchicalrefinement: recursively refine a candidateinteractionbetweena
receiver ELEMENT rcv anda sourceELEMENT src.

Refine(ELEMENT rcv, ELEMENT src)

1. if candidateinteractionrcv@ srcis notadmissibleaccordingto refinementcriterion,then

(a) subdivide oneor bothelements,or increaseapproximationorder, ABA�A
(b) recursively call Refine()for eachresultingnew candidateinteractionelementpair.

2. else

(a) recordacceptedinteractionrcv@ srcandcomputeform factorsC rcv D E�F srcD GIH�JLKNM .
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Figure 2.7: The hierarchical refinementalgorithm first considersa candidateinteraction
betweenthetop-level elementsof thetwo patches.If thecandidateinteractionis deemednon-
admissibleby therefinementcriterion,refinementis carriedout,yieldingasetof new candidate
interactionsto beconsideredin turn. Here,a candidateinteractionis refinedby regularsubdi-
visionof oneof theinteractingelements.

2.3.4 Radiosity with hierarchical refinement

What modificationsare neededto an iterative radiosity systemsolver such as al-
gorithm1 in orderto incorporatehierarchicalrefinement?

Without refinement,every iterative solver propagatesnot-yet-distributed(South-
well) or total (Jacobi,Gauss-Seidel)radiosity in someorderfrom sourcepatchesto
receiver patchesin order to computea betterapproximationof the radiosityon the
receivers.All light propagatedto a patch,is receivedby thewholepatch.

With hierarchicalrefinementhowever, a tree-structureof elementscorresponds
to eachpatch. In order to computethe light transportfrom or to eachpatch, the
iterative solver will traverseeachelementin the hierarchies. Eachelementin the
hierarchyfor a givenpatchwill receive only a partof theradiositypropagatedto the
patch,determinedby the interactionsin which the elementis involvedasa receiver.
In figure2.6 for instance,the radiosityreceivedfrom patchD will be scatteredover
3 secondlevel elements,2 third-level elements,3 fourth-level elementsand20 fifth-
level elementsin the elementhierarchyof A. No radiosityfrom D is receivedat the
top-level. Whenhierarchicalrefinementis carriedout correctly, no contributionsare
forgottenand noneare countedtwice. All radiosity propagatedto a patchwill be
availablesomewhere in thehierarchy, but it will in generalbescatteredamongseveral
elements.

Eachelementmayhoweveralsobeusedasasourceelementin otherinteractions.
Thetop-level elementfor patchA in theexamplemaye.g.beusedfor computingthe
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light transportfrom A to C. Thetop-level elementof A howeverreceivesno radiosity
from D. Without takingmeasures,light transportfrom D via A to C would never be
computedin this case.Theiterativesolverwill thereforeneedto beextendedin order
to maintaina consistentmulti-level representationof theradiosityon eachpatch.By
consistent,we meanthateachelementin thehierarchyrepresentsall radiosityon the
correspondingsurfaceof thepatchto which it belongs,regardlessof the level where
the radiosityhasbeenreceived. This is accomplishedby first propagatingreceived
radiosityfrom elementsat thetop of theelementhierarchydown thehierarchy. This
sweepdown thehierarchyresultsin adetailedrepresentationof thefull receivedradi-
osityat theleaf-elementsof thehierarchy. Next, thehierarchyis traversedbottom-up,
averagingtheradiosityat sub-elementsin orderto obtaina rougherrepresentationof
the full radiosityat eachparentelement. This process,calleda push-pullsweepis
illustratedin figure2.8. It relieson two elementaryoperations:theelementarypush
operation,in which radiosity is propagatedfrom a parentelementto its immediate
children elements,and the elementarypull operation,in which the radiosity at the
immediatechildrenelementsis filteredin orderto obtaina bestapproximationat the
parentelement.Theelementarypushandpull operationsareillustratedfor constant
approximationsin figure2.9.

Elementary pushoperation

Theelementarypushoperationis usedin orderto propagatetheradiosityof a parent
elementto its immediatechildrenelements.

ConsideranelementOQP with sub-elementsOSRP . Supposea radiosity-like functionT /10U7WVYX[Z T P1\ Z^] P1\ Z /10U7 is givenon theparentelementOQP . T /40_7 canbetheradiosity` /40_7 itself, or theunshotradiosityor yet anothersimilar function,dependingon the
detailsof the radiosity systemsolver that is used. The elementarypushoperation
computestherepresentationof

T /40_7 on thechildrenelementsO RP .
Thesub-elementscoverdisjunctpartsof theparentelementO P . Considertherefore

the restrictionof
T /10U7 to eachsub-elementO RP separately. Theproblemto besolved

now is thedeterminationof thecoefficients
T RP4\ a inT /40_7bVdc a T RP1\ a ] RP4\ a /10U7

for points0�9
O RP . Thecoefficientscanbedeterminedbyorthogonalprojection(2.10):T RP1\ a V e T 2gf] P1\ aihV c Z T P4\ Z 3 R Z \ a with 3 R Z \ a Vje ] P1\ Z 2 f] RP4\ a h[k
The filter coefficients 3 R Z \ a convert a low-resolutionrepresentationof a function on
a parentelementto a higher-resolutionrepresentationon the childrenelements.For
orthogonalbasisfunctions,cfr. (2.12):3 R Z \ a V lm ] RP4\ a monqp^r�st ] P1\ Z /10U7 ] RP1\ a /40_7^u�; 6 k
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PUSH:

   in at this level
= add radiosity coming

= Elementary Push

PULL:

   elements at this level

= Elementary Pull

= add radiosity on leaf

Figure 2.8: Push-pullsweep:first (top figure),thehierarchyof elementsis traversedin a top-
down direction,pushingdown receivedradiosityat higherlevelsto lower levels.At eachlevel,
radiosity received at that level is added. At the end, a complete,detailedrepresentationof
received radiosity is obtainedat the leaf elementsof the hierarchy. Next (bottomfigure), the
hierarchyis traversedbottom-up,averagingthe completeradiosityrepresentationfrom lower
levels. At theend,a representationof thecompletereceivedradiosityon all levels is obtained
everywhere. The figure illustratesthe push-pullsweepfor the radiosity received on patchA
from patchD in figure2.6.

Example: For a constantapproximationvSw�x4yUz|{}v�~w x1yUz�{�� if y��
�S~w :� ~w { �� ~w������� �W�&�-� �q� {��&�
Radiositywill bepropagatedunchangedfrom parentto childrenelements:��~w {�� w
(seefigure2.9).
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PULL

PUSH

Figure2.9: Elementarypushandpull operationfor constantapproximations.

Elementary pull operation

The elementarypull operationis usedin order to constructan approximationon a
parentelementfor theradiositygivenon animmediatesub-element.

Unlikeabove,thecoefficients
T RP4\ a in

T /40_7bV X a T RP4\ a ] RP1\ a /40_7 oneachsub-elementO RP aregivennow. The elementarypull operationwill computethe coefficients
T P1\ Z

for approximating
T

on theparentelementOQP :c Z T P1\ Z ] P1\ Z /40_7b� T /40U7 k
Orthogonalprojection(2.10)in this caseyieldsT P1\ Z V e T 2 f] P4\ Z hV c R \ a T RP1\ a f3 R Z \ a with f3 R Z \ a Vje f] P1\ Z 2 ] RP4\ a h[k
The filter coefficients f3 R Z \ a constructa lower-resolutionrepresentationon the parent
elementof the higher-resolutionrepresentationon the childrenelements.For ortho-
gonalbasisfunctions:f3 R Z \ a V lm ] P4\ Z m n p r�st ] P1\ Z /40U7 ] RP4\ a /10U7^u�;q6 k
Example: For constantapproximations:f3 R V l; P p�r�st lW��l u�;q6�V ; RP; P k
Theradiosityat thechildrenelementswill berepresentedby theirarea-averageon the
parentelement:̀ P V X R /1; RP�� ; P 7 ` RP (seefigure2.9).
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2.3.5 Refinementcriteria and strategies

Crucial for theefficiency of thehierarchicalrefinementalgorithm(cfr. � 2.3.3)is the
applicationof a good refinementcriterion and strategy. In this section,we review
which refinementcriteriaandstrategieshavebeenproposedin thepast.

Refinementbasedon transported power

Hierarchicalrefinementradiositywasinitially presentedfor constantradiosityapprox-
imationsby Hanrahanetal. [68]. A cheapform factorestimate f� P�� ignoringvisibility
wasusedto measuretheaccuracy of a candidateinteraction�S�¡  from anelement 
to anelement� : f� P�� V£¢ P¤ f¥ � (2.19)¢ P is thecosineof theanglebetweentheline connectingthemidpointsof � and   and
thenormalon � . f¥ � is thesolidanglesubtendedby thesmallestspherecontaining  at
themidpointof � . If max/ f� P¦��2 f� �§PN7 exceedsa giventhreshold

�(¨
, thecandidateinter-

action �S�¡  is deemedinaccurate.In theothercase,thecandidatelink is considered
admissible. If not admissible,the larger of the two elements� and   is subdivided
usingregularquadtreesubdivision.

Thissubdivisionstrategy resultsin links with form factorsapproximatelyequalto
thethreshold

� ¨
. Sincethesumof all form factorswith a givenelementequalsone,

thenumberof links with eachleaf elementin theelementhierarchiesis boundedby
approximatelyl � �(¨ , independentof thetotal numberof patchesandelementsin the
scene.Thenumberof form factorsto becomputedthushasbeenreducedfrom ©ª/1« n 7
to ©�/4«-7 with « the numberof leaf elementsresultingafter refinement.In practice,
thenumberof admissiblelinks perleafelementis lower than l � � ¨ becauselinks with
higherlevel elementsareeffectively sharedby all childrenelements.

Therefinementprocedurewashoweveronly usedin [68] to refinetheinitial can-
didateinteractionsbetweeneachpairof inputpatches,yielding ©ª/­¬ n&® «-7 form factors
to becomputed,where ¬ is thenumberof input patches.Unlessthenumberof input
patchesis verysmall ¬°¯±« , the ¬ n termwill beimportant.Thecomputationof initial
form factorsbetweeneachpairof inputpatchesis calledinitial linking. Initial linking,
with its associated©�/²¬ n 7 cost,is avoidedby hierarchicallygroupinginput patchesin
order to obtaina singlehierarchyfor the whole scene.This groupingof patchesis
calledclustering[128, 90, 151, 147].

Hanrahanetal. [68] alsoobservedthatthenumberof form factorscanbereduced
considerablywithout affecting imagequality by weighting the link error estimates
(2.19)with the sourceelementradiosity

` � andreceiver elementarea ;qP . Approx-
imately the sameamountof energy will be transportedover the admissiblelinks in
that case.Weightingwith receiver reflectance³ P aswell further reducesthenumber
of links without detoriatingimagequality.

An alternative way to reducethe numberof form factorsis by taking visibility
information aboutcandidateinteractionsinto account: if a candidateinteractionis
fully occluded,refinementcanbeavoidedbecausecorrespondinginteractionat lower
levelswill befully occludedaswell [169]. A conservativeprocedureto determinefull
occlusionshallbeused.Similarly, if a pair of candidateinteractingelementsis fully
visible,amorerelaxedrefinementmaysufficethanfor partiallyoccludedinteractions,
whereahighervariationof thereceivedradiositycanbeexpected[54].
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Form-factorandpower-basedrefinementcriteria useno informationaboutwhat
canbegainedwith non-constantapproximationsandassuchhavebeenappliedto con-
stantapproximationsonly. Neitherdothey yield informationaboutthevariationof the
receivedradiosityacrossthereceiverelement.This resultsfor instancein sub-optimal
shadow boundariesandtoo fine refinementin smoothareas.Themainadvantageof
this criterionis its very low computationalcostwhile yieldinga fair imagequality.

Refinementbasedon kernel smoothness

In earlierattemptsto improveon power-basedrefinement,thevariationof theradios-
ity kernel ´µ/40(28¶�7 betweena pair of elementswastaken into account. In [152], the
maximumandminimum kernelvalue ´�·S¸8¹P�� V»ºµ¼¾½^6�¿ r t \ À ¿ rIÁ ´µ/40(28¶�7 and ´�·SÂ ÃP¦� Vº°ÄÆÅ 6�¿ r t \ À ¿ r Á ´µ/40(28¶�7 areestimatedby takingthemaximumandminimumvaluecom-
putedbetweenpairsof randompointson both elements.A candidateinteractionis
consideredaccurateif Ç ` P¦��VÈ³�P§/²´ ·S¸8¹P�� É ´ ·SÂ ÃP¦� 78;!� ` ��e:Ê^2 (2.20)

where Ê denotesa predefinederror threshold. Indeed,the received radiosity
` � /40_7

dueto   atany point 0
9�OQP will lay between³�P1´�·SÂ ÃP¦� ;W� ` � and ³�P­´�·S¸8¹P�� ;W� ` � since´ ·SÂ ÃP¦� ;W� Ë ´���/10U7bV p^rIÁ ´µ/40(28¶�7Ìu�;qÀ Ë ´ ·S¸8¹P�� ;W� k
and

` � /10U7�Vd³ P ´ � /10U7 ` � . In otherwords,by boundingradiositykernelvariation,the
variationin radiosityover thereceiverelementis boundedaswell.

A similarapproachwasusedin [60] in orderto drivehierarchicalrefinementwith
higher-orderapproximations.An interpolantf´ÍP���/10-2§¶^7�VÏÎ tc Z f] P4\ Z /40_7 Î Ác a ´ Z \ a ] �§\ a-/1¶�7 (2.21)

is constructedfor the radiositykernel ´µ/40(28¶�7 usingthe «ÐP dualbasisfunctions f] P1\ Z
on element � and the « � primary basisfunctions ] ��\ a on   . Next, the deviation
from the interpolatedkernelvalue f´ÍP¦��/40_Ñ�28¶&Ñ�7 is computedfor every pair of points/10 Ñ 9}O P 28¶ Ñ 9ÈO � 7 usedfor computingthe generalisedcouplingcoefficients(2.14)
by numericalintegration. Themaximumdeviation is usedto decidewhetherfurther
refinementis necessaryor not. Whenappliedto constantapproximations,this ap-
proachwould bound º°¼$½Ð/1´�·S¸§¹P¦� É ´ avP�� 2�´ avP�� É ´�·SÂ ÃP�� 7 with ´ avP¦� theaverageradiosity
kernelvalue ´ avP�� V � P¦� � ;W� .

Kernelvariationis a sufficient conditionfor receivedradiosityvariation,but not
a necessarycondition. Considere.g. a very small element� touchinga muchlarger
element  asshown in figure 2.10. The received radiosityon � is proportionalwith
thepoint-to-element-  form factorsfor pointson � andwill to goodapproximationbe
constant.The radiositykernel ´µ/40(28¶�7 between� and   will however vary consider-
ably. By furthersubdividing thesmallelement� , the receivedradiositycanbemade
constantto arbitraryaccuracy, but theradiositykernelvariationis not reducedatall.
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i

j

small G(x,y)

large G(x,y)

Figure 2.10: Boundingkernelvariationis sufficient, but not necessaryfor boundingreceived
radiosityvariation. In this example,the variationin received radiositycanbe madearbitrary
smallby takingasmallerelementÒ . Kernelvariationwill however remainlarge.

Refinementbasedon smoothnessof receivedradiosity

Becauseboundingkernelvariationis notanecessaryconditionfor boundingreceived
radiosityvariation,wecanexpectthathierarchicalrefinementbasedonkernelsmooth-
nesswill yield hierarchicalmesheswith moreelementsandlinks thanrequired.Op-
timal refinementcanbeexpectedby directlyestimatinghow well theradiosity

` �&/10U7
received at 0Ó9£O P from O � is approximatedby a linear combinationof the basis
functionson O P , i.e. by estimatingthediscretisationerrordirectly.

This approachwasfirst proposedby Lischinskiet al. [104] for constantapprox-
imations.An interactionwasdeemedadmissibleif anestimateforÔ � /40U7�VÈ³ P ºµ¼¾½ÖÕ^ºµ¼¾½6�¿ r t ´ � /40U7 É � P�� 2 � P�� É º°Ä×Å6$¿ r t ´ � /10U78Ø ` �
was found to be smaller than a threshold Ê . Indeed,the maximumand minimum
receivedradiosity

` � /40_7 at points 0:9:O P dueto source  will differ no morethan Ê
from the approximateaverageradiosity

` P�� VÙ³ P � P¦� ` � in that case. Pattanaikand
Bouatouch[119] proposeda similar strategy for linear basisfunctions. In the next
chapter, thisapproachwill begeneralisedto arbitraryapproximationorder.



3 DiscretisationErr or Control

In a projectionmethod,suchastheGalerkinmethod( � 2.2),anapproximatesolutionf` is computedfor the true solution
`

of the radiosity integral equation(2.5) or its
alternatives. The approximatesolution f` is a linear combinationof basisfunctions] P1\ Z , chosenasexplainedin � 2.2. Evenif theerror in computingform factorsandin
systemsolutionis absolutelynegligible,Galerkinradiositywill notyield thetrueradi-
ositysolution.Theremainingerror, whichis dueto thediscretisationof thesceneinto
elements,andthebasisfunctionsassumedoneachelement,is calledthediscretisation
error1. Discretisationerror causesartifactsin radiosity images,suchasshadow and
light leaks,jaggedshadow boundaries,andshadingdiscontinuitiesin areaswherethe
radiosityvariessmoothly(seefigure1.1).

Thegoalof thischapteris to studytheeffectof agivenmeshandfunctionbasison
thediscretisationerror. First, a theoreticalanalysisof thediscretisationerrorwill be
presented( � 3.1). This analysiswill beusedfor a-posteriorimeasurementof thedis-
cretisationerror in a computedradiositysolution( � 3.2). A discretisationerrorbased
refinementcriterionandstrategy for hierarchicalrefinementwill bepresented( � 3.3).
This refinementstrategy generalisesprevious resultsfor constantandlinear approx-
imations[104, 102, 119]. The combinationof discretisationerror measurementand
error driven refinementallows to organisethe computationsin sucha way that the
radiosityin a sceneis computedto givendiscretisationerrorwith asfew aspossible
elementsandform factors( � 3.4).

3.1 Analysis of the discretisation error

First,a theoreticalanalysisof thediscretisationerroris presentedin this section.The
following sectionspresentapplicationsof theframework developedhere.

3.1.1 Galerkin discretisation error

Recall that the radiositysolutioncomputedwith the Galerkinmethodis of the form
(2.8): f` /40U7�V[c P1\ Z ` P1\ ZÚ] P1\ Z /40U7 k (3.1)

Thecoefficients
` P1\ Z arethesolutionof (2.15)` P1\ Z VÜÛ P4\ Z ® c ��\ aÞÝ P1\ Z�ß �§\ a ` �§\ a (3.2)

with element-to-elementform factors(2.14)Ý P1\ Z�ß ��\ a V p r t f] P4\ Z /40_7 p r Á Ý /10-2§¶^7 ] �§\ a /4¶�7^u�; À u�;q6 (3.3)

1See[3] for adetailedclassificationof sourcesof errorin globalilluminationcomputations.
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andemittancecoefficients ÛàP1\ Z V p r f] P4\ Z /40_7ÌÛª/10U7Ìu�; 6 k (3.4)

Theelement-to-elementform factors(3.3)areintegrals

Ý P1\ Z�ß ��\ a V p^r t f] P4\ Z /40_7 Ý ��\ a /40_7^u&;�6
of point-to-elementform factors

Ý �§\ a /40_7�V p rIÁ Ý /10-28¶�7 ] ��\ a /4¶�7^u�; À�k (3.5)

Thekernelis (2.4)

Ý /10-28¶�7áVÜ³U/10U78´µ/40-2§¶�7�VÜ³U/10U7$âoã&ä^å 6 âoã&ä^å À¤ ? n6 À vis /40-2§¶�7 k (3.6)

Thesolution f` /10U7 is anapproximationfor thesolution
` /10U7 of theradiosityintegral

equation(2.5): ` /10U7bVdÛª/40_7 ® p^r Ý /40(28¶�7 ` /4¶�7^u�; À�k (3.7)

ThedifferenceÊ�/40U7àV ` /10U7 É f` /10U7 betweeǹ /40U7 and f` /40_7 is calledtheGalerkin
discretisationerror. If thenecessaryintegralsandsumsareevaluatedexactly, theer-
ror on the computedGalerkinsolution f` /40U7 is fully determinedby Ê�/10U7 . It will be
discussedfurther( � 3.5)how othersourcesof errorcanbe incorporatedin theframe-
work.

3.1.2 The residual

The residual
Ô /10U7 of a givenradiositysolution f` /10U7 is thefunctionobtainedby sub-

stituting
` /40_7 by f` /10U7 in the continuousradiosity equation(3.7) and making the

differencebetweentheright andleft handside:Ô /40_7bVÜÛ�/40U7 ® p r Ý /10-28¶�7 f` /1¶^7�u&; À É f` /10U7 (3.8)

In � 3.1.3,therelationbetweenthediscretisationerror Ê�/10U7 andtheresidual
Ô /40_7 will

beexplained.First, theresidualwill beanalyseda little more.

Theorem3.1 Theresidual
Ô /10U7 at a point 0
9ÖO is a sumÔ /10U7bV Ô$æ /40_7 ® c � Ô �&/40_7 (3.9)
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where Ô æ /10U7bVdÛª/10U7 É fÛª/40_7 with fÛª/10U7bV c P1\ Z ÛàP1\ Z�] P1\ Z /40_7 (3.10)

theerror madeby approximatingtheself-emittedradiosity Ûª/40_7 by a linear combin-
ation fÛª/40_7 of thebasisfunctionsat 0 , andÔ �&/10U7bV c a ` ��\ aªç Ý �§\ aÐ/40_7 É fÝ �§\ aÐ/40_7Ìè with fÝ ��\ a-/40U7�V c P1\ Z Ý P1\ Z�ß �§\ a ] P1\ Z /10U7

(3.11)

theerror madeby approximatingthepoint-to-elementform factors Ý �§\ aÐ/10U7 by a lin-
earcombination fÝ �§\ a /10U7 of thebasisfunctionsat 0 .

Proof: é�êìë�íÏî ïÍêìë�í�ðòñ�ó C êìë Kõô íQö÷ ê ô í¾ø$ù|ú�ûÓö÷ êìë�íî ïÍêìë�í�ð ñ ó C êìë Kõô í ö÷ ê ô í¾ø$ù ú ûÖü ý D E ÷
ý D E^þ ý D E êìë�íî ïÍêìë�í�ðòñ ó C êìë Kõô íàÿ� ü � D G ÷ � D G�þ � D G ê ô í��� ø$ù|ú

û°ü ý D E ÿ�Uï
ý D E ðòü � D G C

ý D E�F � D G ÷ � D G �� þ ý D E êìë�íî ��ïÍêìë�íUû�ü ý D E ï
ý D E�þ ý D E êìë�í��ð�ü � D G ÷ � D G ��ñ&ó Á C êìë Kõô í þ � D G ê ô í$ø$ù�ú�ûÖü ý D E C

ý D E�F � D G þ ý D E êìë�í��î �BïÍêìë�íUû öï�êìë�í�	�ð
ü � ü G ÷ � D G � C � D G êìë^í_û�öC � D G êìë�í�	î é�
�êìë�íÚð
ü � é � êìë^í
The residualhasbeenusedby Campbell[19] andLischinsky [103] in order to

drive non-hierarchicaladaptive meshingfor constantapproximations. In the case
of constantapproximations,the terms

Ô � /10U7 are nothing more than the difference
betweenthe point-to-elementand the element-to-elementform factormultiplied by
thesourceradiosityandreceiverreflectivity:Ô � /40_7�V=³ P / �
����� \ � É � P�� 7 ` ��k
Also in the generalcase,the functions Û�/40U7 , fÛª/40_7 , Ý �§\ a /10U7 and fÝ �§\ a /10U7 , needed
in orderto computetheresidualfor a givenradiositysolutionwith coefficients � P1\ Z ,
dependonly on the given scenegeometry, reflectanceandemittance,andthe setof
basisfunctionsbeing used. An efficient algorithm for evaluatingthem at selected
points 0 will bepresentedbelow in � 3.2.2.
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3.1.3 Continuous error equation

Thefollowing theoremrelatesthediscretisationerrorandtheresidual,andpavesthe
way for thecontrolof thediscretisationerrorin radiosityalgorithms:

Theorem3.2 Thediscretisationerror Ê�/40_7 is the solutiona second-kindFredholm
equationwithsamekernelastheradiosityequation(2.3)but theresidualasthesource
term: Ê�/40_7bV Ô /10U7 ® p r Ý /10-28¶�7õÊ^/1¶�7^u&; À�k (3.12)

Proof:� êìë�íÏî ÷ êìë�íUûÓö÷ êìë�íî ïÍêìë�í�ð ñ&ó C êìë Kõô í ÷ ê ô íIø$ù|úbûÓö÷ êìë�íî ïÍêìë�í�ð ñ&ó C êìë Kõô íQö÷ ê ô í¾ø$ù ú ûÓö÷ êìë�íÚð ñ�ó C êìë Kõô í � ÷ ê ô í_ûÓö÷ ê ô í 	 ø$ù úî é�êìë�í�ð ñ&ó C êìë Kõô í � ê ô íIø$ù|ú �
As a consequenceof this theorem,in principle the samesolutiontechniquescan

beusedfor computingthediscretisationerrorin agivenradiositysolution f` /40_7 asare
usedto solve theradiosityequationitself. Estimatingtheerrorfor a givensolutionis
calleda-posteriorierror estimation.

Note however that a projectionmethod( � 2.2.1)will requireapproximationsforÔ /40_7 and Ê�/40U7 thatareof higherpolynomialorderthanthe approximationsusedfor` /10U7 , since
Ô /40_7 and Ê�/10U7 areorthogonalto thefunctionspacein which thesolutionf` /10U7 wasobtained.Projectionmethodsfor solvingtheerrorequationarethereforenot

recommended.MonteCarlo methodsthatavoid discretisation,similar to thoseused
in e.g.stochasticray tracing,arefeasible.Sois theNystrommethod[35, 125], with a
numericalquadraturerule of sufficiently high precision.In practicehowever, we will
beinterestedin a singlenumberperelementthatcharacterisesthediscretisationerror
on eachmeshelement.This is outlinednext.

3.1.4 Discreteerror equations

A singlenumberquantifyingthediscretisationerroron anelement� , canbeobtained
by usingthe > -norm: Ê������P V Õ l;�P p^r t�� Ê�/10U7 � � u&;�6 Ø��� k (3.13)

With >�V l , this expressionyields the averagediscretisationerror on the element,
with >ÞV! theRMSerror. In thelimit for >#"%$ , themaximumÊ&�(')�P VÜºµ¼¾½6�¿ r t � Ê�/40_7 � (3.14)
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is taken aserror on the element. With thesedefinitions,the dimensionof the error* + �-, n/. is alwaysthesameasfor radiosity.
Unlessstateddifferently, themaximum-normwill beusedin theremainderof this

chapter. Thesuperscript�0')� will bedropped.Filling in (3.12)in (3.14)thenyields

Ê P V ºµ¼¾½6�¿ r t�111111
Ô /40_7 ® c � p�r Á Ý /40(28¶�7NÊ�/1¶^78u&; À 111111 (3.15)

Ë ºµ¼¾½6�¿ r t 111111
Ô /40_7 ® c � p�rIÁ Ý /40(28¶�7NÊ � u�; À 111111 (3.16)

An upperboundÊ$P for Ê$P canbeobtainedby solvingthesetof equationsÊ¾P(V=ºµ¼$½6$¿ r t�111111
Ô /40U7 ® c � Ê�� p r Á Ý /10-28¶�78u&;�À 111111 k (3.17)

Deriving similarequationsfor othernormsis straightforward.

3.2 A-posteriori discretisation error estimation

In this section,it is describedin detailhow a-posteriorierrorestimationbasedon the
theoryin theprevioussectioncanbecarriedout in practice:A radiositysolution f` /40_7
hasbeencomputedandis consideredgiven.Theproblemto besolvedis: “How large
is thediscretisationerror Ê�/40_7 in thissolution?”.

In � 3.2.1we give an outline of the algorithm. Section � 3.2.2describeshow the
requiredcoefficientscanbe computedefficiently. Theapproximationsmadeandthe
advantageandcostof thealgorithmarediscussedin � 3.2.3.

3.2.1 Outline of the algorithm

An upperbound Ê¾P for the discretisationerror on eachelement� canbeobtainedby
solvingthesetof equations(3.17),with (3.9):Ê P VÈºµ¼¾½6$¿ r t 111111

23 Ô æ /10U7 ® c � Ô � /40_7546 ® c � Ê � p r Á Ý /40(28¶�7Ìu�; À 111111 k (3.18)

Thenumberof equationsis equalto thenumberof elementsin thescene.
The terms

Ô æ /40_7 ® X � Ô � /10U7 in theseequationscanbe consideredsourceterms
for error, comparablewith the termsdescribingself-emittedradiosity in the set of
equationsto besolvedin orderto computeradiosity.

Theintegrals 7 rIÁ Ý /10-2§¶^78u&;�À are ³�P timestheclassicalpoint-0 -to-element-  form

factors
�
����� \ � andresultfrom thefact that theactualdiscretisationerror Ê^/1¶�7 on the

elements  is replacedby a constantÊ �98 ºµ¼¾½ À ¿ rIÁ � Ê�/1¶^7 � .
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Thesetof equations(3.18)canbesolved iteratively with Jacobior Gauss-Seidel
iterations.Suchan iterative methodwill convergesince,disregardingcomputational
errors,for eachpoint 0 : c � p r Á Ý /10-28¶�78u&;�À�VÜ³U/10U7!e l k
The main differencewith previous algorithmsfor error estimation[102, 119] is in
whichway theerrorcontributionsfrom eachinteractingelement  areadded.In [102,
119], the absolutevalueof the sumin (3.17) is replacedby the sumof the absolute
valuesof eachterm.Thecorrespondingsystemof equationscannotbesolvedwithout
sortingtermsanddroppingthesmallestterms.No suchsortinganddroppingof terms
is neededin orderto solve (3.18).For thesamereason,tightererrorestimatescanbe
expectedfrom ourapproach.

In orderto computethe maximum ºµ¼¾½ 6$¿ r t in (3.18),a numericaloptimisation
algorithmor an estimationmethodsuchasdescribedin [75] shouldbe used. In the
implementation,wehavehoweverapproximatedº°¼$½�6�¿ r t by takingthemaximumat
only a small setof points 0_Ñ on eachelement� . Similar to [60], the pointswe used
arethenodesof thenumericalintegrationruleusedto computeintegralsonelement� .
Weshow in thenext section� 3.2.2how

Ô � /10 Ñ 7 and 7 r Á Ý /40 Ñ 28¶�78u&; À canbeevaluated
efficiently at thesepoints 0 Ñ while computingthe couplingcoefficients Ý P4\ Z�ß �§\ a . In� 3.2.3,theeffectof this approximationwill bediscussed.

Algorithm 3 showstheresultingalgorithmwhenhierarchicalrefinementradiosity
hasbeenusedto computetheapproximateradiositysolution.In principle,expression
(3.18)needsto becomputedfor all leaf elements� in theelementhierarchiesof each
element> . Theelements  to considerarethenall elementsinteractingwith the leaf
element� andits parentelements.In our implementation,wehaveestimatedtheerror
at eachlevel separatelyusing(3.18). Next, the contributionsfrom higher levels are
addedto the error estimateat lower levels. Finally, in order to obtaina consistent
representationof thetotalerroroneachlevel, wehavesettheerrorataparentlevel to
themaximumerrorat thelower levels.

3.2.2 Efficient computation of the residual

In step2aof EstimateErrorThisLevel() in algorithm3, the residual
Ô �&/40_Ñ$7 dueto all

elements  interactingwith � , needsto beevaluatedat a setof samplepoints 0 Ñ 9
O P .
The residualneedsto be evaluatedin eachiteration of algorithm 3. It is given by
(3.11): Ô � /40_7bV�c a ` �§\ a Ô �§\ a /40_7 k (3.19)

with coefficientsÔ ��\ aQ/10U7bV Ý ��\ aQ/10U7 É fÝ ��\ aÐ/40U7�V Ý ��\ aÐ/40U7 É c Z Ý P1\ Z�ß ��\ a ] P1\ Z /10U7
Thesumin (3.19)is overall basisfunctions: on thesourceelement  .
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Algorithm 3: a-posterioriradiosityerrorestimationfor hierarchicalradiosity

EstimateError()

1. For eachpatch; , for eachelementÒ in theelementhierarchyof ; ,

(a) Set � ý @=<
2. Until convergence,

(a) For eachpatch; ,

i. For eachelementÒ in theelementhierarchyof ; , call
EstimateErrorThisLevel(Ò );

ii. Call PushPullError(; , 0).

EstimateErrorThisLevel(ELEMENT Ò )
1. Seta temporaryvariable >@?!@A< for eachsamplepoint

ë ?CBED ý (seeF 3.2.2);

2. For all elementsG from which Ò receivesradiosity, for eachsamplepoint

ë ? BHD ý ,
(a) Computetheresidual

é � êìë ? í at

ë ? dueto elementG (seeF 3.2.2)andaddto >@? ;
(b) Add propagatederror I êìë ? íKJMLON �QP D � � � to >@? .

3. If Ò is a leaf element,

(a) For eachsamplepoint

ë ? , add

é 
 êìë ? íÐî ïÍêìë ? í_û öï�êìë ? í to > ? ;
4. Set �/R ý @ASUT�VXW PZY > ? Y .

PushPullError(ELEMENT Ò , FLOAT > down)

1. Add �/R ý to > down;

2. If Ò is a leaf element,

(a) Set � ý @=> down.

3. Else,

(a) Set � ý @=< ;
(b) For eachchild element[ of Ò ,

i. Call PushPullError([ , > down);

ii. Set � ý @ASUT\V ê � ý K ��] í .
In theconstantapproximationcase,thecoefficients

Ô �§\ aÐ/10U7 are ³�P�/ � ��� � \ � É � P¦�I7 ,
the differencebetweenthe point-0 -to-patch-  form factor at 0 and the patch-� -to-
patch-  form factor, which is theaveragepoint-to-patchform factorfor points 0
9ÖO P ,
multiplied by the reflectivity. In the generalcase,

Ô ��\ a /40U7 expressesthe error made
by approximatingthe generalisedpoint-0 -to-element-  -with-basis-function- ] a form
factorby a linear combinationof the basisfunctions ] P1\ Z on the receiving patch � .
Thesecoefficientsareindependentof thesourceradiositycoefficients

` �§\ a . They can
beprecomputedonceatasetof samplepoints 0 Ñ 9�O P , for instancethefirst timethey
areneeded.Oncethey havebeencalculated,thecomputationof theresidualsat these
samplepointsinvolvesno morework thancomputingthe sumof productsshown in
(3.19).
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Whenthe residualsareevaluatedat the samesamplepoints 0_Ñ that areusedfor
numericalintegrationonthereceiving element� , thecoefficients

Ô ��\ a /40 Ñ 7 canbecom-
putedatavery low additionalcostduringthecomputationof thecouplingcoefficientsÝ P1\ Z�ß �§\ a . This is shown in algorithm4.

Algorithm 4: Simultaneouscomputationof the coupling coefficients C ý D E�F � D G and residual
coefficients

é � D G êìë ? í betweentwo elementsÒ and G . Deterministicnumericalintegration is
used.Integralson thereceiver elementÒ arecomputedusinga numericalintegrationrule with^ nodes

ê`_ ? Kba ? í andweights c ? , d îfe K A�A�A K ^ . Similarly, integralson the sourceelementG are computedusing a numericalintegration rule with g nodes

ê`_ih Kba h4í with weights c Rh ,j îke K A�A�A K g . On Ò , a basiswith “ l ” basisfunctions þ ý D E is defined. On G , a basiswith
“ m ” basisfunctionsþ � D G is used.

1. For all d îne K ABA�A K ^ ,
j îoe K A�A�A K g , computeC êìë ? KNô h íÐî I êìë ? íqp�rqsit W P p�rqs&t úOuvxw ë ? û ô h w�y vis

êìë ? Kõô h í A
2. For all d îne K ABA�A K ^ , M îne K A�A�A K m , computeC � D G êìë ? íÐî ñ�ó Á C êìë ? Kõô í þ � D G ê ô í­ø$ù|ú{z}|ü h�~�� c Rh C êìë ? Kõô h í þ G ê`_ h Kba h í5� � ê`_ h KKa h í
3. For all J îoe K A�A�A K l , for all M îne K A�A�A K m , computeC ý D E�F � D G î ñ�ó t öþ ý D E êìë�í C � D G êìë�í­ø$ù W z��ü? ~�� c ? öþQE ê`_ ? Kba ? í C � D G êìë ? í5�

ý ê`_ ? K5a ? í
4. For all d îne K ABA�A K ^ , M îne K A�A�A K m , computeé � D G êìë ? í-î C � D G êìë ? íQûÖü E C ý D E�F � D G þ ý D E êìë ? í
5. Returnthe l��Hm couplingcoefficients C ý D E�F � D G , the ^ �Hm coefficients

é � D G êìë ? í andthe^ coefficients C � D �*êìë ? í .
As explainedin � 2.2.6,the integralsarecomputedby transformingthe elements

to a standard2D domain. The standarddomainis the unit squarefor quadrilateral
elementsandthestandardtrianglefor triangularelements.In algorithm4, the trans-
formedintegralson thethestandarddomainarecomputedusingdeterministicnumer-
ical integration(AppendixC). Differentintegrationrulescanbeusedon � and  :p r t T /10U78u&; 6 � ÎcÑ\�x��� Ñ T /��_Ñ�2O��Ñ$7���P§/��_Ñ�2O��Ñ$7 (3.20)

with « nodes/��_Ñ^2@��Ñ$7 andweights� Ñ on element� andp r ÁM� /4¶�7Ìu�;qÀÍ���c � �x������ � /�� � 2@� � 7/�¾�&/�� � 2@� � 7



3.2. A-POSTERIORIDISCRETISATION ERROR ESTIMATION 41

with , nodeson element  . �&P�/��QÑ�2@��Ñ$7 is the Jacobianof the parametermapping
to � at a point /�� Ñ 2@� Ñ 7 in the standarddomain. With a uniform mapping( � 2.2.6),
the Jacobianis equalto the elementareafor quadrilateralelementsandto twice the
elementareafor triangularelements.

Differentbases] P4\ Z and ] �§\ a with a differentnumber� and � of basisfunctions
areallowedaswell. In the implementation,thefirst basisfunctionwaschosento be
theconstantbasisfunction ] �$/��L2@�^7bV l . Thisway, thepoint-to-elementform factors,
requiredin step2b of algorithm 3, result as the coefficients Ý ��\ � /40 Ñ 7 in step2 of
algorithm4.

The visibility factors ���b��/10 Ñ 2§¶ � 7 in step1 betweencubaturenodes0 Ñ and ¶ � on
element� andelement  respectively aredeterminedusingraycasting,acceleratedby
usingshadow cachingandshaftculling [61]. In this simplifiedalgorithm,no special
careis takenof possiblepartialocclusionof theelements� and   . This will affect the
quality of both the computedcouplingcoefficientsandthe error estimates.We will
returnto this topic in � 3.5.

3.2.3 Empirical resultsand discussion

Two importantsimplificationsweremadein our algorithmfor estimatingtheerroron
a computedradiositysolution:� we have estimatedºµ¼¾½^6$¿ r t in (3.17)by taking the maximumat only a small

setof points 0UÑ , which arethenodesof thenumericalintegrationrule usedon� ;� we havereplacedtheintegral 7 r Á Ý /40(28¶�7NÊ�/1¶^78u&; À in (3.15)byÊ���7 rIÁ Ý /40-2§¶�7Ìu�;qÀ with Ê�� 8 ºµ¼¾½^À ¿ r Á � Ê�/1¶^7 � .
Thefirst approximationwasmadein orderto efficiently estimatethemaximumovera
element.Wehavefoundthisapproximationto bequiteacceptablein mostof thecases
if anintegrationrule is usedwith slightly higherthantheminimal requiredprecision.
The minimal precisionis two times the orderof the approximationon the element
plus one [60]. This is illustrated in figure 3.1. In this figure, we have compared� X � Ô �&/10U7 � with thecomputederrorestimateºµ¼¾½ 6 P � X � Ô �&/10UÑ�7 � at eachpixel of the
imageshown in (a) for varioussetsof basisfunctions. When using slightly more
preciseintegrationrules,the quality of both the computedcouplingcoefficientsand
theerrorestimatesarevisibly increased.Theextra work implied thuscannotbeseen
aspureoverhead.

Thesecondapproximationhowever leadsto a seriousoverestimationof theerror.
We observedtwo reasonsfor this fact: First, theabsolutevalueof theerror � Ê�/4¶�7 � ismuchsmallerthan Ê � V ºµ¼¾½ À ¿ rIÁ � Ê^/1¶�7 � Ë Ê � on largepartsof the sourceelements  . This can alreadybe seenindirectly in figure 3.1. Second,Ê^/1¶�7 will in general
changesign on the sourceelement. For error propagation(see(3.12)) the positive
andnegative partstendto canceleachother. In (3.17)however, the absolutevalues
areaddedtogether. For thesereasons,we have found it moreacceptableto ignore
error propagationfor the estimationof the error asin [102]: the maximumresidualfÊ$PµV ºµ¼¾½ 6 P ¿ r t � Ô æ /10UÑ�7 ® X � Ô �&/40_Ñ�7 � aloneyields a more realistic, althoughnon-
conservative, error estimate.A realisticerrorestimateis importantin the context of
theerrorcontrolalgorithmpresentedin � 3.4.
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(a) (b) (c)

(d) (e) (f)

Figure3.1: Falsecolourimagesindicatingtheratioof theestimatedmaximumresidualoneach
elementandthe actualresidualper pixel for the sceneshown in (a) andvarioussetsof basis
functions: (b) constantbasis,(c) linear, (d) bilinear, (e) quadraticand(f) cubic. The actual
residualwascomputedusingper-pixel form factors.A greencolourindicatesthatthemeasured
approximationerror is aboutequalto theestimatedmaximumfor theelement.A blue colour
indicatesthat the measurederror is smaller(by a factorof 10 for deepblue),a yellow or red
colourthat theerrorwasunderestimated(by a factor3 and10 respectively). We concludethat
thediscretisationerrorestimateis quiterealistic,exceptonafew elements,whereproblemsare
dueto computationalerrors,which have beenignored.

Themainproblemwith ouralgorithmis theamountof storagerequiredfor the «��� coefficients
Ô ��\ a /40 Ñ 7 andthe « coefficientsÝ ��\ � /10 Ñ 7 in additionto the �{��� coupling

coefficients Ý P4\ Z�ß �§\ a . Whene.g. usinga quadraticbasis,obtainedby orthogonalising
the 6 functions l 2@�L2@�U2@� n 2@�M�U2@� n , a cubaturerule of at leastprecision5 is neededto
computetheintegrals.Theminimalnumberof nodesfor sucharuleon quadrilaterals
or trianglesis 7 [32, 31]. This impliesthatthereare ����� ® �ÍV �¢¡ extracoefficients
to bestoredperpair of elementsin additionto the �H�£��V¥¤¢� couplingcoefficients.

The storageoverheadfor our algorithm canbe significantly reducedby storing
only onecoefficient X a ` �§\ a Ô �§\ a-/40_Ñ$7` ��\ �
percubaturenode 0 Ñ . Whenthis coefficient is multiplied with

` �§\ � theexact
Ô � /10 Ñ 7

is recovered. If error estimationis donewhile computingthe radiositysolution,the
radiositycoefficients

` �§\ a will howeverchange.This simplificationrelieson thefact
thataftera few iterations,theratios

` ��\ a � ` �§\ � will in generalremainfairly constant.
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Moreover, in a hierarchicalradiosityalgorithm,a significantchangein the radiosity
coefficients,will mostoftenleadto refinement.While computingthecouplingcoeffi-
cientsfor thenew interactions,a moreaccurateevaluationof theerroris performed.

Whenignoringerrorpropagation,another« coefficientsperpair of elementscan
be saved. With thesesimplifications,the storageoverheadcanbe reducedto about
30%for aquadraticapproximationand15%for a cubicone,while theresultingerror
estimatesstill arerealistic.

Thequalityof theerrorestimateswasevaluatedby comparingwith thedifference
betweena computedradiositysolutionanda referenceradiositysolution. In absence
of inter-reflectionsandocclusion,the trueradiosityin a scenecanbecomputedana-
lytically and be usedas referencesolution. In generalhowever, the true radiosity
cannotbecomputedexactly anda solutionof higheraccuracy mustbeusedasrefer-
encesolution.Wefoundthatourerrorestimatesarequitetrustworthy. This resultwill
beillustratedindirectlywhendiscussingthealgorithmfor errorcontrolin � 3.4.2.

3.3 Err or-basedrefinementindicator and strategy

3.3.1 Refinementindicator

In all previous hierarchicalradiosity algorithms,the accuracy of a solution is con-
trolled with a global link error threshold

Ç
. Beforecomputinglight transportfrom

a sourceelement  to a receiving element� , first theerror

Ç P¦� on thetransportis es-
timated. If this estimate

Ç P¦� for the error, that would be madeby computinglight
transportfrom   to � , is larger then

Ç
, the candidatelink between� and   needsto

be refined. This resultsin new candidateinteractionsthatareevaluatedin turn until
eventually, aftersufficient refinement,admissibleinteractionsresult.

An expressionfor the error

Ç P¦� over a link ���Ï  candirectly be derived from
(3.15): thecontributiondueto   to theerrorat � is:Ç P���VÜºµ¼¾½6�¿ r t 11111

Ô �&/10U7 ® p rIÁ Ý /40-2§¶�7NÊ�/4¶�7Ìu�;qÀ 11111 k (3.21)

The candidateinteraction �Ö�   will needto be refinedif

Ç P¦�Üh Ç
and will be

acceptedfor computinglight transportotherwise.
Expression(3.21) is a generalisationof therefinementindicatorfor constantand

linear basisfunctionsproposedin [102, 119]. For constantbasisfunctions,(3.21)
yields Ç P¦� Ë ºµ¼¾½6$¿ r t � ³ P ` � / � P¦� É �
����� \ � 7 ® ³ P Ê � �¦����� \ � �Ë ³ P ` � Õ ºµ¼¾½6�¿ r t �¦����� \ � É º°Ä×Å6$¿ r t �
����� \ � Ø ® ³ P Ê � º°¼$½6�¿ r t �
����� \ �
which is very similar to the refinementindicator proposedin [102]. The indicator
(3.21)is alsoverysimilar to theonefor bilinearapproximationspresentedin [119].

The sametechniquesas in � 3.2 canbe usedin order to approximatelycompute
expression(3.21). In particular, ºµ¼¾½^6�¿ r t is approximatedby the maximumat the
numericalintegrationnodes0_Ñ on � and Ê�/4¶�7 is replacedby anapproximationfÊ�� forºµ¼$½ À ¿ r¾Á � Ô æ /4¶�7 ® X!§ Ô § /4¶�7 � , wherethesumis overall elements� contributing light
to   .
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3.3.2 Refinementstrategy

Decidingwhich elementto refine

If theinteractionneedsto berefined,afirst decisionhasto bemadewhetherthesource
or receiverelementshallberefined.

By refining the receiving element� , a betterapproximationof receivedradiosity
as a linear combinationof the basisfunctionsdefinedon the sub-elementscan be
obtained.On theotherside,if the sourceelement  hasbeenrefinedbefore,a more
accuraterepresentationof radiositywill beavailableon its sub-elements.By refining
thesourceelement,thepropagatederror from thesourcewill bereduced.In orderto
decidewhich of two interactingelements� or   shouldbe refined, ºµ¼$½�6�¿ r t � Ô � /40_7 �shallbecomparedwith ºµ¼$½^6�¿ r t � 7 rIÁ Ý /10-2§¶^7õÊ�/4¶�7Ìu�; À � . If theformer— theresidual
dueto   — is larger, thereceiving elementshallbesubdivided. If the latter is larger,
the propagatederror from   dominatesand the source  shall be refined. Often in
this case,  will alreadyhave beenrefinedbeforefor otherinteractions,anda more
accuraterepresentationof radiosityon it is readilyavailable.

Decidinghow to refine

Wheneithersourceor receiver hasbeenselectedfor refinement,a seconddecision
needsto bemadehowtheelementwill berefined.

Themostcommonrefinementactionundoubtlyconsistsof subdividinganelement
into four sub-elementse.g. by connectingthemidpointsof its edges.This is known
asregular quadtreesubdivision. Oneachsub-element,thesamebasisasontheparent
is used. It is the best form of refinementif no knowledgeaboutthe behaviour of
receivedradiosityis available.If suchinformationis available,muchbetterstrategies
arepossible:� If informationaboutradiositygradientsis available,a binarysubdivisionalong

a line perpendicularto the gradientwill tendto reducethe discretisationerror
most[19].� If informationaboutthelocationof discontinuitylinesis available,it is advant-
ageousto split elementsacrossthesediscontinuitylines so that no significant
discontinuitieswill appearon the interior of the childrenelements[104, 163,
13]. In [10], a novel approachhasbeenproposedin which discontinuity-driven
subdivision was restrictedto significantdiscontinuity lines only. Also, mul-
tiple parallelelementhierarchiesweremaintainedon eachpatch.Eachof these
parallelhierarchiesis optimally suitedto computelight transportfrom certain
elements,takingcarethatnocontributionsareomittedor counteddoublein the
ensemble.Preliminaryempirical resultswereencouraging,but this approach
hasnot beenpursuedfurtherdueto thecostof implementinga properdiscon-
tinuity meshingalgorithm.� Subdivision is just one way to increaseprecisionon a receiver element. It
correspondswith 3 -refinementin thefinite elementmethod.Otherrefinement
strategies,in particularswitchingto ahigherorderapproximation(> -refinement),
possiblyin combinationwith elementsubdivisionwhenamaximumapproxim-
ationorderhasbeenreachedon anelement,maybewell worth studyin future
research.
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3.4 Discretisation error control

An errorestimatecomputedwith thealgorithmproposedin � 3.2canbeusedin order
to judgetheacceptabilityof a givenradiositysolution. If not acceptable,a moreac-
curatesolutionis obtainedin previouslyproposedhierarchicalradiosityalgorithmsby
decreasingthe global link error threshold

Ç
. In the techniqueproposedhere,a user

controlstheaccuracy of asolutionby specifyingdirectly themaximumallowedabso-
lute radiosityerror Ê instead.An outlineof themethodis givenin � 3.4.1. Empirical
resultsanddiscussionfollow in � 3.4.2.

3.4.1 Outline of the algorithm

Thebasicideais to computea link errorthreshold

Ç P for eachnot furthersubdivided
element� . This link error threshold

Ç P is suchthat if

Ç P���e Ç P for all interactions���   of � andit’s parentelements̈ , the total error � Ê�/40U7 � will be smallerthanthe
a-priori specifiederror thresholdÊ for all points 0Y9YO P . Sincethe real total error� Ê�/40_7 � is not known, a realisticestimatefÊ$P , computedwith the techniquesof � 3.2, is
usedinstead.

In the algorithm we proposehere,a link error threshold

Ç �
is kept with every

elemenẗ , not only the leaf elements.At the startof the radiositycomputations,the
link errorthresholds

Ç �
areinitialisedto a reasonablevalue(seebelow). Duringeach

iterationof theradiositycomputations,refinementis carriedout sothat thelink error
Ç � \ � u for every interaction̈(�¡  � of eachelemenẗ will besmallerthanthelink error
threshold

Ç �
for theelement.Thelink errorthreshold

Ç �
of a parentelementwill be

theminimumlink error thresholdof its sub-elements.After gatheringradiosityover
eachinteraction,thetotalerror Ê�/10U7 is estimatedon theleafelements� of theelement
hierarchies. If the error estimateexceedsthe maximumallowableerror Ê , the link
errorthresholds

Ç P at theleaf element� and

Ç �
at its parentelements̈ aredecreased

by afixedfactor. Accumulatingtheerrorestimatesateachlevel andpossiblydecreas-
ing the link error thresholdsaredonewith anextendedpush-pullsweepasshown in
algorithm5. A good,simple,startingvaluefor

Ç P is

Ç
initialP V£Ê itself. With this

startingvalue,too muchrefinementduringthefirst iterationsof theradiositycompu-
tationis avoided.Theradiositysolutionanderrorestimatesbecometrustworthyonly
aftera few iterations.

Decreasingthe link error thresholdsonly by a small factorduring eachiteration
will result in a largernumberof iterationsbeforereachingthe requestedaccuracy Ê .
A large factor will eventually lead to over-refinement. In our implementation,we
have useda factor l k � . This factorshouldprobablydependon theorderof radiosity
approximationused. Although we obtainedsatisfyingresultswith this factor l k � , a
carefulanalysisin orderto determineanoptimalfactoris anareafor futureresearch.

3.4.2 Empirical resultsand discussion

As will be explainedin the next section � 3.5, computationalerrorsduring the eval-
uationof the couplingandlink error coefficientscannotbe completelyignoredand
somesimplepreventivemeasuresaretakenin ourcurrentimplementation:� We imposeda minimal elementarea ;�© : subdivision of elementswith area

smallerthan ;�© wasnot allowed. The link error thresholdon suchelements
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Algorithm 5: Radiositywith errorcontrol

radiosity-with-error-control(ACCURACY � )
1. For eachpatch; ,

(a) Initialise radiosityto self-emittedradiosity;

(b) Initialise thelink errorthresholdª¬«à@ � .
2. Until convergence,do for eachpatch; ,

(a) Refineall interactions
j @fG h of elements

j
in theelementhierarchyof ; as

describedin F 3.3until all interactionerrors ª h D � u aresmallerthantheinteraction
errorthresholdª h on

j
. G h denotesanelementfrom which

j
receivesradiosity;

(b) For all elements
j
in theelementhierarchyof ; ,

i. Gatherradiosityover theinteractions
j @fG h of

j
;

ii. Computea realisticestimate� R ý for theerrorin receivedradiosityat this level,
usingEstimateErrorThisLevel() in algorithm3.

(c) Call extended-push-pull(p,0).

extended-push-pull(ELEMENT Ò , FLOAT > down)

1. Add � R ý to > down;

2. If Ò is a leaf element,

(a) Setthetotal radiosityon ÒÚ@ sumof self-emittedradiosityandreceivedradiosity;

(b) Settotal errorestimateon Ò , � ý @=> down;

(c) If � ý is largerthenthea-priorigivenerrorthreshold� , decreasethelink error
thresholdª ý on Ò .

3. Otherwise,

(a) Set � ý @­< ;
(b) For eachchild element[ of Ò ,

i. Pushdown thereceivedradiosityon Ò andaddto thereceivedradiosityof the
child element[ ;

ii. Invoke recursively extended-push-pull([ , > down) for thechild element;

iii. Pull up thetotal radiosityon thechild element[ to Ò ;
iv. Set � ý @ASUT\V ê � ý K �/] í ;
v. Set ª ý @®S)¯±° ê ª ý K ª ] í .

wasnot decreasedeither. A userwill have to toleratelarger errorsthan Ê on
suchelements;� We changedthe subdivision strategy of � 3.3.2 in order to prevent a too large
differencein areabetweenelementsin aninteraction.Both thevisibility estim-
ationandthe numericalintegrationscouldbeperformedmoreaccuratelywith
this change.This changehowever resultsin moreinteractionsthanstrictly ne-
cessary;� In absenceof occlusion,ananalyticalexpression[9] wasusedfor thepoint-0 Ñ -
to-element-  form factorsÝ �§\ � /10 Ñ 7 .
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The algorithmwasverified by computingthe illumination in a numberof scenesat
variousaccuraciesandcomparingtheresults.We foundthatthediscrepancy between
thecomputedresultsanda veryaccuratereferencesolutionwasalwaysalmostevery-
wheresmallerthanor aboutequalto thedifferencein requestedaccuracy. This also
illustratesthe reliability of the error estimatesof � 3.2. A typical result is shown in
figure3.2.

3.5 Other sourcesof error

Sofar in thediscussion,othersourcesof errorexceptdueto discretisationhave been
ignored.In practicehowever, in particularerrorsin thecomputationof theform factorsÝ P4\ Z�ß �§\ a cansometimescausethecomputedradiositysolutionandtheerrorestimates
to beunreliableif nospecialcareif taken.Themainsourcesof erroraredueto inexact
visibility computationanddueto imprecisenumericalintegrationin thecomputation
of theform factorsandtheerrorestimationcoefficients.

A first strategy to deal with computationalerror is to prevent them right away
( � 3.5.1).Alternatively, weexpectthatmoreselectiveerrorcontrolwill beobtainedby
incorporatingsourcesof computationalerrorin theframework thatis presentedin this
chapter( � 3.5.2).

3.5.1 Prevention of other sourcesof error

Severaltechniquescanbeusedin orderto preventvisibility errorandtheerrordueto
imprecisenumericalintegration:� In order to deal correctly with visibility, the point-to-elementform factorsÝ �§\ a /10U7 (3.5),computedin step2 of algorithm4, canberestrictedto thevisible

part of the sourceelement  asseenfrom cubaturenode 0UÑ on the receiving
element� . As thevisible partof thesourceelementmight benon-convex, the
integral will possiblyhave to be split in severalparts. Currentalgorithmsand
datastructuresto do so arehowever rathersophisticatedor appearto require
enormousamountsof storage[38, 162, 40];� In thepresenceof occluders,thepoint-to-elementform factorsÝ ��\ aQ/10U7 , viewed
as a function of 0 , will also exhibit first-orderdiscontinuitiesat for instance
shadow boundaries.In order to correctlydealwith thesediscontinuities,the
receiving element� canbesplit alongthediscontinuitylines[71, 103, 104, 163,
13].� Whenthereis full visibility betweentwo elementsin aninteraction,ananalyt-
ical expressioncanbeusedfor theinnerintegral Ý �§\ � /40_7 [9]. To ourknowledge,
nosuchanalyticalexpressionsexist for Ý �§\ a /10U7 with : h l , for higherapprox-
imationon thesourceelement  ;� An obviouswayto obtainmoreprecisenumericalintegrationis simplyby using
betternumericalintegrationrules. Suchintegrationruleshave morenodesand
will thereforeincreasethecomputationcost;
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Figure 3.2: Thetop figureshows an imageof an(empty)office, computedto 30 lux accuracy
with a quadraticapproximationon trianglesandquadrilaterals.The averageluminosity was
about600lux. On thewall nearthewindow, it wasabout1300lux. Thebottomfigureshows a
falsecolourimageindicatingtheratioof themeasurederrorandtherequestedaccuracy (30lux).
The error wasmeasuredby computingthe differencebetweenthe top imageanda reference
image,computedto muchhigheraccuracy. A greencolourindicatesthatthemeasurederrorisof
thesamemagnitudeastherequestedaccuracy. A bluecolourindicatesthatthemeasurederror
wassmalleranda yellow or redcolourthattheerrorwaslargerthan30 lux. Theelementswith
largererror couldnot besubdivided furtherbecausetheir areawassmallerthantheminimum
allowedelementarea.² The point-y -to-element-³ form factor integral (3.5) canbe transformedto an

integral over the solid angle ´Zµ x4y_z underwhich ³ is seenfrom y . A useful
transformationfrom theunit squareto a sphericaltrianglecanbefoundin [2];



3.6. CONCLUSION 49� In � 5,MonteCarlointegrationtechniqueswill bepresentedthatallow to choose
thenumberof samplesadaptively in orderto controlnumericalintegrationerror.

3.5.2 Incorporation of other sourcesof error in the framework

A moreselectiveapproachto errorcontrolcanresultby addingextra termsdescribing
theseothersourcesof error to equation(3.12)andall otherexpressionsderivedfrom
it. This requiresa realistic estimateof the error on the computedradiosity due to
potentialinexactvisibility calculationsanddueto thenumericalintegrationrulesthat
areused.

If sucherrorestimatesareavailable,they canbetakeninto accountin therefine-
mentcriterionandstrategy: acandidatelink will berefinedif thesumof all estimated
errorcontributionsexceedsthe link-error threshold

Ç
. In casethecriterionindicates

that a candidatelink is not admissible,the largesterror sourceis determined,and
appropriateactionsaretakenin orderto reduceit.

If the largesterror sourceappearsto be due to inexact visibility on the receive
elementfor instance,a selective discontinuitymeshingalgorithmwill subdivide the
receiver elementalongonly thosediscontinuitylines that result in noticeableimage
artifacts.If thelargestsourceof errorhoweverappearsto bedueto inexactnumerical
integration,onecouldswitchto a numericalintegrationrule of higherprecision(cfr.
[53]). Embeddedsequencesof numericalintegrationrules,or adaptiveintegration,can
behelpful in thiscontext. Moreprecisenumericalintegrationmayalsobepossibleby
usingirradiancegradients[180, 3, 76].

3.6 Conclusion

In this chapter, thediscretisationerrorinducedby a givenmeshandsetof basisfunc-
tions hasbeenanalysed.Practicalalgorithmshave beendevelopedfor a-posteriori
evaluationof thediscretisationerror in a givenradiositysolution,discretisation-error
driven hierarchicalrefinement,andhierarchicalradiositycomputationto prescribed
discretisationaccuracy. Although only very simple measureshave beentaken in
our implementationin orderto dealwith computationalerror, preliminaryresultsare
promising.

Themainareafor improvementis in theincorporationof sourcesof computational
error in the presentedframework, in particulardueto inexact visibility calculations
andimprecisenumericalintegration.Thiswill requirethedevelopmentof realisticand
efficienta-priorierrorestimates,andof selectivediscontinuitymeshingalgorithms.

In our experiments,only a very simple refinementstrategy hasbeenused. A
secondareafor furtherresearchis thestudyof themoreadvanceddiscretisation-error
basedrefinementtechniquesdiscussedin � 3.3.2.Suchtechniquescanleadto accurate
radiositysolutionswith fewerelementsandlessstorageperelementandlink.

Thefollowing chaptersof this dissertationfocuson theMonteCarlomethodasa
methodto controlcomputationalratherthandiscretisationerror. In chapter14,per-ray
refinementwill bepresentedasa strategy to combineMonteCarloradiositycompu-
tationwith hierarchicalrefinement,paving theway for algorithmsin which both the
discretisationandthecomputationalerroraredealtwith adequately.
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4 The Monte Carlo Method

Thepreviouschapterfocussedon thecontrolof thediscretisationerrorin hierarchical
radiosity. The following chaptersin this dissertationwill presentthe Monte Carlo
methodasan alternative of full valuefor deterministicform factorcomputationand
radiositysystemsolution.Thefollowing advantagesof theMonteCarlomethodwill
bedemonstrated:� flexible computationalerror control: heuristicswill be developedthat allow

the amountof work to be tunedadaptively in order to achieve a prescribed
computationalaccuracy;� reliability: theMonteCarlomethodautomaticallyyieldsthecorrectresultof a
problemeventually;� low storagerequirementsin radiositysystemsolution:theMonteCarlomethod
allows to solve very large systemsof linear equationswithout explicit form
factorcomputationandstorage;� efficiency: the amountof work that is requiredis ratherlooselyrelatedto the
numberof polygonsin the scene. In particular, fair-quality imagesshowing
completediffuse illumination canoften be obtainedmuch more rapidly than
with currentdeterministicmethods;� compatibility: it will beshown thatthesolutionof theradiositysystemof equa-
tions by Monte Carlo is compatiblewith the useof view-importance,higher
orderapproximationsandhierarchicalrefinement.

In this chapter, a brief overview of theMonteCarlomethodin generalis given. The
readeris referredto numerousmonographsandsurvey paperson thesubject,suchas
[85, 66, 156, 127, 45, 17, 18, 64], for a moredetaileddescription. In � 4.1, a gen-
eral descriptionof the methodandits benefitsandcurrentlimitations is given. The
main mathematicalconceptsbehindthe methodare very briefly presentedin � 4.2.� 4.3 and � 4.4 dealwith generaltechniquesto make efficient useof theMonteCarlo
method.This chapteris concludedwith anoverview of MonteCarlomethodsin radi-
osity ( � 4.5),thatwill bedescribedin detail in subsequentchapters.

4.1 Natureof the Monte Carlo method

The fundamentalideaof the Monte Carlo methodis to formulatethe solutionof a
given mathematicalproblemasa parameterof a carefully chosenrandomvariable.
By samplingthis randomvariablewith thehelpof an electroniccomputer, thepara-
meteryielding thesolutionof theproblemis estimated.Most often,themeanvalue,
alsocalledtheexpectation, of therandomvariableis estimated.It is alsopossibleto
usethe variance,or otherparameters,but this text will dealonly with Monte Carlo
algorithmsin which themeanvalueis estimated.Theconceptsof “randomvariable”,
“expectation”,“variance”arebriefly reviewedbelow in ¶ 4.2.

51
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Themainadvantagesof theMonteCarloareits wideapplicabilityandits concep-
tual simplicity. Its mainlimitation concernsits slow convergence.

4.1.1 Wide applicability

In principle,theMonteCarlomethodcanbeappliedto solve any problemfor which
a randomvariablecanbedesignedsuchthat thesolutionof theproblemcorresponds
to theexpectation(or anotherparameter)of therandomvariable.In orderto beuseful
in practice,some,preferablyefficient,algorithmfor samplingtherandomvariableby
meansof anelectroniccomputer, shallbeavailable.

Much MonteCarlo researchhasfocussedon thedesignof efficient randomvari-
ablesfor a wide varietyof problems.This is fairly easyto imaginefor problemsthat
arestochasticin nature,suchas for radiationtransportproblemsin nuclearreactor
designand in medicine,aswell as for applicationsin operationsresearch,e,g. in-
volving queueingnetworks. Also for non-stochasticproblemshowever, suchasthe
solutionof multiple integralsandcertaintypesof integral equationsandsystemsof
linearequations,suitableandefficientrandomvariablescanbedesigned.An overview
of estimatorsfor systemsof linearequations,suchasin radiosity, is givenin ¶ 4.5.

4.1.2 Simplicity

Onceasuitablerandomvariableandsamplingalgorithmhavebeendesigned,aMonte
Carlo computationalwaysconsistsof repeatedlydrawing samplesfrom the random
variableandaveragingthe estimatesobtainedfrom eachsample. If the varianceof
the randomvariableis finite (seebelow), theaverageof · samplesconvergesto the
requiredsolutionto arbitraryprecisionasmoresamplesaretaken. Although no de-
terministicerrorboundsareavailablein general,simpleandnon-application-specific
algorithmsexist to determineerrorboundsthatarevalid with arbitraryhighprobabil-
ity if required.

Dueto its conceptualsimplicity, theMonteCarlomethodis sometimesregarded
asa methodto avoid complicatedmathematicswhensolvingcomplicatedmathemat-
ical problems.Froman engineeringpoint of view however, simplicity often implies
reliability. My experiencewith MonteCarloradiosityalgorithmsis thatthey aregen-
erally lesserror-proneandmorereliablethantheir deterministiccounterparts,while
they takesignificantlylesseffort to implement.

4.1.3 Slow convergence

Theconvergencerateof MonteCarloalgorithmsusingindependentsamplesis invari-
ably ¸º¹@»-¼X½ ·¿¾ . This is discouraginglyslow: in orderto estimatethe solutionwith
10 timeshigheraccuracy (onemoreaccuratedecimaldigit), 100timesmorework is
required.

Becauseof this, a lot of Monte Carlo researchhasfocussedon the development
of non-applicationspecifictechniquesto obtaina smallererrorfor a givennumberof
sampleswhilekeepingthe ¸º¹@»-¼¢½ ·À¾ convergencerate,or to increasetheconvergence
rate:

1. Variancereductiontechniques,suchasimportancesampling,stratifiedsampl-
ing (with fixednumberof strata)andcorrelatedsampling,aimat transforminga
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givenrandomvariableinto anequivalentonehaving lowervariance. Foragiven
numberof independentsamples,theerror is reducedby a constantfactor. The
convergencerateremainşÁ¹5»Â¼X½ ·¿¾ . A brief overview of the main variance
reductiontechniqueswill begivenin ¶ 4.3;

2. A fasterconvergencerate,up to ¸Á¹5»Â¼/·¿¾ , is obtainedby usingmoreuniform,
but non-independent,samplenumbersequencesin quasi-MonteCarlo methods
[115]) or stratifiedsamplingwith increasingnumberof strata;

3. In sequentialMonteCarlo methodsacomputationis split in stagessuchthatthe
samplingstrategy in a subsequentstageis adaptedbasedon theresultof previ-
ousstages.It hasbeenshown that this may result in exponentialconvergence¸º¹�Ã¢Ä�ÅqÆ)¾ [63, 65, 154].

Although the basisfor quasi-MonteCarlo and sequentialMonte Carlo is quite
old1, bothquasi-MonteCarloandsequentialMonteCarloaretopicsof activeongoing
research.Many unsolved theoreticalandpracticalproblemsremain. We will there-
fore touchonly briefly upontheapplicationof quasi-andsequentialMonteCarlofor
radiosity.

4.1.4 Monte Carlo: a methodof last resort

Becauseof its slow convergence,the Monte Carlo methodis generallyappliedonly
as a methodof last resort,whenall other analyticalor numericalmethodsfail. A
notoriouscounter-exampleis the numericalintegrationof 1-dimensionalfunctions.
This applicationis often usedto illustratethe principlesof the MonteCarlo method
aswell asvariousvariancereductiontechniques.Most 1-dimensionalintegralscan
however be solved muchmoreefficiently usingdeterministicmethods.The Monte
Carlo methodis however the only feasiblemethodfor solving high-dimensionalin-
tegrals(dimensionÇ£ÈÊÉÌË ), or for non-smoothintegrandson a complex domain:the
amountof work requiredby deterministicmethodsgenerallyis ¸º¹�·¿Í-¾ , where Ç de-
notesthe dimensionof the integral. Deterministicmethodsalsoassumesmoothness
of theintegrandandaredesignedfor simpledomains(e.g.simplices).

Somethingsimilar is truefor thesolutionof linearsystems:directmethods,such
asGaussianelimination,require ¸º¹�Î�Ïq¾ work, whereÎ denotesthesizeof thesystem,
while iterativenumericalmethods,suchasJacobi-iterations,requirȩº¹�Î�Ð�¾ operations
in orderto reacha fixedaccuracy for linearsystemssuchasin radiosity. MonteCarlo
algorithmsexist that requireonly ¸º¹�Î�¾ operations.For small to moderatelysized
linear systems,direct or iterative numericalmethodswill be preferred,but for large
systemsof certaintypes,suchasfor solvingtheradiosityproblemin anenvironment
of several thousandsof patchesor more,MonteCarlomethodswill beclearwinners
[34, 65].

4.2 Monte Carlo estimators

The randomvariabledesignedfor estimatingthe solution of someproblem,asex-
plainedabove, is called an estimator. In the context of this work, only estimators

1For instance,Koksma’s theorem[92] abouttheestimationof 1-dimensionalintegralsby uniformnum-
bersequencesdatesbackto 1943,yearsbeforetheearliestpublicationson theMonteCarlomethod.
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areconsideredfor which theexpectationis relatedto thesolutionof theproblemun-
derconsideration.In this section,we briefly remindthereaderof themainconcepts
neededin Monte Carlo and introduceour notation. A more completeand rigour-
oustreatmentcanbefoundin aforementionedmonographsandsurvey paperson the
MonteCarlomethod.

4.2.1 Randomvariables

In general,arandomvariableis asetof pairs ¹�Ñ�Ò�ÓÕÔ9¾ of “outcomes”Ñ andassociated
probabilitiesÓ Ô . Themeaningof suchapair is thatoutcomeÑ will beobservedwith
probability Ó Ô . The outcomescanbe anything, e.g. the sideappearingon top after
tossinga coin. The probabilitiesÓÕÔ arepositive real numbersthat sumto 1. The
randomvariablesthatwill beneededin this work take two forms:Ö ¹�×�Ø5Ò�ÓMØ�¾ , where ×�Ø is a real numberor vector and ÓÕØ denotesthe probability

associatedwith theterm ×�Ø ;Ö ¹�Ù
¹�Ú�¾/Ò�Ó¦¹�Ú�¾@¾ , where Ù
¹�Ú�¾ is thevalueof a real-valuedfunction Ù definedon a,
possiblymulti-dimensional,domain Û . ÚÝÜÝÛ is a point in the domainthat
occurswith a probabilitydensityÓ¦¹�ÚM¾ .

The former is a so calleddiscreterandomvariable: the setof possibleoutcomesis
countable.Thelatteris acontinuousrandomvariable.

4.2.2 The expectationof a random variable

In thecontext of this work, we need:Ö for thediscreterandomvariable ¹�× Ø Ò�Ó Ø ¾ with Î possibleoutcomes:Þàßâá ×¢ã�äæåç Øéèxê ×�Ø±ÓMØ5ë (4.1)

Ö for thecontinuousrandomvariable ¹�Ù
¹�Ú�¾/Ò�Ó¦¹�Ú�¾@¾ ondomain Û :Þ{ßìá ÙÕã�ä!í�îïÙ
¹�ÚM¾�Óx¹�ÚM¾iÇ¢Ú (4.2)

ThesubscriptÓ , denotingtheprobability distribution w.r.t. which the expectationis
to beconsidered,will bedroppedin futureformulaeif thereis noconfusionpossible.

4.2.3 The varianceof a random variable

Thevarianceof a randomvariableis theexpectedsquaredeviation from theexpecta-
tion. It is ameasurefor thenon-constantnessof theoutcomeof a randomvariableand
playsa majorrole in MonteCarloerroranalysis.In thecontext of this work, we will
need:



4.2. MONTE CARLO ESTIMATORS 55Ö for thediscreterandomvariable ¹�× Ø Ò�Ó Ø ¾ with Î possibleoutcomes:ðXñ¢ò óÂôiõ÷öø ù0ú�û�ü ó ùâý�þ ñ&ò óÂô0ÿ���� ù õ þ ñXò ó��Oô ý ü þ ñ¢ò óÂô(ÿ�� õ�öø ù0ú�û ó��ù � ùìý�� öø ùéú�û ó ù � ù�� �
(4.3)Ö for thecontinuousrandomvariable ¹�Ù
¹�ÚM¾\Ò�Óx¹�ÚM¾O¾ on domain Û :ð ñ ò 	¢ôâõ�
�� ü 	 ü�
 ÿ ý�þ ñ ò 	¢ô0ÿ � � ü�
 ÿ�� 
 õ�
���	 � ü�
 ÿ�� ü�
 ÿ�� 
 ý�� 
���	 ü�
 ÿ�� ü�
 ÿ�� 
�� ���
(4.4)

Notethattheexpectationandvarianceof a randomvariablemaynotbefinite in some
cases.

4.2.4 SimpleMonte Carlo estimation of sumsand integrals

Thedefinitionof expectationaboveimmediatelysuggeststhefollowing simpleMonte
Carloestimators:Ö for adiscretesum � ä�� åØéè¦ê ×�Ø : considertherandomvariable �� ä ¹�Î�×�Ø@Ò êå ¾ in

which eachtermof thesumhasequalprobability »Â¼-Î . It is easyto verify thatÞºá ��¦ã�ä�� . Thevarianceis givenby  á ��xã�äoÎ!� åØ0èxê ×&ÐØ#" � Ð .
Thisestimatorleadsto thefollowing simplealgorithmto estimateasum � : first
chooserandomlyaterm × Ø from � wherebyeachtermhasthesamechance»-¼ÂÎ
of beingselected.Return Î�×�Ø , thevalueof theselectedtermtimesthenumber
of terms,asanestimatefor thesum.

Summationof real numbersis however anoperationthat is implementedvery
efficiently in modernelectroniccomputerhardware. TheMonteCarloestima-
tion of a sumasillustratedherewill not competewith straightforwardsumma-
tion by themachineunlessthenumberof terms Î is exceptionallylargeor the
termsarenot simplerealnumbers,but aretheresultof a lengthycomputation.
Thelatteris thecasefor thesumsthatappearin theNeumannexpansionof the
solutionof thesystemof radiosityequations(see¶ 4.5).Ö for a (possiblymulti-dimensional)integral $ïä&% î Ù
¹�ÚM¾iÇ¢Ú : considerthe ran-

domvariable �$�ä ¹� î Ù
¹�ÚM¾\Ò ê')( ¾ , where  î denotesthevolumeof thedomainÛ . It is equallyeasyto verify that
Þºá �$¢ã�ä*$ and  á �$Xã�ä� î % î Ù�ÐX¹�ÚM¾iÇ¢Ú " $¢Ð .

This estimatorsuggeststo selecta point Ú Ü!Û , wherebyeachpoint hasthe
sameprobability density »-¼+ î of beingselected.  î Ù
¹�Ú�¾ is returnedasan
estimatefor theintegral.

A simplemethodof obtainingbetterestimatesof a quantity, is to draw multiple, in-
dependent,samplesandto usetheir averageasa new estimate.This practicewill be
justifiedbelow andtherateat which theestimationerror is reducedasmoresamples
aretakenis analysednext.
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4.2.5 Secondaryestimators

Considertwo estimators �� ê and �� Ð yielding somequantities� ê and � Ð astheir ex-
pectation.Any linear combination, ê �� ê.- , Ð �� Ð with constantweights , ê and , Ð
hasexpectation:Þºá , ê �� ê/- , Ð �� Ð ã�ä*, ê Þºá �� ê ã - , Ð Þºá �� Ð ã�ä*, ê � ê0- , Ð � Ð ë (4.5)

Thevarianceis givenby á ,�ê ���ê - , Ð �� Ð ã�ä*, Ðê  á ���ê/ã - , ÐÐ  á �� Ð ã - É�,�ê1, Ð Cov
á ���êÂÒ �� Ð ã (4.6)

with covariance

Cov
á ���êÂÒ2�� Ð ã�ä Þºá ��xê430�� Ð ã " Þºá ��xêQã53 Þºá �� Ð ãKë (4.7)

If �� ê and �� Ð areindependent,thecovarianceis zero2. This resultcaneasilybegener-
alisedto thelinearcombinationof any numberof estimators.

A specialcaseis thelinearcombinationof · timesthesamerandomvariable �� :�� Æ ä6� ÆØ0èxê êÆ �� . An outcomeof �� Æ correspondsto theaverageof · independent

samplesfrom �� . The expectationis
Þºá �� Æ ãUä ÞÁá ��¦ã ä7� , justifying the practice,

mentionedaboveof usingaveragesof independentsamples.Thevarianceis  á �� Æ ã�ä� ÆØ0èxê ¹ êÆ ¾5Ð� á ��xã�ä� á ��
ã�¼\· .

4.2.6 Accuracy of the Monte Carlo method

Thereare two basic theoremsthat explain how the error on the averageof · in-
dependentsamplesfrom a estimator �� for the quantity � reducesasthe numberof
samples· is increased.The error boundsprovidedby thesetheoremsarehowever
not deterministic,but probabilistic.

Thefirst is Chebyshev’sinequalitywhichstatesthattheprobabilitythatany sample
from a randomvariable �� , with finite expectation

Þºá ��
ã�ä�� andfinite variance á ��¦ã ,
deviatesmorethan 8  á ��¦ã�¼:9 from � , with 9 any positivenumber, is smallerthan 9 :

Prob ;<0= �� " �>=�?�@  á ��¦ã9BACED 9Âë (4.8)

Since á �� Æ ã�ä� á ��
ã�¼\· , for theaverageof · independentsamplesfrom �� , weobtain

Prob ;< =F�� Æ " �#=G? @  á ��¦ã·H9IAC D 9Âë
2A zerocovarianceis anecessary, but notasufficientconditionfor independence:thereexist dependent

estimatorsthatalsohavezerocovariance(seee.g.[85, p.13]).
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With fixedprobability 9 , theaverageof · independentsampleswill becontainedin
intervalsof sizedecreasingas »Â¼X½ · asthenumberof samples· is increased.The

sizeof theintervalsis alsoproportionalto 8  á ��xã .
A strongerstatementaboutthe accuracy of a Monte Carlo computationis given

by thecentral limit theoremof probability. This theoremstatesthattheaverageof ·
independentsamplesof any randomvariable �� , with finite variance á ��¦ã andexpect-
ation

Þºá ��¦ã , is asymptoticallynormaldistributedas ·KJML andthat,in thelimit for
large · :

Prob ;< × @  á ��xã· N �� " � N*O @  á ��¦ã· AC ä »½ É�P íRQS Ã ÄUTWVV Ç+X/ë (4.9)

Tablesexist for the integral on the right handside. Asymptotically, the computed

estimateusing · samplesis within onestandard error 8  á ��¦ã�¼/· 68,3%of thetime,
within 2 standarderrors95.4% of the time and within 3 standarderrors from the
correctresult99.7%of thetime.

4.2.7 Biasedand consistentestimators

An estimatorwith expectationthatdiffersfrom thequantityto becomputedis called
a biasedestimator. Theamountby which theestimatoris “wrong” is calledthebias:Y#á ��
ãEä Þºá ��¦ã " � . The total error on the resultingestimatesis characterisedby
the sum of the bias and the squareroot of the variance. Biasedestimatorscan be
usefulif a lower variancecompensatesfor thebias.A full erroranalysisrequiresthat
bothvarianceandbiasareanalysedandthusis morecomplicatedthanfor unbiased
estimators.

An estimatorwith finite varianceandvanishingbiasin the limit of largenumber
of samples,is calleda consistentestimator. This is for instancethe caseif the bias
canbeshown to beproportionalto thevariance,or if it is a decreasingfractionof the
variance.

4.2.8 Estimating variance

In an actualcomputation,the variance  á �� Æ ã can be estimatedusing the same ·
independentsamplesZ Ø Ò\[
äÊ»¢Ò�ë�ë�ë�ÒO· usedto computeanestimate êÆ � ÆØéè¦ê Z Ø for � :

 á �� Æ ã^] »· " »*_` »· Æç Ø0èxê Z ÐØ "6a »· Æç Øéèxê Z Ø�b Ð1cd ë (4.10)

Alternatively, if a closedform expressionis availablefor  á ��¦ã , andit is feasibleto
evaluateit efficiently on thecomputer, thevariancecanbeapproximatedby filling in
the actualestimatefor the solutionaswell asany other requireddatain the closed
form expression.
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This text will frequentlypresentvarianceformulaefor theestimatorsthatarepro-
posed.Suchformulaeallow to bettercomparedifferentMonteCarloradiositysampl-
ing strategiesandto betterunderstandtheconditionsunderwhicheachwill beprefer-
able. Closedform formulaefor thevariancecanalsobeusedfor estimatingerror in
actualcomputationsaswell asfor combiningdifferentestimators.

4.3 Variance reduction techniques

The bestunderstoodway of increasingthe efficiency of Monte Carlo algorithmsis
to transformoneor morebasicestimators,suchasthosefor summationandintegra-
tion presentedin theprevioussection,to anequivalentestimatorwith lowervariance.
Thelower thevariance,thefewer sampleswill beneededto computethequantityof
interestto givenaccuracy andconfidence.

In thissection,abrief overview is presentedof thosevariancereductiontechniques
thathavebeenprovenusefulin thecontext of MonteCarloradiosity. An excellentin-
depthdiscussionof variancereductiontechniquescanbe found in [81] aswell asin
otherclassictextson MonteCarlo.

We shallseethat in someidealcases,anestimatorwith zerovariancemayresult.
Eachsampleof suchan estimatoryields the sameestimate.If the estimatoris also
unbiased,theseestimateswill beequalto thequantityto becomputed.An unbiased
estimatorwith zerovarianceis calleda perfectestimator. In practice,perfectestim-
atorscanonly be approximatedexceptin trivial cases,becausethey requirethat the
solutionof theproblemunderconsiderationbeknown in advance.Perfectestimators
however form the basisof sequentialMonte Carlo algorithms,allowing exponential
convergencewhencarriedout well.

Most of the variancereductiontechniquesdescribedherealso reducethe error
whenappliedwith low discrepancy samplingin quasi-MonteCarlo[158].

4.3.1 Importance sampling

The basicidea of importancesamplingis to changethe probability distribution of
an estimatorin sucha way that eachsampleof the changedestimatorwill yield an
approximatelyequalestimate.

In thecaseof MonteCarloestimationof asum � ä � åØ0èxê ×&Ø , thismeansto sample
termsfrom thesumsothateachterm × Ø hasaprobabilityÓ Ø , notnecessarilyÓ Ø ä »-¼ÂÎ ,
of beingselected.In orderto beunbiased,theresultingrandomvariableis of theform��fe�ä ¹�× Ø ¼/Ó Ø Ò�Ó Ø ¾ . TheprobabilitiesÓ Ø shouldbechosensothatthevariance á �� e ã�ä Æç Ø0èxê ×�ÐØÓÕØ " � Ð (4.11)

is minimal. This is thecaseif ÓMØ is takenproportionalto ×�Ø : ÓÕØZä ×�ØK¼�g . In this case,
eachestimateyields × Ø ¼/Ó Ø ähg , which is obviously constant,so that the varianceis
zero. In orderto be unbiased,g shouldequal � however, so that the solutionof the
problemwouldhave to beknown in advance.

Goodvariancereductioncanbeobtainedalreadyby taking ÓÕØ approximatelypro-
portionalto ×�Ø . In practice,theprobabilitiesshall fulfil threeconditions:



4.3. VARIANCE REDUCTIONTECHNIQUES 59Ö They shallbebenormalised:� åØ0èxê Ó Ø äÊ» ;Ö Selectinga term ×�Ø with probability ÓÕØ shall not be too complicated:thecom-
putationcostof doingsoshallnotout-weighthesaving thatfewersampleswill
suffice;Ö The ÓÕØ shallneverbezeroif ×�ØUiä¥Ë : everynon-zerotermof thesum,nomatter
how unimportant,shall have a nonzeroprobability of beingsampled.Neither
shall the Ó Ø betoosmallcomparedto ×�ÐØ or anactualincreaseof variancecould
result[118].

4.3.2 Weightedsampling

The secondrequirementabove canbe relaxed: therearewaysto obtain(nearly)the
sameresultasin importancesamplingwithout actuallyhaving to sampleaccording
to a, potentially very complicated,probability distribution ÓÕØ . Techniquesto do so
receive very little attentionin mostMonteCarlo texts. Althoughthey arepotentially
veryusefulin globalillumination, they appearnotyet to havebeenstudied.They will
thereforebedescribedherein a bit moredetail.

Halton [63] notedthatwhena goodprobability densityfunction(pdf) Ó is avail-
able,sothatevery estimateis aboutequal,goodestimatesof thequantityto becom-
putedalsoresultwhenactuallysamplingaccordingto another, moreconvenient,pdf j
andto doasif Ó wasused.Suchatechniqueisbiased,but thebias

Y#á ��/k ã�ä Þºá ��fk ã " �
is smallwhenthetargetpdf Ó isgood:

Y#á ��/k ã evenvanishesif Ó wouldleadto aperfect
estimator. In thatcase,also ��/k is perfect(andno longerbiased).

Thecorrespondingestimatorsfor sumsareof theform ��fk ä ¹�×�ØK¼/ÓÕØ@Ò\j�Ø�¾ withÞºá �� k ã�ä åç Ø0èxê ×&ØÓÕØ j Ø ä�� - åç Øéèxê ×�ØÓMØ ¹�j Ø " Ó Ø ¾/ë (4.12)

If ÓMØxä¥×�ØK¼:� ,
Þºá ��fk ã�ä�� � åØéèxê j�Øxä�� (becausej�Ø is normalised).Suchanestimator

mayhave lowervariance,but thebiasis in generalveryhardto computeanddoesnot
vanishasmoresamplesaretaken.

A consistentclassof estimators,basedon this observation,hasbeenproposedby
Powell andSwann[124], following anideaof Handscomb[67]. Thetechnique,called
weightedsampling, waslatergeneralisedby Spanier[153, 158].

Thebasicideais to considerÓÕØ asa distribution of weightsinsteadof asa prob-
ability distribution. Supposethe sum l­äE� åØéè¦ê × Ø Ó Ø needsto be estimated.With
importancesampling,· terms ×Gmon�Òqp�ä=»XÒ�ë�ë�ë�ÒQ· areselectedwith probability Ó^mon .
The resultingestimatefor the sum is � Æ r èxê êÆ ×Gmon : the primary estimates×Gmon are
combinedwith equalweights , r ä »-¼\· . Selectingtermswith probability Ósmon might
howeverbecomplicated.

In a comparablesituation,Handscombproposedto take uniform samples,but to
compensatefor samplingthe “wrong” pdf by weighting the primary estimatespro-
portional to ÓÕØ : ,#mon ä Ó^monX¼/� r Ó^mon insteadof assigningthemequalweights. For
estimationof the sum � äh� åØéèxê ×�Ø with target pdf ÓMØ but usinguniform sampling,
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thefollowing estimatesareobtained:�t]u��0vÆ ä Æçr èxê Ósmwn� Æ r èxê Ó m n ×GmonÓ m n ä � Æ r è¦ê × mon� Æ r èxê Ó m n ë (4.13)

Powell andSwannshowedthatthevariance á �� vÆ ã of suchanestimatoris asymptot-
ically (for large · ) comparablewith thevariance á ��feÆ ã , thatwould beobtainedby

importancesamplingaccordingto thepdf ÓMØ . Thebias
YÁá �� vÆ ã vanishesas 8  á �� e ã�¼/· ,

i.o.w. ¸Á¹5»Â¼X½ ·¿¾ timesfasterthanthestandarderrorwith · samplesitself. Notethat
whenÓÕØ�ä ×�Ø�¼+� , theaboveestimatesalsoalwaysyield � withouterror.

SpaniergeneralisedPowell andSwann’s weighteduniform samplingestimators
to the casewheresamplingis doneaccordingto a non-uniformsource pdf j Ø . The
resultingestimatesareof theform�t] � Æ r èxê ×�mwnX¼�j)mon� Æ r è¦ê Ósmon¢¼�jFmwn ë (4.14)

Thesetechniquesallow cheapsamplesto becombinedin suchaway thattheeffectof
usingmoreexpensivesamplesis imitated,at thecostof somebias.

4.3.3 Control variates

A differentway of reducingvarianceis suggestedby formula (4.6) for the variance
of the linearcombinationof estimators.While thevariancesarealwayspositive, co-
variancescan take both positive or negative values. When subtractingtwo estim-
ators �� and �l with positive covarianceCov

á ��{Òf�l{ãHÈkË , the variance  á �� " �l{ã�ä á ��¦ã -  á �l{ã " Éx3 Cov
á ��{Òf�l{ã of thecombinedestimatormayevenbelower thanthe

varianceof eitherof thecombinedestimatorsindividually.
In thecontrolvariatestechnique,thiseffectisobtainedbyestimatingthedifference� " l betweena quantity � to becomputedanda carefullychosensecondquantityl , which is known sothat it canbeaddedto thedifference� " l in orderto obtain� . Applied to theMonteCarloestimationof sums,this would meanto find a second,

known, sum l ä�� åØ0èxê O Ø andwriting� ä*l - åç Ø0èxê ¹�× Ø " O Ø ¾\ë
The lattersumis estimatedusingMonteCarlo. This canbeaccomplishedby estim-
ating � and l simultaneouslyusing the samerandomnumbers. Using importance
samplingwith probabilitydistribution ÓÕØ , thevariancebecomes á �¹y� " l�¾ e ã�ä åç Ø0èxê ¹�×�Ø " O Ø�¾5ÐÓÕØ " ¹�� " l�¾ Ð ë (4.15)

A perfectestimatorresultsif ×�Ø�ä O Ø , but this againimplies that the solutionof the
problemunderconsiderationwould have to be known in advance.A secondperfect
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estimatorresultsif Ó Ø is chosenproportionalto × Ø " O Ø , but alsoin thatcaseit turnsout
that � would have to beknown in advance.Notethat ×�Ø " O Ø maybenegativesothat
careneedsto be taken in order to samplea signedprobability distribution function
[155, 118].

4.3.4 Combining estimators

Supposetwo estimators ���ê and �� Ð for a given quantity � areavailable. Any linear
combination,�êx���ê - , Ð �� Ð with constantweights ,�ê - , Ð ä}» will thenalso be
an estimatorfor � . The varianceof the linear combinationhowever dependson the
weights.By minimisingthevariance(4.6),usingthetechniqueof Lagrangemultipli-
erswith constraint,�ê - , Ð ä » , it canbeshown thattheoptimalweightsfulfil,�ê, Ð ä  á �� Ð ã " Cov

á ���êÂÒ �� Ð ã á ���êQã " Cov
á ���êÂÒz�� Ð ã (4.16)

For independentestimators,theoptimalweightsareinverselyproportionalto thevari-
ance.

Theoptimalweights ,.{ for combining | estimators ���{ Òw}käf»XÒ�ë�ë�ë�Ò~| for � ,
areobtainedbysolvingthefollowingsystemof | - » linearequationswith unknowns,�êÌÒ�ë�ë�ë�Òw,#�ÀÒ~� :������ �����  êQê , ê -  ê Ð , Ð - 3�3F3 -  ê\� , � ä � Ð ê , ê -  ÐOÐ , Ð - 3�3F3 -  Ð � , � ä �3�3F3 5�Eê�,�ê -  s� Ð , Ð - 3�3F3 -  s����,#� ä �,�ê - , Ð - 3�3F3 - ,#� ä » (4.17)

where  s�:�ïä Cov
á �����Ò2��^�&ã . Notethat  5�:�ïä� ���� andthat  s���ïä� á �����ã . If · { out

of a totalof · samplesaretakenfrom eachestimator �� { , yieldingprimaryestimates�� r{ ÒqpHä »XÒ�ë�ë�ë�ÒQ·!{ for � , thecombinedestimateis:�t] �ç{{èxê ,.{ »· { Æ��çr èxê �� r{ (4.18)

If thecovariancesareestimatedfrom thesamplesthemselvesasexplainedin ¶ 4.2.8,
theresultis slightly biased,but consistent.

4.3.5 Multiple importance samplingand mixtur e sampling

Veach[176] notedthatabettercombinationmayresultby assigningpotentiallydiffer-
entweights, r{ to eachindividualsample,evenfor samplesfrom thesameestimator:�t] �ç{{èxê »·�{ Æ��çr è¦ê , r{ �� r{ ë (4.19)
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The correspondingcombinedestimatoris unbiasedas long as � �{{èxê , r{ ä}» for
every sample.Heuristicsfor determiningthe combinationweightswerederived for
the importantcasethat the estimatorsaredifferent importance-samplingestimators.
The basicidea behindtheseheuristicsis to give a samplea weight that takes into
accounttheprobabilitythatthesamplewouldhaveresultedwith theotherestimators:
if thesamplewould begeneratedonly with low probabilitywith theotherestimators,
it is givena largeweight. Vice versa,whenany otherestimatorwould yield thesame
samplewith high probability, theweightof thesampleis reduced.

Applied to the Monte Carlo estimationof a sum �fä�� åØ0èxê ×�Ø , we aredealing

with estimatorsof theform ���{ ä ¹�×&Øb¼�Ó�� {U�Ø Ò�Ó�� {4�Ø ¾ . Theprimaryestimatesareof the

form × Ø n� ¼�Ó � {U�Ø n� where [ r{ denotesthe index of the p -th samplefrom the sumtaken

accordingto pdf Ó � {4� . A goodheuristicfor determiningtheweightsis thesocalled
balanceheuristic: ,x� {U�Ø ä · { Ó�� {U�Ø� �� è¦ê · � Ó�� � �Ø (4.20)

leadingto secondaryestimatesof theform�t] »· �ç{{èxê Æ �çr èxê × Ø n�� �� è¦ê g � Ó�� � �Ø n� (4.21)

where g � denotesthefractionof samplestakenfrom �� � : · � ä�g � 3�· .
Recently, Owen [118] hasproposeda generalisationof this idea,which canbe

viewedasa unificationof multiple importancesamplingandtheregressiontechnique
of theprevioussection.

4.3.6 Treating part of the problem by other methodsthan Monte
Carlo

The above variancereductiontechniquesexploit knowledgeof one or more “easy
functions” ÓÕØ or O Ø , in orderto reducesamplingvariance.Importantefficiency gains
may also resultby treatingpartsof the problemunderconsiderationby analyticor
deterministicmethods,if applicable.

Considerfor instancetheestimator
Þàßâá ×¢ã�ä�� Ø ����×�Ø � ÓÕØ � ä�� wheretheprobab-

ilities ÓMØ � canbedecomposedin marginal andconditionalprobabilities:ÓÕØ � ä���Øyj �F� Ø .
Then:� õ þ ñ ò óÂôiõ ø ù ø�� ó ù � � ù � õ ø ù�� ù � ø�� ó ù ��� ��� ù � õ ø ù�� ù þ/� ò ó5  ¡`ôìõ þ0¢ ò þ/� ò ó£  ¡`ô�ô �

(4.22)Þ>¤Ìá ×�= [�ã denotesthe conditionalexpectationof × Ø � w.r.t. the conditionalprobability
distribution j �F� Ø for givenfixed [ . Thevariance ß á ×¢ã canthenbewrittenasa sum ßìá ×¢ã�ä Þ#¥ á  ¤ á ×�= [�ã0ã -  ¥Zá Þ ¤ á ×�= [�ãéã (4.23)
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Proof: ðXñ¢ò óÌô}õ ø�ù ø � ó��ù � � ù � ý�� ø�ù ø � ó ù � � ù � � �
õ ø�ù � ù ø � ó��ù � � ��� ù ý�� ø&ù � ù ø � ó ù � � ��� ù � �
õ ø ù�� ù/¦ ø�� ó��ù � � ��� ù ý�� ø�� ó ù � � ��� ù � �w§¨ ¦ ø ù�� ù©� ø�� ó ù � � ��� ù � � ýª� ø ù�� ù ø�� ó ù � � ��� ù � �w§
õ ø�ù � ù ð � ò ó£  ¡�ô ¨ ð ¢«¦ ø � ó ù �1� ��� ù §õ þ ¢ ò ð � ò ó£  ¡`ô�ô ¨ ð ¢ ò þ � ò ó£  ¡`ô�ô �

Formula(4.23)will beusedseveral timesin orderto computethevarianceof multi-
dimensionalestimators.It alsoindicatesthat if theinnersum � ��× Ø � j �F� Ø is computed
by direct summationfor instance,the variance  ¤ á ×�= [�ãUä Ë anda reductionof the
variance ßâá ×¢ã results.

4.3.7 Other variance reduction techniques

The readerwill find variousothervariancereductiontechniquesin Monte Carlo lit-
erature,suchasantitheticvariates,theuseof orthogonalpolynomialsandconditional
MonteCarlo. It is not clearto whatextentthesetechniquescanbeappliedefficiently
in Monte Carlo radiosity, exceptpossiblyfor the Monte Carlo computationof form
factors.Rememberhowever that it is our goal to avoid explicit computationof form
factors,aswell astheir storage.

4.4 Sampling random variables

Samplinga randomvariablegenerallyconsistsof two tasks:1) selectionof oneof the
possibleoutcomes(“events”or “states”)of therandomvariable,and2)computationof
a valueassociatedwith theselectedeventor state.In thecaseof sums� ä � åØéè¦ê ×�Ø ,oneneedsto selectoneor moreindices [ r suchthat theprobabilityof selectingeach
possibleindex correspondsto givenprobabilitiesÓ Ø . In thecaseof integrals,apoint Ú
needsto beselectedin adomainÛ , suchthattheprobabilityof selectingapoint from
an infinitesimalregion aroundÚ correspondsto a givenprobability densityfunctionÓ¦¹�Ú�¾ . In this section,we briefly remindthe readerof the mostimportanttechniques
to carryout suchsampling.Our focusis on samplingdiscreteprobability functions,
neededfor estimatingsums.
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4.4.1 Inverting the cumulativedistrib ution

The cumulativeprobability distribution (cdf) correspondingto Ó Ø Òw[�ä »¢Ò�ë�ë�ë�Ò@Î is¬ ØZä­� Ø� èxê ÓÕØ . SinceÓMØ is normalised,
¬ å äf» . We take

¬2® ä Ë . Randomselection
of anindex [ with probabilityÓÕØ , canbeaccomplishedby generatingauniformrandom
number̄�Ü ¹�ËâÒ�»-¾ andfinding theindex [ for which¬ Ø Ä ê ä Ø Ä êç� èxê Ó � D ¯ N ¬ Ø ä ¬ Ø Ä ê°- Ó Ø (4.24)

This canbe donein ¸Á¹²±�³+´ Ð Î�¾ time per sampleby binary searchin a precomputed
tablewith the

¬ Ø . Pre-computationof the
¬ Ø of coursetakes ¸Á¹�Î�¾ time.

4.4.2 Stratified sampling

Thebasicideaof stratifiedsamplingis to placesamplesmoreuniformly by subdivid-
ing thedomainto besampledin anumberof socalledstrata. An appropriatenumber
of samplesis drawn independentlyin eachstratum.

Often, stratifiedsamplingneedsto be combinedwith importancesampling. A
goodpracticeis to take uniformly distributedsamplesin equal-sizedstrataandwith
equalnumberof samplesin eachstratum.Theseuniformsamplesarethentransformed
usingtheinverseof thecumulative importance-samplingprobabilitydistribution. It is
advantageousto usethesamerandomnumbersfor takingsamplesin eachstratumas
this leadsto an increasedconvergencerate. For 1-dimensionalintegrals,this canbe
shown to be relatedto the trapezoidrule for integration,with ¸Á¹5»Â¼/·¿¾ convergence
rateinsteadof ¸Á¹5»-¼¢½ ·¿¾ .

Algorithm 6 shows an efficient algorithm, basedon theseideas,for taking ·
samplesof asum � ä � åØ0èxê ×�Ø , usingprobabilitiesÓÕØ [111]. A singlerandomnumber¯ is generated.The [ -th termof thesumis sampled µ ¬ Ø 3Â· - ¯�¶ " µ ¬ Ø Ä ê 3Â· - ¯�¶
times,where µ`Ú£¶ denotesthe largestintegernumbersmalleror equalto Ú . Roughly
stated,the stratacorrespondto the terms ×�Ø that would be sampledusinga random
numberin eachinterval ¹ r Ä êÆ Ò rÆ ¾ , p£ä®»XÒ�ë�ë�ë�ÒO· . Algorithm 6 hastime complexity¸º¹�Î�¾ .

Becausethenumberof equal-sizedstrataincreasesexponentiallywith thedimen-
sion,straightforwardstratifiedsamplingis notfeasiblein higherdimensions.In higher
dimensions,relatedtechniquessuchasLatin-hyper-cubesamplingshallbepreferred.

4.4.3 Rejectionsampling

Thetermrejectionsamplingindicatesa classof samplingtechniquesin which tentat-
ivesamplesareproposedandtestedfor acceptabilityuntil anacceptedsampleresults.
If a tentativesampleis rejected,a new tentativesampleis generatedandtested.

In thisway, samplingtechniquesfor pdf’scanbedevelopedthatdonot rely onthe
correspondingcdf. For sumsfor instance,it sufficesto know asum l¥ä�� åØéè¦ê O Ø with
every O Ø/? ÓÕØ . Oneparticularcaseis O Ø¦ä Ó with ÓH? ÓÕØ@Ò�·^[ . A term(index [ r for thep -th trial) is selectedwith probability O Ø n¢¼�l . In caseall O Ø areequal,this corresponds
to uniformsampling.Thetentativesample[ r is acceptedif ÓMØ�n N*O Ø¸n43\¯ r , wherē r is
a randomnumberin therange ¹�ËìÒ�»q¾ asusual.
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Algorithm 6: Stratifiedsamplingof a sum

� õR¹ öùéú�û ó ù with º samplesandpdf
� ù

.

1. Computea randomnumber»z¼ ü²½:¾q¿ ÿ ;
2. Initialise º prev À ½

, Á À ½
;

3. For all
¡�õ ¿F¾ �1�q� ¾�Â

,

(a) Á À Á ¨ � ù ;
(b) º ù ÀÄÃ ÁtÅ�º ¨ »)Æ ý º prev;

(c) Samplethe
¡
-th termof thesum º ù times;

(d) º prev À º prev
¨ º ù .

Themaindrawbackof sucha techniqueis thatthecostof generatingsamplescan
bequitehigh: theprobabilitythatatentativesampleis acceptedequals��¼�l . Notethat
this techniquedoesnot requirethatthe Ó Ø arenormalisedin orderto generatesamples.
The normalisationis however still neededfor computingestimates,unlessit canbe
madeto cancelin someway.

4.4.4 Samplinga linear combination of pdf ’s

Sometimes,a pdf j Ø ä � �{{èxê g { Ó � {U�Ø , which is a linearcombinationof | primary
pdf’s Ó � {U� Òw}­ä »XÒ�ë�ë�ë�Òq| needsto besampled.In orderto doso,aprimarypdf Ó � {4�
is selectedfirst with probability g { ¼ � �{{èxê g { . Next, a sampleis drawn using Ó � {U� .
Althoughonly asingleprimarypdf is sampled,theresultis thatasampleis generated
accordingto thecombinedpdf: any pdf couldhavebeenchosen.Theresultingestim-
atesareof thesameform aswhenthebalanceheuristicis used(equation(4.21)).The
differenceis thataprimarypdf is chosenfor eachsampleindependentlyhere,instead
of allocatingin advancethenumberof samplesto betakenaccordingto eachpdf.

A specialcaseoccurswhenestimatingdoublesums �¥ä � åØ0èxê � {� èxê ×�Ø � where
termsareto beselectedaccordingto someprobabilitiesÓ Ø � . Althoughsuchasumcan
alwaysbewrittenasa1-dimensionalsum,it is moreconvenientin somecasesto first
selectafirst index, for instanceÇ with probability Ó � , andnext selectthesecondindex[ with conditionalprobability Ó Ø � � . Thesampledprobabilitiesfulfil Ó Ø � ä Ó Ø � � Ó � . Any
of the samplingtechniquesdescribedabove canbe usedfor samplingeither Ç or [
conditionalupon Ç .
4.4.5 Other sampling techniques

Only somegenerallyapplicablesamplingtechniqueshavebeensurveyedhere.Other
generalsamplingtechniqueshave receivedno attentionyet in MonteCarlo radiosity
or may be difficult to apply. Note that for many pdf’s, customsamplingtechniques
canbedeveloped[46]. An importantexamplein thecontext of MonteCarloradiosity
is theselectionof a patchÇ in a discretisedscene,with probabilityequalto theform
factorsÈxØ � for a fixedpatch[ . Thiswill beexplainedin ¶ 5.3and ¶ 6.1.3.
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4.5 Monte Carlo Radiosity

In theremainingchaptersof this dissertation,a detailedoverview will begivenof the
variousways in which the Monte Carlo methodcanbe usedin order to efficiently
solve thesystemsof linearequationsthatarisein radiosity. Until chapter13 we will
dealwith constantradiosityapproximations.Chapter13 explainshow the methods
for constantapproximationscanbegeneralisedfor higherorderapproximations.

Therearevariousalternativeformsof thesystemof equations(1.1),whichmodels
the radiosity problemwith constantapproximations. Thesealternative forms give
riseto differentMonteCarloradiosityalgorithmsandwill bereferredto often in the
following chapters.They arederived below. An overview of how the Monte Carlo
methodcanbeusedin orderto solve thesesystemsof equationswill bepresentedat
theendof this section( ¶ 4.5.5).

4.5.1 The radiosity and power system: gathering radiosity and
shootingpower

In thefirst radiosityapproaches[58, 27], thefollowing systemsof equations,derived
in chapter2, aresolved: Y Øxä Þ Ø - ç �ÊÉ Ø�ÈxØ � Y � (4.25)

with form factors ÈxØ � ä »Ë Ø í�Ì�ÍìíGÌ�ÎsÏE¹�Ú�ÒwÐì¾iÇ Ë>Ñ Ç ËzÒ (4.26)

ä »Ë Ø í�Ì Í í�Ó Î � Ò �©Ô ³�Õ�Ö ÒP Ç+×�Ø2ÙÂÇ ËzÒ ë (4.27)

Thesystemof equations(4.25)is traditionallysolvedusingiterative numericalmeth-
odssuchasJacobiandGauss-Seidel[58, 57]. Becausein eachiterationsteponly a
singleradiosityvalueis updated,basedon the radiosityvaluesof all otherpatches,
thesemethodshavebeencalledgatheringmethods.In eachstep,all form factorsÈ Ø �
for a fixedpatch [ needto becomputed.Traditionally, thehemi-cubemethodis used
to do this [27].

Multiplying bothsidesof (4.25)by
Ë Ø , thesurfaceareaof patch [ , andusingthe

reciprocityrelation
Ë Ø È Ø � ä Ë � È � Ø (which follows immediatelyfrom (4.26)), leads

to thefollowing systemof equations:¬ ØxäªÚàØ - ç � ¬ � È � Ø É Ø5ë (4.28)¬ Ø ä Ë Ø Y Ø is thetotal poweremittedby [ . Ú Ø ä Ë Ø Þ Ø is theself-emittedpower.
In progressive refinementradiosity[26], this systemof equationsis solvedusing

aniterativenumericalsolutionmethodwhichis closelyrelatedto Southwellrelaxation
[60]. In progressiverefinementradiosity, theradiosityof alargenumberof patches[ is
updatedby shootingtheunshotpowerfrom asinglepatchÇ . Theformulationin terms
of power insteadof radiosityis convenient,becauseit is easierin practiceto compute
simultaneouslyall form factorsÈ � Ø for agivensourceÇ thanfor a fixedreceiver [ .
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4.5.2 Adjoint systemsof equations

A systemof linearequationslike (4.25)or (4.28)canbewritten in theform Û!Ü ä�Ý
where Û is a (given) Î�Þ Î matrix of real numbersg Ø � , Ý is a known vectorof Î
real numbersÃ Ø andthe solution Ü is a vectorof Î real numbersÚ Ø that needto be
determined: åç� èxê g\Ø � Ú � ä Ã-Ø@ë (4.29)

Many problemsnow canbeexpressedasscalarproductsDàß Ò\Ü È�ä � Ø , Ø Ú Ø of the
solution Ü of suchasystemof equationsanda weightvector ß . A specialcaseis ß rwith , rØ ä*9 Ø r where9 Ø r denotesKronecker’sdeltafunction:1 if [
ä�p and0 if [.iä�p .
With this choice, Dáß r ÒwÜ È�ä Ú r is the p -th componentof thesolutionvector Ü .

Suchscalarproductscanalsobeobtainedin thefollowing way: considerthesys-
temof linearequationsÛ�â©ãÀä ß with matrix Û�â , which is thetransposeof Û :

åç� èxê g � Ø Ð � ä�, Ø (4.30)

Thescalarproduct Dáß ÒwÜ È canthenalsobeobtainedas D ÝMÒ\ã È�ä Dáß ÒwÜ È :DRß ÒwÜ È�ä D Û â ã ÒwÜ È�ä D ãZÒqÛ!Ü È�ä D ã Ò~ÝºÈÝë
Thesecondequalityfollowsdirectly from thedefinitionof thescalarproductof vec-
torsand g�âØ � ä*g � Ø . In orderto computeacomponentof thesolution Ü of Û!Ü¿ä�Ý , one
canthuseithersolve Û!Ü ähÝ directly, or solve the adjoint systemÛ â ãÝä ß with
suitableadjointsourceß .

4.5.3 Adjoint of the radiosity and power system:two kinds of im-
portance

Theadjointsystemcorrespondingto (4.25)is:ä Øxä�å¿Ø - ç � ä � É � È � ØQë (4.31)

The order of the indicesof the form factor is the sameas in (4.28). Like (4.28),
this systemcanthusbe solved usinga shootingsolutionmethodsuchasSouthwell
relaxation.

Theadjointsystemcorrespondingto (4.28)is:$\Øxä� âØ - ç � È¦Ø � É � $ � ë (4.32)

This systemcanbesolvedusingthesamegatheringsolutionmethodsasfor solving
(4.25),suchasJacobior Gauss-Seideliterations.

Multiplying both sidesof (4.32)by
Ë Ø yields (4.31)with å¿Ø�ä Ë Øæ ÕØ and

ä Ø�äË Ø�$�Ø : å¿Ø and
ä Ø arepower-likequantities,proportionalto thesurfacearea

Ë Ø of patch



68 CHAPTER4. THE MONTE CARLO METHOD[ , while  Ø and $ Ø areradiosity-likequantities.Thesequantitiesarecalledimportance
or potential in literature(seee.g. [82, 84, 33, 156, 85]). The useof importancein
radiositywasintroducedby Smitset al. [152] andPattanaiket al. [121, 122].

Importanceexpressesto what extent the self-emittedradiosityor power of each
light sourcepatchin thescenecontributesto the total radiosityor power of a single,
fixed, patch. The total radiosity

Y Ø of a patch [ for instancecan be obtainedas a
weightedsum

Y Ø¦ä � å r èxê ä Ør Þ r of theself-emittedradiosity
Þ r of all light sources.

The weightsarethe importances
ä Ør w.r.t. source,or direct, importanceå Ør ä&9 Ø r :

only patch[ is of directimportance.

4.5.4 Shootingand gathering importance

At first sight, it appearsas if thereare always four different ways to computethe
radiosity

Y Ø or power
¬ Ø of a patch[ :

1. gatheringradiosity: basedon thescalarproduct D Y Ò~å Ø È , with å Ør ä­9�Ø r .Y
is computedby solving(4.25)usingagatheringmethod;

2. shooting(power-like) importance: basedon thescalarproduct D Þ Ò ä Ø È .
ä Ø

is computedby solving(4.31)with sourceterm å Ø definedabove. A shooting
solutionmethodsuchasSouthwellrelaxationshallbeused;

3. shootingpower: basedon thescalarproduct D ¬ Ò~ Ø È , with  Ør äÊ9�Ø r . ¬ is
obtainedby solving(4.28)usinga shootingsolutionmethod;

4. gathering(radiosity-like) importance: basedon the scalarproduct D Ú�Ò\$ Ø È
solving $ Ø from (4.32) with sourceterm  Ø , definedabove. Solving (4.32)
requiresagatheringsolutionmethoddueto its similarity with (4.25).

In practicehowever, it turnsout that the first andsecondoption result in similar al-
gorithms: shootingimportancecorrespondsto gatheringradiosity. The sameis true
for the third andfourth option above: shootingpower correspondsto gatheringim-
portance.

4.5.5 Overview

The Monte Carlo methodcanbe usedin four differentwaysto solve linear systems
suchas(4.25),(4.28),4.31)and(4.32):Ö Thecoefficientsof thesystemto besolvedcanbeprecomputedusingtheMonte

Carlomethod.A traditional,director iterative,solutionmethodis thenusedin
orderto solvetheapproximatesystemof equations.In thecaseof radiosity, this
correspondsto formfactor computationby MonteCarlo (chapter5).Ö In stochastic relaxationmethods(chapter6), matrix-vectorproducts Û!Ü are
estimateddirectlyasawholeinsteadof estimatingeachtermindividually;Ö Randomwalk methods(chapter7) directly estimatetheentireNeumannseries
expansionof thesolution(if converging)by MonteCarlo;Ö VariousotherMonteCarlo methods(chapter8) estimatethesolutionby solving
anequivalentproblemby MonteCarlo.
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The subsequentchapters9 to 11, will deal with variancereductiontechniquesfor
the basicMonte Carlo estimatorspresentedin chapter5 to 8. Chapter12 discusses
low-discrepancy samplingin Monte Carlo radiosity. In chapter13 and14, the non-
hierarchicalMonte Carlo radiosity algorithmsfor constantapproximationswill be
extendedto higherorderapproximationsandhierarchicalrefinement.



Computershaveled to a novel revolutionin mathematics.
Whereaspreviouslyan investigationof a randomprocesswas
regardedasbeingcompleteassoonasit wasreducedto an
analyticdescription,nowadaysit is convenientin manycases
to solvean analyticproblemby reducingit to a corresponding
randomprocessandthensimulatingthatprocess.

YU A. SHREIDER, “The MonteCarlomethod– TheMethodof StatisticalTrials”,
PergamonPress,1966

Theonly goodMonteCarlosaredeadMonteCarlos.

HALE F. TROTTER AND JOHN W. TUKEY, “ConditionalMonteCarlofor normalsamples”,
Proc.of theSymposiumonMonteCarlomethods,Florida,March,16and17,1954.



5 Monte Carlo Form-Factor
Computation

The form factors ÈxØ � , which appearin the linear systems(4.25), (4.28), (4.31) and
(4.32)describingtheradiosityproblemwith constantapproximations,arenon-trivial
four-dimensionalintegrals.TheMonteCarlomethodcanbeusedin orderto compute
theseform factorswhile solvingthesystemusinga deterministicsolutionmethod.

In this chapter, a brief survey is given of Monte Carlo form factorcomputation.
Themaingoalof thischapteris to introducetheconceptof uniformlydistributedlines.
Suchlinescanbeusedfor form factorcomputation,but alsoplayacentralrolein more
directMonteCarloalgorithmsfor thesolutionof thesystemof radiosityequations,to
bediscussedin subsequentchapters.Most of thetechniquespresentedin this chapter
have beenproposedbeforeby others. However, novel contributionsin this chapter
are:Ö anew MonteCarloformfactorcomputationtechniquebasedonweightedsampl-

ing;Ö ananalysisof thevarianceof theform factorestimators,allowing to adaptively
choosethenumberof samplesfor form factorcomputationin orderto achieve
a prescribed(computational)accuracy.

5.1 Uniform areasampling

Thesimplestway of computingthepatch-to-patchform factor È Ø � is by uniform ran-
domselectionof pairsof points Ú on ��Ø and Ð on � � in equation(4.26):È Ø � ä »Ë Ø í Ì�Í í Ì�Î�ÏE¹�ÚxÒwÐì¾iÇ Ë Ñ Ç Ë Ò (5.1)

with ÏE¹�Ú�Ò\Ði¾ ä Ô ³�ÕGÖ Ò Ô ³�ÕGÖ ÑP�� ÐÒ)Ñ vis ¹�Ú�ÒwÐì¾\ë
ThecorrespondingMonteCarloestimator �ÈxçØ � hasÖ probabilitydensityfunction Ó ç ¹�ÚxÒwÐì¾ ä êç Í êç Î ;Ö samplecontributions �È çØ � ¹�Ú�Ò\Ði¾ ä Ë � ÏE¹�Ú�Ò\Ði¾ .
It is easytheverify thatþ ò�èé.êù � ôZõ 
+ë Í 
�ë Î èé.êù � ü�
5¾æì ÿ��Gê ü�
s¾yì ÿy�:í°î1�:í4ïCõ 
�ë Í 
�ë Î í ��ð ü�
s¾�ì ÿ ¿í ù í � �:í°î��:í°ï¬õté ù �ðUò èé.êù � ôZõñ
+ë Í 
�ë Î ò í � ð ü�
5¾�ì ÿ�ôW� ¿í ù ¿í � �:í î �:í ï ý é#�ù � � (5.2)
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This techniqueis notsatisfactoryasit canyield veryhigh,andeveninfinite, variance.
Theintegrandof (5.2)hasan ��òÒFÑ factorin thedenominator. Thisfactorcausesastrong
singularityfor abutting patches.Unlike theweaksingularityin (5.1), the singularity
in (5.2) cannotbe removedby directionalintegration. In suchcases,increasingthe
numberof samples· will not necessarilyleadto animprovedform factorestimate.

5.2 Uniform dir ection sampling

If equation(4.27)is usedinsteadof (4.26),thereis no singularity:È Ø � ä »Ë Ø í�Ì Í í�Ó Î � Ò �©Ô ³�Õ�Ö ÒP Ç+× Ø ÙÂÇ Ë Ò ë (5.3)

The inner integral is an integral over thesolid angle ó � ¹�ÚM¾ sub-tendedby thevisible
partof patchÇ asseenfrom eachpoint Ú Üt� Ø . ó � ¹�ÚM¾ canbedeterminedby solving
thevisibility problemwhile projectingon thehemisphereabove Ú . This would allow
the inner integral to be computedanalytically, usingLambert’s formula [9], but it is
an extremelyexpensive operation. It is thereforemoreappropriateto transformthe
inner integral domainto the unoccludedsolid angle ó vis� ¹�ÚM¾ sub-tendedby Ç on the
hemisphereabove Ú (without takingvisibility into account):È¦Ø � ä »Ë Ø í�Ì Í í�Ó vis

Î � Ò ��Ô ³�ÕGÖ ÒP ô � ¹�õx¹�ÚxÒqö Ò ¾O¾5Ç+×�Ø�Ùìë (5.4)õ�¹�Ú�Ò1ö Ò ¾ denotesthenearestpoint on thesurfacesin thescene,seenfrom Ú in direc-
tion ö Ò . ô � ¹²Ðì¾ is a predicatewhich takesvalue1 if Ð is a point on patchÇ , andzero
otherwise.

In orderto uniformly sampleadirection ö Ò from Ú to Ç , Arvo’salgorithmfor uni-
form samplingof sphericaltriangles[2] canbeused. ô � ¹�õx¹�ÚxÒqö Ò ¾O¾ canbeevaluated
by tracinga ray from Ú into direction ö Ò anddeterminingwhetherthefirst intersec-
tion with anothersurfacein thesceneoccurson patchÇ . Theresultingestimator �È îØ �
hasÖ pdf Ó î ¹�ÚxÒwÖ Ò ¾ ä êç Í êÓ

vis
Î � Ò � ;Ö samplecontributions �È îØ � ¹�ÚxÒqö Ò ¾ ä�ó vis� ¹�ÚM¾:÷�ø\ù�ú Ùû vis� ¹�Ú�Òqö Ò ¾ .

Thisestimatoris unbiased.Its varianceis givenby á �È îØ � ã�ä í ç Í í Ó vis
Î � Ò �zü ó vis� ¹�Ú�¾ Ô ³�Õ�Ö ÒP vis� ¹�ÚxÒqö Ò ¾æý Ð »Ë Ø »ó vis� ¹�ÚM¾ Ç+× Ø ÙÂÇ Ë Ò " È ÐØ � ë

(5.5)

Unlikewith uniform areasampling,thevarianceis alwaysbounded: á �È îØ � ã Nÿþ ó{Ø � g\Ø �P�� Ð
where



5.3. UNIFORMLY DISTRIBUTED LINES 73Ö ó Ø � denotesthemaximumunoccludedsolidangleunderwhich Ç is seenfrom a
point Ú on [ ;Ö g\Ø � denotesthe maximumcosinew.r.t. the normalon [ of a line connectinga
point Ú on [ anda point Ð on Ç .

In particular, ó Ø � N É:P and g Ø � N » , sothatthevarianceis alwayssmallerthan4.

5.3 Uniformly distrib uted lines

5.3.1 Cosine-distributed dir ection sampling

Estimator �È îØ � canbe further improved by generatingdirectionsthat aredistributed
accordingto Ô ³�ÕGÖ Ò insteadof beinguniformly distributed. This yieldsa third patch-
to-patchform factorestimator �È��Ø � withÖ pdf Ó � ¹�ÚxÒqö Ò ¾ ä »Ë Ø Ô ³�ÕGÖ Ò% Ó vis

Î � Ò � Ô ³�ÕGÖ Ò Ç+×�Ø2Ù ä »Ë Ø Ô ³�ÕGÖ ÒP�Ï vis� ¹�ÚM¾Ö samplecontributions �È �Ø � ¹�Ú�Ò1ö Ò ¾Zä�Ï vis� ¹�ÚM¾ ô � ¹yõ�¹�Ú�Òqö Ò ¾@¾ .Ï vis� ¹�Ú�¾ denotestheunoccludedpoint-Ú -to-patch-Ç form factor.
Thevarianceof this estimatoris boundedby á �È �Ø � ã ä íGÌ�Íìí�Ó

vis
Î � Ò ��� Ï vis� ¹�ÚM¾ ô � ¹yõ�¹�Ú�Ò1ö Ò ¾@¾�� Ð »Ë Ø Ô ³�ÕGÖ ÒP�Ï vis� ¹�ÚM¾ Ç+×�Ø2ÙÂÇ ËzÒ " È ÐØ �N »Ë Ø	��

�Ò
� Ì:Í Ï vis� ¹�ÚM¾âí Ì Í í Ó

vis
Î � Ò � Ô ³�Õ�Ö ÒP Ç:×©Ø�ÙÂÇ Ë>Ò

N þ ��
��Ò�� Ì�Í Ï vis� ¹�Ú�¾ � Ð ë
Themaximumunoccludedpoint-to-patchform factorcanbeboundedin threeways:

1. basedon directionalintegration:Ï vis� ¹�ÚM¾ZäÝí�Ó
vis
Î � Ò � Ô ³�Õ�Ö ÒP Ç:×©Ø�Ù N ó{Ø � g\Ø �P�� (5.6)

2. basedon surfaceareaintegration:Ï vis� ¹�ÚM¾Zä íGÌ Î Ô ³�ÕGÖ Ò Ô ³�ÕGÖ ÑP�� ÐÒ)Ñ Ç Ë Ñ N Ë � g Ø � g � ØP�� ÐØ ��� (5.7)� Ø � is a lowerboundfor thedistancebetweenpoints Ú on [ andpoints Ð on Ç ;
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3. Ï vis� ¹�Ú�¾ N » : point-to-patchform factorsfor constantapproximationsareal-
wayssmallerthan1.

Conservative approximationsfor the quantitiesó{Ø � , ÚMØ � , g � Ø and � Ø � canbe obtained
efficiently andeasilyby consideringboundingspheresfor thepatches.Moreadvanced
form factor boundingtechniques[160] can be usedas well in order to boundthe
variance.In any case,theminimumof thethreeboundsabovecanbeused.

Unfortunately, directuseof estimator �È �Ø � is notpossiblebecausethereexist noef-
ficientalgorithmsto generatecosine-distributeddirectionsthataredirectedto a given
patchÇ . In ¶ 5.4,anew form factorcomputationtechniquewill bepresentedthatyields
almostthesamelow varianceas �È �Ø � usinguniformareasampling.

5.3.2 Local uniformly distrib uted lines

It is howevereasyto generatecosine-distributeddirectionsif therequirementthatthey
mustpoint towardsa givenpatchis dropped.By generatingcosine-distributeddirec-
tions ö Ò in thewholehemisphereabove points Ú on patch [ , the following estimator�È��Ø � is obtained:Ö pdf Ó � ¹�ÚxÒqö Ò ¾ ä »Ë Ø Ô ³�ÕGÖ Ò% Ó � Ò � Ô ³�ÕGÖ Ò Ç+× Ø Ù ä »Ë Ø Ô ³�ÕGÖ ÒPÖ primaryestimates �È��Ø � ä ô � ¹yõ�¹�Ú�Ò1ö Ò ¾@¾ .ó9¹�Ú�¾ denotesthefull hemisphereabove Ú .

This estimatoris a socalledhit-or-missestimator:if a ray with uniformly chosen
origin on [ andcosinedistributeddirectionhasits nearestintersectionpoint with the
othersurfacesin thesceneon patchÇ , theestimateis 1. In theothercaseit is 0. The
estimatorestimatestheprobability thatsucha line hits patchÇ . We will call any line,
constructedsothatits intersectionpointwith thepatch[ is uniformly distributedonthe
surfaceareaof [ , andsothatits directionis cosinedistributedw.r.t. thenormalat the
intersectionpoint,a uniformlydistributedline. If, asis thecasehere,it is constructed
by explicitly samplingauniformpointon thesurfaceof [ , wewill call theline a local
uniformly distributed line w.r.t. [ . In ¶ 5.3.3, we will discusstechniquesto obtain
uniformly distributedlineswithoutexplicit samplinganorigin on a patch.

Becausetheestimator �È��Ø � is unbiased— its expectationis equalto theform factorÈ Ø � — weobtainthefollowing theorem,whichisof centralimportancein MonteCarlo
radiosity:

Theorem5.1 Thepatch-to-patch form factor È Ø � betweentwo patches [ and Ç in a
discretisedscenecorrespondsto the probability Ó Ø � that a uniformlydistributedline
w.r.t. [ hasits nearestintersectionpoint on patch Ç .
Proof: A directproof canbeobtainedby calculatingtheprobability Ó Ø � above:� ù � õ�
 ê Í 
���� ï��� � ü��Mü�
5¾�� ï ÿbÿ ¿í ù� "!$#&% ï' �$(	) Ù �:í ï õ ¿í ù 
 ê Í 
*� Î � ï�� +!$#*% ï' �$(,) Ù �:í ï õté ù �
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Thesecondequalityholdsbecauseô � ¹�õx¹�ÚxÒqö Ò ¾@¾Zä¥Ë if ö Ò is notadirectionpointing
to thevisible partof Ç asseenfrom Ú . -

Because �È��Ø � is a hit-or-missestimatorwith expectationÈ Ø � , its varianceis given
by  á �È �Ø � ã�ä�ÈxØ � ¹5» " È¦Ø � ¾/ë (5.8)

Theefficiency of this estimatorcanbevery poorhowever for small form factorsÈ¦Ø �
sinceon the averageonly 1 line in »-¼:ÈxØ � will hit Ç from [ . On the otherhand,the
rejectedlinescanbeusedfor estimatingtheotherform factorsÈ Ø r while computingÈ Ø � . Theresultingalgorithmfor computingall form factorsÈ Ø � for fixed [ is shown in
algorithm5.3.2(seealsofigure5.1).

Algorithm 7: Computesall form factors
é ù �

betweena fixedpatch
¡

andanotherpatch. usingº ù local cosine-distributedlines.

1. Initialise È Ø �0/ Ë for all Ç ä »XÒ�ë�ë�ë�Ò@Î ;

2. For pEä »¢Ò�ë�ë�ë�ÒO· , do

(a) Choosea uniformrandompoint Ú on ��Ø ;
(b) Choosea cosinedistributeddirection ö Ò w.r.t. thesurfacenormalat Ú ;

(c) Determinethe nearestintersectionpoint õ�¹�Ú�Ò1ö Ò ¾ of a ray with origin atÚ anddirection ö Ò with a surfaceof thescene.Set Ç / the index of the
patchcontainingthis first intersectionpoint õ�¹�Ú�Ò1ö Ò ¾ ;

(d) Set È Ø �0/ È Ø � - »-¼/· .

Figure 5.1: Local uniformly distributedlines (left) areconstructedby explicitly samplingthe
origin on a patchin thescene.Global lines (right) areconstructedwithout referenceto any of
the patchesin thescene.Their intersectionpointswith the surfacesin thescenearehowever
alsouniformly distributed. Theanglebetweentheselinesandthenormalon eachintersected
surfaceis cosinedistributed, just like with local lines. The intersectionpoints definespans
on eachline. Eachglobal line spancanbe usedbidirectionally for form factorcomputation
betweentheconnectedpatches.



76 CHAPTER5. MONTE CARLO FORM-FACTORCOMPUTATION

This algorithmhasbeenproposedasa ray-tracingbasedalternative for thehemi-
cubemethodat the endof the 1980’ies[149, 142]. Note that it computespatch-to-
patchform factors.This is unlike the hemi-cubemethod,which computespoint-to-
patchform factors.

5.3.3 Global uniformly distrib uted lines

Therealsoexist techniquesin orderto constructuniformly distributedlines without
explicitly samplingthe origin on a patchin the scene. Uniformly distributed lines
constructedwithoutexplicit samplingtheorigin onapatch,arecalledglobaluniformly
distributed lines. The constructionand propertiesof such lines have beenstudied
extensively in integral geometry[129, 130, 131].

Construction of global uniformly distrib uted lines In thecontext of radiosity, the
following methodshavebeenused:Ö Two-points-on-a-spheremethod:two uniformly distributedpointsÓ and j are

sampledon thesurfaceof a sphereboundingthescene.The line connectingÓ
and j canbeshown to beauniformly distributedline within thescene[130]. A
field of · uniformly distributedlinesis obtainedby sampling· pairsof pointsÓ r and j r , pEä »¢Ò�ë�ë�ë�ÒO· , on thesurfaceof theboundingsphere;Ö Plane-interceptmethod[123, 110, 131, 167]: auniformly distributedpoint ö is
sampledon theunit sphere.As such, ö is a uniformglobaldirection.Consider
the plane

¬
throughthe origin andperpendicularto ö : the planeequationisöá3�Ú#ä Ë . Now considertheorthogonalprojectionof thesceneontothisplane.

Eachuniformly sampledpoint Ú in the projectiondefines,togetherwith ö , a
uniformly distributedline throughthescene.

Theresultinglinescrossseveralsurfacesin thescene.Theintersectionpointswith the
intersectedsurfacesdefinespansof mutuallyvisiblepatchesalongtheline. (seefigure
5.1). Eachsucha line spancorrespondsto two local cosine-distributedlines — one
in bothdirectionsalongtheline — becausetheglobaluniformly distributedlinesare
uniformly distributedw.r.t. every patchin thescene.This is unlike local lines,which
areuniformly distributedonly w.r.t. thepatchon which theorigin wassampled.

It canbeshown that theprobabilitythata globaluniform line, generatedwith the
aforementionedalgorithms,intersectsa given patch [ , is proportionalto the surface
area

Ë Ø [131]. If · global lines are generated,the number ·�Ø of lines crossinga
patch[ will be · Ø ] · Ë ØË21 ë (5.9)

Form factor computation using global lines Theorem5.1 implies that the form
factor È Ø � canbeestimatedasa fraction È Ø � ] · Ø � ¼/· Ø of a number· Ø � of uniformly
distributed lines w.r.t. [ that have their next intersectionon Ç andthe total number·�Ø of uniformly distributedlines w.r.t. [ . The basicideaof global line form factor
computationis to generatea field of · uniformly distributedlinesthroughthescene
andto countthe numberof lines ·�Ø and ·�Ø � intersectingeachpair of patches[ andÇ . Theratios ·�Ø � ¼/· Ø thenyield estimatesfor the full form factormatrix [130]. This
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correspondsto applyingalgorithm5.3.2with · Ø local linesfor eachpatch[ separately,
where · Ø©] · Ë ØK¼ Ë21 would bechosenproportionalto thesurfacearea

Ë Ø of [ . The
varianceof theresultingestimatesis,1»· Ø  á �È � Ø � ã�ä »· Ø È¦Ø � ¹5» " ÈxØ � ¾\ë (5.10)

In ¶ 11.1.2,it will beshown thatalsolocal lines,with origin chosenon a patch [ with
probabilityproportionalto thesurfacearea

Ë Ø of [ , canbeusedbidirectionally, in the
sameway asgloballine spans.

5.3.4 Global versuslocal lines

Themainadvantageof globallinesover local linesis thatgeometricscenecoherence
canbeexploitedin orderto generategloballinesmoreefficiently:Ö In a naive ray-tracingimplementationfor instance,the two-points-on-a-sphere

methodwould yield all p intersectionsof a line with the surfacesin the scene
at thesamecostof determiningonly thenearestintersectionof a local line. In
a properlyconstructedscene,thenumberof line spanson a global line is half
thenumberp of intersectionpoints.Sinceeachspanis usedbidirectionally, this
meansthatthegloballine yieldstheequivalentof p local linesat thesamecost.
Evenwhenusingray-tracingaccelerationtechniquesthatallow to stoptracing
a local line beforeall its potentialintersectionswith thescenearedetermined,
therestill is aspeed-up.Ö The plane-interceptmethodallows bundlesof parallelglobal lines to be gen-
eratedusinga Z-buffer like algorithm: first, a uniform randomdirection ö is
chosen.Next, a rectangularwindow is chosenin theplane,throughtheorigin
andperpendicularto ö , that containsthe orthogonalprojectionof the whole
sceneon theplane.A certainresolutionfor renderingis chosenin thewindow.
Eachpixel will correspondto a parallelglobal line. Finally, a suitableortho-
gonalprojectionmatrix is setup andthe sceneprojectedonto the planeusing
a Z-buffer-like algorithm. Insteadof keepingonly the nearestZ-valuein each
pixel however, a full sortedlist of all patchesvisible througheachpixel is kept
[110]. Alternatively, it is possibleto usesweep-planealgorithmsto solve the
visibility problemanalytically[123]. This correspondsto a bundleof parallel
lineswith infinite density[166].

Themain limitation of global linesw.r.t. local lines is that their constructioncannot
easilybe adaptedin orderto increaseor decreasethe line densityon given patches.
Combining(5.10)and(5.9), we seethat the form factorvarianceis inversepropor-
tional to theareaof thesourcepatch[ :»·�Ø  á �È �Ø � ã�] »· Ë 1Ë Ø È Ø � ¹5» " È Ø � ¾
Thevariancewill behighon smallpatches.

1Theseestimatorsalsohaveasmall,exponentiallydecreasingbias,which is negligible in practice[131]
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5.4 Weightedareasampling

5.4.1 Moti vation

Directionsamplingfor computingindividual patch-to-patchform factorsÈ Ø � is quite
expensive: the generationof uniformly distributeddirections( ¶ 5.2) towardsa given
patch Ç , usingthealgorithmfor uniform samplingof sphericaltriangles[2], is quite
moreinvolvedthanuniformareasampling.Uniform areasamplingis cheap,but it has
beenshown in ¶ 5.1 that thevarianceof theresultingestimator �È çØ � canbevery high,
andeveninfinite for abuttingpatches.Thatmeansthatthereis noguaranteeatall that
by taking moresamples,an improvedestimatefor the form factorbetweenabutting
patchesis obtained.

5.4.2 Outline of the algorithm

We thushave a situationfor which weightedimportancesampling( ¶ 4.3.2)wasde-
signed.Thetargetpdf Óx¹�ÚxÒwÐì¾ is suchthatfor agiven Ú�ÜI� Ø , thepoints Ð#ÜI� � would
correspondto theintersectionpointsof cosine-distributedlineswith origin at Ú :Óx¹�ÚxÒwÐì¾ ä »Ë Ø Óx¹²Ð�= ÚM¾ with: Óx¹ Ð�= Ú�¾ ä Ï vis ¹�ÚxÒwÐì¾% Ì�Î Ï vis ¹�Ú�Ò\Ði¾@Ç ËzÑ
where Ï vis ¹�ÚxÒwÐì¾ is theunoccludedradiositykernelfunction:Ï vis ¹�ÚxÒwÐì¾Zä Ô ³�Õ�Ö Ò Ô ³�ÕGÖ ÑP�� ÐÒFÑ � ÏE¹�ÚxÒwÐì¾Zä�Ï vis ¹�ÚxÒwÐì¾ vis ¹�ÚxÒwÐì¾/ë (5.11)

The integral in thedenominatorof Ó¦¹²Ð�= ÚM¾ above is nothingelsethantheunoccluded
point-Ú -to-patch-Ç form factor Ï vis� ¹�Ú�¾ , which can be computedanalytically using
Lambert’s formula[9].

Application of formula (4.14) with sourcepdf ji¹�Ú�ÒwÐì¾ ä êç Í êç Î (uniform area
sampling)yields�È!v êØ � ¹�Ú r ÒwÐ r � pEäÊ»XÒ�ë�ë�ë�ÒO·¿¾ ä � Æ r èxê Ï vis ¹�Ú r ÒwÐ r ¾ vis ¹�Ú r Ò\Ð r ¾� Æ r èxê Ï vis ¹�Ú r Ò\Ð r ¾O¼:Ï vis� ¹�Ú r ¾ ]�È Ø � ë (5.12)

For nearbyÚ Ñ and Ð r , thelargefactor Ï vis ¹�Ú r Ò\Ð r ¾ in thenumeratorwill becancelled
by a largefactorin thedenominator.

The resultingestimatorstill is quite expensive however, becausean analytical
point-to-patchform factor needsto be computedfor every sample. A cheaperes-
timator is obtainedby usingweightedimportancesamplingonly in orderto estimate
the inner integral of (5.1). We proposeto take · Ø points Ú r uniformly on ��Ø . For
each Ú r , · � points Ð r+3 Ò�4�ä »¢Ò�ë�ë�ë�ÒO· � aresampleduniformly on � � . The resulting
estimatesare:�È!v ÐØ � ¹�Ú r Ò\Ð r+3 ¾ ä »· Ø Æ

Íçr èxê Ï vis� ¹�Ú r ¾ � Æ Î3 è¦ê Ï vis ¹�Ú r Ò\Ð r+3 ¾ vis ¹�Ú r Ò\Ð r+3 ¾� Æ Î3 èxê Ï vis ¹�Ú r Ò\Ð r+3 ¾ ]�ÈxØ � ë (5.13)

The numberof analyticalpoint-to-patchform factor evaluationsis highly reduced.
Thecorrespondingalgorithmis shown in algorithm8.
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Algorithm 8: Computesthe patch-to-patchform factor
é ù �

betweenpatches
¡

and . using
weightedimportancesamplingon theinnerintegral. Correspondsto estimator

èé65 �ù �
.

1. Initialise
é ù � À ½

;

2. For 7 õ ¿)¾ �~�q� ¾ º ù , do

(a) Choosea uniformrandompoint



on

� ù
;

(b) Set
�:é À ½

,
� ð À ½

;

(c) For 8 õ ¿)¾ �~�q� ¾ º � , do

i. Samplea uniform randompoint
ì

on

� �
;

ii. Tracearay from



to
ì

in orderto evaluatevis
ü�
5¾æì ÿ

, compute

ð
vis
ü�
s¾�ì ÿ

;

iii.
�:é À �:é ¨ ð vis

ü�
s¾�ì ÿ
vis
ü�
s¾�ì ÿ

;

iv.
� ð À � ð ¨ ð vis

ü�
5¾æì ÿ
.

(d) Computetheunoccludedpoint-



-to-patch-. form factor

ð
vis

� ü�
 ÿ
usingLambert’s

formula[9];

(e)
é ù � À é ù � ¨ û9 Í;:"<:+= ð vis

� ü�
 ÿ
.

5.4.3 Empirical resultsand discussion

Figure5.2showssomeresultsobtainedwith algorithm8 for anumberof testconfigur-
ations:two abuttingor parallelpatcheswith full visibility, andamorecomplex config-
urationwith partialvisibility. In all cases,weightedareasamplingperformssimilarly
to directionalsampling( ¶ 5.2) and significantly better than uniform areasampling.
How canwe explain thesegoodresults,althoughuniformareasamplingis used?

If bothpatches[ andÇ aredistantandsmallw.r.t. eachother, thefactorsÏ vis ¹�ÚxÒwÐì¾
will beapproximatelyconstantandtheestimates(5.13)will correspondto theaverage
of ·�Ø productsof an analytically computedunoccludedpoint-to-patchform factor
multiplied with thefractionof raysthatdo not hit occludersbetween[ and Ç . Part of
theproblemhasthusbeensolvedanalyticallyratherthanby sampling.

If, on theotherhand,[ andÇ areabuttingsurfaces,Ï vis ¹�Ú�Ò\Ðì¾ will fluctuateenorm-
ously, but largefactorsin thenumeratorarecompensatedby equallylargefactorsin
the denominator. Sufficiently neara sharededge,visibility is almostalways either
fully occludedor fully unoccludedin practice.In theformercase,theratioof sumsin
(5.13)is 0. In thelattercase,theratioequals1.

A morestrict argumentindicatingthatweightedsamplingeffectively removesthe
singularityis thefollowing: becausevis ¹�Ú�ÒwÐì¾ N » , theratioof sumsis boundedby 1,
for every Ú r . Thevarianceof theestimatorwith · Ø sampleson [ will beboundedby á �È v ÐØ � ã N »·�Ø í Ì�Í?> Ï vis� ¹�Ú�¾A@ Ð Ç Ë Ò ë
For a sufficiently high numberof samples,thevariancewill bevery closeto thevari-
anceof the directionalestimatorspresentedabove. The samevarianceboundsas
presentedin ¶ 5.3.1canbeusedin orderto determinethenumberof samplesneeded
to computetheform factorwith prescribedaccuracy.
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Figure 5.2: Resultsobtainedwith weightedareasamplingfor computingpatch-to-patchform
factors(algorithm8). The graphsshow the averageandthe standarddeviation of the results
of 100 runs with 7CBD7 sampleseach,asa function of 7 . 7 samplepoints werechosenon
the receiver patch. For eachpoint on the received patch 7 samplepointson the sourcepatch
havebeenchosenrandomly. In all cases,weightedareasamplingperformssimilarly to uniform
directionsamplingandsignificantlybetterthanuniformareasampling.In thepartialocclusion
example,a slight biasis visiblewhenthenumberof samplesis low.
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5.5 Choosingan appropriate number of samples

In the previous section,closedform expressionsfor the varianceof the form factor
estimatorsallowed to derive practicalupperboundsfor the variance. Conservative
approximationsfor the quantities ó{Ø � , g\Ø � , � Ø � that appearin theseboundscan be
computedefficiently andeasilyusingfor instanceboundingspheresfor the patches
(figure 5.3). More advancedtechniquesthat have beendesignedto boundthe form
factoritself [160] canbeusedaswell.

E;F GH , I F GKJMLON�P H
Q F G

Figure 5.3: ThequantitiesR ù � , S ù � and
� ù �

thatappearin theform factorvarianceboundscan
becomputedefficiently usingfor instanceboundingspheresfor thepatches(shown herein 2D).

The varianceupperboundscanbe usedinsteadof the exact (unknown) variance
itself in orderto determinein advancehow many sampleswill beneededin orderto
computea form factorto givenaccuracy T andconfidence.For a 99.7%confidence
level for instance,the numberof samples· shouldbe chosenhigh enoughso that
(see¶ 4.2.6) U @  á �ÈxØ � ã· ]�T (5.14)

Theability to choosethe numberof samplesappropriatelyin advancesoeasily, is a
majoradvantageoverdeterministicform factorcomputationmethods:for otherform
factorcomputationmethods,theerroris muchharderto control.

The final goal however is to computethe radiosity in a sceneto prescribedac-
curacy, say V . We hopeto do soby controllingthecomputationalerroron eachform
factor. In principle,it is possibleto determinein advancewhaterror T canbetolerated
on eachform factorin orderto computetheradiositysolutionto prescribedaccuracyV . Arvo [2, ¶ 6.3] sketcheshow a relationbetweenT and V canbeestablished.Many
approximationshave to be madehowever in order to obtain a manageableexpres-
sion.Withoutgoinginto thedetails,theresultingestimatesfor therequirednumberof
samplesper form factorarefar too conservative, leadingto muchmoreprecise(and
costly)form factorcomputationthannecessary.

Most often,theaccuracy of a radiositysolutionis controlleddirectly throughper-
link error thresholdsT , ratherthanby a global error thresholdV . In that case,it is
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possibleto determineanappropriatenumberof samplesonthefly duringtheradiosity
systemsolution as follows. Eachform factor È¦Ø � always appearsin productslikeÉ ØyÈ¦Ø � Y � , where

Y � is acurrentlyavailableintermediateradiosityvalueduringsystem
solution. Equation(5.14)canbe usedin orderto determinethe requirednumberof
sampleswith TE¼ É Ø Y � insteadof T in theright handside.

Sometimes,whenthe form factor È¦Ø � is neededagainduring a later iteration, it
will appearthat a higher accuracy is neededthan before, for instancebecause

Y �
hasincreased.In suchcases,it is not requiredto re-computethe form factor from
scratch:it sufficesto take a numberof additionalsamples.Thenumberof additional
samplescanbe determinedeasilyby keepinga counthow many sampleshave been
usedpreviously. Formula(5.14)indicateshow many samplesareneededin total. The
numberof additionalsamplesrequiredis the differencebetweenthe total numberof
samplesrequiredandthenumberof samplesthatwasalreadydrawn before.

5.6 Conclusion

Thischapterpresentedanoverview of MonteCarlotechniquesto computeform factors.
MonteCarloform factorintegrationis simple,andallowsform factorsto becomputed
to any prescribedaccuracy T with givenconfidence:MonteCarlointegrationleadsto
reliableform factorcomputation.

A new algorithmto computepatch-to-patchform factors,basedon weightedim-
portancesampling,hasbeendeveloped. Although surface-areasamplingis used,it
doesnot suffer from infinite variancedue to the integrandsingularity for abutting
patches.Its varianceis almostassmallaswhencosine-distributeddirectionalsampl-
ing is used. The price to be paid is a slight bias,which decreaseşÁ¹XW »-¼\·�¾ more
rapidly thanthe standarddeviation for · samples.This algorithmcanbe incorpor-
atedeasilyin existing hierarchicalrefinementradiositysystems.It will provide more
reliable form factor computationin the context of the algorithmsof chapter3. A
generalisationto higherorderapproximationswill bepresentedfurtherin ¶ 13.2.

The main limitation of explicit form factorcomputationby Monte Carlo is that
it is hardto determinein advancewhaterror T canbe toleratedon eachform factor
in order to obtaina prescribedaccuracy V on the total radiosity. Currentheuristics
to relate T with V requiremany approximationsandleadto unrealistic,conservative
choicesfor thenumberof samplesrequiredfor eachform factor.

In the next chapters,it will be shown that moredirect radiositysystemsolution
by MonteCarloallows computationalerrorcontrolon thetotal radiositymuchmore
easily. In the techniquesthat will be presented,explicit form factor integrationand
storagecanevenbecompletelyavoided.



6 StochasticRelaxation
Radiosity

In this andthe next chapters,the Monte Carlo methodwill be usedfor moredirect
solution of the systemof radiosity equations. In this chapter, stochasticrelaxation
methodsarediscussed.Stochasticrelaxationmethodshave receivedno attentionyet
in generalMonteCarloliterature.They arehoweverappliedwith goodsuccessin the
context of theradiosityproblem.

Stochasticrelaxationalgorithmsfor radiosityhave beenproposedfirst by P. Shir-
ley andL. andA. Neumannet al. [142, 111]. This chapterwill presenta systematic
overview in whichstochasticrelaxationalgorithmsaresituatedandtheoreticallycom-
pared. Somenew stochasticrelaxationalgorithmsareproposedandtheir computa-
tional costis analysed1.

In relaxationmethods,thecoefficients g\Ø � of a linearsystemÛñÜÀä�Ý appearonly
in sumsof the form �á��g Ø � Ú � . Thebasicideaof stochasticrelaxationmethodsis to
estimatethesesumsasawholeby MonteCarloratherthanto computeeachcoefficientg�Ø � individually. In thecontext of radiosity, thecoefficientsg�Ø � containtheform factorsÈ¦Ø � . Directestimationof thesums� ��g�Ø � Ú � for radiosityyieldsthefollowingbenefits:

1. The form factors È Ø � for fixed [ form a probability distribution that can be
sampledefficiently usinguniformly distributedlines, introducedin chapter5.
By doingso,it turnsout thatanaccuratenumericalvalueof theform factors is
never required: theform factorsdo not needto becomputedor stored;

2. The Monte Carlo methodallows sumsto be estimatedby evaluatingonly a
fractionof theterms.Theeffectof missingtermsis takenintoaccountimplicitly
dueto thefact that they couldhave beensampled.In thecaseof radiosity, the
timecomplexity is reducedfrom ¸º¹�Î�Ð�¾ to ¸Á¹�Î ±�³+´ZÎ�¾ , whereÎ is thenumberof
patchesin thescene;

3. Using progressivevariancereductiontechniques,the needfor complicateda-
priori estimatesof the requirednumberof samplesis largely avoided. Good
default valuesfor the numberof samplesin eachstepof thecomputationsare
available.

First, a generaloutlineof stochasticrelaxationmethodsandtheir applicationto radi-
osity is presentedin ¶ 6.1. Severalexamplesareworkedout in detail in thefollowing
sections:Gauss-Seidel( ¶ 6.2),Southwell( ¶ 6.3),Jacobi( ¶ 6.4)andothers( ¶ 6.5). Pro-
gressivevariancereductiontechniquesin stochasticrelaxationmethodsarediscussed
in ¶ 6.6.

1Theinvestigationanddevelopmentof stochasticrelaxationalgorithmsin thecontext of thisdissertation,
waslargely performedin collaborationwith L. andA. Neumann.
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6.1 General outline

6.1.1 Relaxationmethods

The basic idea of relaxationmethods,suchas Jacobiand Gauss-Seideliterations,
Southwell relaxation(relatedto progressive refinementradiosity) and the conjug-
ate gradientsmethod[57, 59], is to constructa sequenceof approximatesolutionsÜ � r � Òqpºä¥ËâÒ�»¢Ò�ë�ë�ë thatconvergesto thetruesolution Ü of a linearsystemÛ!Ü¿ä�Ý . A
next approximationÜ � rZY êw� is constructedby addinga correction T�Ü � r � to a current
approximationÜ � r � : Ü � r�Y êo� ä�Ü � r � - T!Ü � r � .

As ameasurefor theerror Ü " Ü � r � of anapproximationÜ � r � , theresidu[ � r � ä�Ý " Û!Ü � r � (6.1)

is used.Usually, Ü � ® � ä¥Ë is takenasafirst approximatesolution.In thatcase,[ � ® � ä*Ý " Û!Ü � ® � ä�ÝMë
Relaxationmethodsdiffer in the choiceof the correctionvectors T�Ü � r � . We will
discussseveral possibilitiesbelow. In Jacobi-and Gauss-Seideliterations,a spe-
cial choiceof thecorrectionvectors T�Ü � r � allows to avoid explicit computationand
storageof the residuvectors.In Southwell-relaxationandin theconjugategradients
methodhowever, theresiduis usedin orderto selectacorrectionvector T!Ü � r � thatcan
leadto convergencemorerapidly. After determinationof thecorrectionvector T�Ü � r � ,
thenew residuvector [ � rZY êw� correspondingto Ü � rZY êw� is thenobtainedasfollows:[ � rZY êw� ä Ã " Û!Ü � rZY êo� ä�Ý " ÛÁ¹ Ü � r � - T�Ü � r � ¾ ä ¹ Ý " Û!Ü � r � ¾ " ÛÊ3\T�Ü � r �ä [ � r � " Û�3$T!Ü � r � ë (6.2)

Thebasicrelaxationalgorithmis shown in algorithm9

Algorithm 9: Basicrelaxationalgorithm.

1. Chooseinitial guess] �_^ � ;
2. ` �a^ � Àcb ýCd ] �_^ � ;
3. For 7 õ ½:¾q¿)¾ �~�q� until convergence,do

(a) Computecorrectionef] �hg � basedon ] �_g � and/or̀

�_g �
or otherinformation;

(b) ] �hg+i û � À ] �hg � ¨ ef] �hg � ;
(c) ` �hg+i û � À ` �hg � ýCd Å�ef] �hg � .

Most often, T�Ü � r � is chosento have only a singlenonzerocomponentsothat the
matrix-vectorproduct Û�3+T�Ü � r � requiresonly ¸º¹�Î�¾ multiplicationsandadditions.In
general,thematrix-vectorproductrequireşº¹�Î�Ðq¾ work. It will beshown below that
the Monte Carlo methodallows to estimatethe full matrix-vectorproductwith onlyjMkml ±on�p l,q work in thecontext of theradiosityproblem.

In radiosity, the residu [ � r � hasthe meaningof unshotradiosity, power or im-
portance,dependingon which of thefour systemsof equations(4.25),(4.28),(4.31),
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(4.32) is beingsolved. The approximatesolution r�sut�v correspondsto the shot radi-
osity, power or importance. If the residuis explicitly computed,it is customaryin
radiosity to display the sum r�sut�vxw�y*sutZv after eachiteration step[59]. In the pro-
gressiverefinementradiositymethodfor instance,thetotal andunshotpowerarekept
ratherthantheshotandunshotpower.

6.1.2 Monte Carlo estimation of the matrix-v ector products for
radiosity

Considerthe classicalradiositysystem(4.25). The coefficientsof (4.25) are z�{_|~}� {a|6���*{���{_| . Thematrix-vectorproduct ���\��r in (6.2) takestheformk ���\��r q {�}�����{ ��� |��� { � { � {_|�����|�� (6.3)

A sumlikeabovecanbeestimatedusingMonteCarloasfollows: � times,atermwith
index � t&�+� }�� � ����� � � is selectedrandomlywith probability ��|�� . As anestimate,��� {,� �� ��t ��  � { � {a|��
����|��|�� ¡ k �¢����r q {
isused.Whentheprobabilities� | arechosenwell, sothatthevarianceof theestimator
is low, goodestimatesfor thesumcanbeobtainedby samplingonly a small fraction
of theterms.In otherwords:thesumscanbeestimatedaccuratelywithoutcomputing
all form factors. This is avery fundamentalcharacteristicof theMonteCarlomethod
thatpotentiallymakesit moreefficient thandirectsummation:theeffectof theterms
that are not sampledis taken into accountby thefact that thesemissingtermscould
havebeensampled.

Since �£{_|C¤¦¥ ��§�¨+� � and ©�ª| ��  �£{_|~« � ��§�¨ , the form factors ��{_| for fixed ¨ can
beusedasa probabilitydistribution ��| for estimatingthesumabove. In this case,the
estimatesbecome�¬��{Kw �� ��t ��  � { � {_|����¬��|��{_| � }����K{­w � {� ��t ��  ����| ¡ k ���$�¬r q {"�
Becausethe form factor � {a|�� cancelsin numerator and denominator, its numerical
valuedoesnot needto beknown.

Theamountof computationwork is clearlyproportionalto thenumberof samples� . How many samplesarerequiredin orderto estimatethe sumto givenprecision
dependson thevariance�*{ © |?® ��� | ® �K¯{ �±° ��¯{�²´³ , which is only looselyrelatedto the
numberof patches

l
. In the remainderof this chapter, several concreteexamples

will beworkedout. It will beshown thatthe timecomplexity of stochasticrelaxation
methodscanbe

jMkml¶µ n�p l,q ratherthan
j�k�l ³ q for radiosity.

6.1.3 Sampling the form factor probability distrib ution

Thequestionnow is how a term � canbe selectedwith probability � {a| . Theanswer
is givenby thesametheorem5.1thatwasusedto estimatethenumericalvalueof the
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form factor �£{a| in thepreviouschapter:sincetheprobabilitythata uniformly distrib-
utedline through ¨ will have its nearestintersectionpoint in thesceneon � equalsthe
form factor � {_| , it sufficesto samplesuch a uniformlydistributedline through ¨ and
determinethepatch � which is hit next. Patch � will bechosenwith probability �£{a| .
Usingray-tracingto doso,acceleratedwith ahierarchyof boundingvolumes,thecost
of takinga sampleis

j�k�µ n�p l,q .
All threeconstructiontechniquesfor uniformly distributedlinescanbeused:local

cosine-distributed lines, global lines using the two-points-on-a-sphereconstruction,
andglobal lines usingthe plane-interceptconstruction.With local lines, the patch ¨
containingtheorigin is chosenexplicitly. With global lines,thepatchcontainingthe
origin cannotbechosenexplicitly: theorigin of a global line spanwill becontained
in ¨ with probability · {�¸ ·f¹ . Oftenhowever, a sumlike (6.3) needsto becomputed
for every patch ¨ . In this case,eachglobal line will yield a contribution to every
patchit intersectsin thescene.It wasdiscussedbeforethatglobal line spanscanbe
generatedat a lower cost than local lines, but that small patchesare hit rarely. In
literature,only local lines or global line bundlesusingthe plane-intercepttechnique
with a Z-buffer like algorithm[110, 167] have beenusedin thecontext of stochastic
relaxationmethods. The useof global lines constructedwith the two-points-on-a-
spheretechniquehasnot yet beendescribedin literature,but is equallywell possible.

6.2 StochasticGauss-Seideliterati vemethod

6.2.1 The Gauss-Seideliterati vemethod

The Gauss-Seideliterative methodis usually formulatedas an iterative methodin
which eachcomponentof thesolutionis updatedin turnasfollows:�­º¼»¾½¿	À�º ���|��� º z�º | � |�ÁÂ¢¸ z�º�º (6.4)

Accordingto thedefinition(6.1),the Ã -th componentof theresiduvector y equalsÄ º¼} kmÅ � �¬r q º¼}�À�º �Æ� | z�º | � |
sothattheGauss-Seidelupdatestep(6.4)canalsobewrittenas:� º » k Ä º wÇz º�º � º q ¸ z º�º }±� º w Ä º ¸ z ºXº �
TheGauss-Seideliterativemethodthusis arelaxationmethodin which thecorrection
vector ��r is chosensothat ���K{£} � { º Ä º ¸ z º�º �
It is interestingto seewhathappenswith theresiducomponentsÄ { aftertheupdate:Ä {�» Ä { � k�È ���¬� q {�} Ä { � z�{ º Ä º ¸ z ºXº (6.5)

Thespecialchoiceof correctionvector �¬r makestheresiducomponentÄ º zero.It is
truethattheotherresiducomponentschangevalueaswell, andwill possiblybecome
larger, but asawhole— measuredusingsomevectornorm É�y�É — animprovementis
madeif thesystemof equationsfulfils certainrequirements[59].
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6.2.2 Regular stochasticGauss-Seideliterati vemethod

Usually, the residuvector is not usedexplicitly in Gauss-Seideliterations. Rather,
(6.4)is evaluateddirectly. With thischoice,theGauss-Seidelmethodis suitedin order
to solve the classicalradiosity system(4.25) or possiblythe adjoint power system
(4.32). Indeed,the coefficientsof (4.25)are z º |Ê} �¼� º � º | if ÃÌË} ¨ and z º�º }Í� ,
yielding Î º » Î ¯º }±Ï º w � º � |�Ð� { � º | Î |�� (6.6)

Theindicesof theform factorappearin theright ordersothat this expressioncanbe
estimatedusingMonteCarloasexplainedin theprevioussectionÑ 6.1.3.This leadsto
anestimatorÒÓ º withÔ probabilitydistribution �£Õo�&Ö×} � º | . Thispdf canbesampledwith uniformlines

w.r.t. Ã asexplainedabove;Ô samplecontributions ÒÓ º Õo�&Ö×} � º Î | .
TheexpectationisÏ ° ÒÓ º ² } � | ÒÎ º Õu�&ÖØ��Õu�&ÖÙ} � | � º Î | � º |0} Î ¯º � Ï º �
Theresultingalgorithm,with local line sampling,is shown in algorithm10.

Algorithm 10: RegularstochasticGauss-Seideliterativemethod.

1. Initialise ÚxÛKÜÞÝÙÛ for all patchesß ;
2. Cyclethroughthepatchesuntil convergence,for eachselectedpatch à , do

(a) Choosenumberof samplesá ( â 6.2.3);

(b) Úxã×ÜäÝÙã ;
(c) Do á times,

i. Sampleuniform randompoint å on patch à ;
ii. Samplecosine-distributedrandomdirection æ w.r.t. surfacenormalat å ;

iii. Determinepatch ß containingnearesthit of theray with origin at å anddir-
ection æ with thesurfacesin thescene;

iv. Úxã×ÜäÚ?ã,çéèê6ë ã"ÚxÛ ;
6.2.3 Time complexity

How many samples� needto betakenin eachstepin orderto compute

Î ¯º (or

Î ¯º �Ï º ) in (6.6) to givenaccuracy ì with 99.7%certainty?In otherwords,how shall �
bechosensothat ® ÒÓ º � Õ Î ¯º � Ï º Ö ® « ì ?



88 CHAPTER6. STOCHASTICRELAXATION RADIOSITY

Theanswerfollows from thecentrallimit theoremof probability( Ñ 4.2.6):íKî ï ° ÒÓ º ²� ¡ ì��
Thevarianceis ï ° ÒÓ º ² } � | ° ÒÓ º�Õo�&Ö ² ³ ��Õu�*Ö?} � ³ º � | Î ³| � º | �
So, � shallbechosen � ¡ñðì ³ � � ³ º � | Î ³| � º | �
Thenumberof samples� dependson theradiositydistribution in thesceneasseen
from Ã andis asymptoticallyindependentof ò , thenumberof patches.Sincetracing
eachray takes ó�Õ µuô�õ ò,Ö time,weconcludethateachsteptakes ó�Õ µuô�õ ò,Ö computation
time. Thenumberof stepsbeforereachinganacceptablesolutionis óMÕmò,Ö . Thetotal
timecomplexity of stochasticGauss-Seideliterationsthusis óMÕmò µuô�õ ò,Ö .

At first sight, onewould expecta dramaticimprovementcomparedto determin-
istic Gauss-Seidel,which takes óMÕmò ³ Ö time. However, stochasticGauss-Seidel,as
describedhere,is not recommendedin practicebecause:Ô The variancewill in generalbe very high unlessthe radiosity in the sceneis

nearlyconstant. In general,a high numberof samples� will be requiredin
everystepto reducetheerrorto anacceptablelevel;Ô In eachiterationstep,only a singlecomponentof thesolutionis updated.

By evaluating(6.5) insteadof (6.4),a generallymoreefficient incrementalstochastic
Gauss-Seidelalgorithmresults.Wecall it anincrementalstochasticrelaxationmethod
becausein eachstep,theradiositiesareincrementedratherthanreplacedwith a new
radiosityvalue. The incrementalGauss-Seidelalgorithmwasfirst proposedby Shir-
ley [144, 143] asa improvementover stochasticSouthwellrelaxation,which will be
discussednext.

6.3 StochasticSouthwell relaxation

6.3.1 Southwell relaxation

In eachSouthwellrelaxationstep,the patch Ã with largestresiducomponentÄ º is
relaxed insteadof relaxing eachcomponentin turn. The correctionvector ��r is
identicalasin Gauss-Seidelandalsoin thiscase,theupdatedresiducomponentÄ º will
bezeroaftereachstep.In eachiterationstep,(6.5) is evaluatedfor every component¨ so thatpotentiallyall componentsof the solutionwill be updated.By relaxingthe
largestcomponentin eachstep,fasterconvergenceratescanbe obtained,especially
when thereis a large variation in the sizeof the residucomponents.The iteration
stepsarehowever moreexpensive sincea searchfor the largestresiducomponentis
required.
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Southwell relaxationis particularly suited in order to solve the power system
(4.28),or possiblythe adjoint radiositysystem(4.31): for the power system,z�{ º }�¼� { � º { if ¨ Ë}öÃ and z º�º }÷� , so that Ä {ø» Ä {ùw � { � º { Ä º if ¨ Ë}öÃ . Shirley [142]
proposedto computeall form factors� º { for fixed Ã simultaneouslyusinguniformly
distributedlocal lines (estimator��ú{ º , algorithm5.3.2). The resultingalgorithm(see
below) is a ray-tracingbasedvariantof progressiverefinementradiosity:in eachstep,
the patch Ã with highestunshotpower �øû º } Ä º is selected.The unshotpower of
theselectedshootingpatchis propagatedinto theenvironmentby shootingrayswith
uniformrandomorigin on theshootingpatch,andcosine-distributeddirection.

Algorithm 11: StochasticSouthwellrelaxation[142].

1. Initialise ü­ÛKÜþý�Û , ÿ0ü�Û�Üþý�Û for all patchesß ;
2. Until �+ÿ0ü������ or numberof stepsexceedsmaximum,do

(a) Searchpatch à with largestÿ0ü­ã ;
(b) Choosenumberof samplesá ( â 6.3.2);

(c) Do á times,

i. Sampleuniform randompoint å on patch à ;
ii. Samplecosine-distributedrandomdirection æ w.r.t. surfacenormalat å ;

iii. Determinepatch ß containingnearesthit of theray with origin at å anddir-
ection æ with thesurfacesin thescene;

iv. �$üÇÜ èê6ë Û ÿfü ã ; ü Û Üäü Û ç��\ü ; ÿ0ü Û Üäÿ0ü Û ç��$ü .

(d) ÿ0ü ã Ü
	 ;
(e) Displayimageusing ü Û .

6.3.2 Time-complexity

How many samples� areneededin eachiterationstepin orderto computetheradi-
osity increments

� Î { }¢�øû�º � º {m�&{O¸ · { to theall otherpatches̈ with errorlessthan ì
with 99.7%certainty?In otherwords:how largeneeds� to betakensothatfor all ¨ :® � ÒÎ { � � Î { ® } � {A�øû º· { ® Ò� úº { � � º { ®�� ì ?

Accordingto thecentrallimit theoremof probability, � shallbechosensothat�&{ �øû�º·f{ � í î ï ° Ò� úº { ²� ¡ ì
or, since ï °�Ò��úº { ² } � º { ÕX� ��� º { Ö (5.8),� ¡ 
 í �&{ �øû�º·f{�ì�� ³ � º { Õ�� � � º { Ö��
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Approximating � � � º { ¡ � andusing �øû�º � º {m�&{�¸ · { } � Î { ,� ¡ ð �øû£ºì ³ �������{ �*{ � Î {·f{ � (6.7)

Therelationbetweenthenumberof patchesò andthenumberof requiredsamples�
hasbeenstudiedin [144] andin moredetail in [132]. Considera fixedscene.With
a finerdiscretisationof thescene,which leaves Ã (and �øû º ) unchanged,theradiosity
increments

� Î { and the reflectivities � { will hardly change.Sincethe total surface
area ·2¹ is fixed,a finer discretisationof the scenewill however affect · { . As long
as ����� { Õ �*{�¸ · { Ö doesnot changehowever, the numberof samples� doesnot need
to be increased.If all patches̈ Ë}ÞÃ would however be split in 2 new patcheswith
equalarea,� wouldhaveto bedoubled.Thiswouldalsobethecaseif only thepatch
with maximum�&{A¸ · { weresplit in two (a badidea!).Althoughthetruth thusis more
complicated,often a linear relationshipis assumed:on the average,the amountof
samples� for onerelaxationstepwill beabout óMÕmò,Ö .

Thecostof takingonesampleis ó�Õ µuô�õ ò,Ö . Thesearchfor thepatchÃ with highest
unshotradiositytakes ó�Õ�ò,Ö work. Theamountof work for onerelaxationstepthus
will be about óMÕmò µoô�õ ò,Ö . With the hemi-cubemethodto computethe form factors
in eachstep,the time complexity of a singlestepis ó�Õ�ò,Ö . Sincein total ó�Õ�ò,Ö re-
laxationstepsarerequired,thetime complexity of stochasticSouthwellrelaxationisóMÕmò ³ µuô�õ ò,Ö andis not betterthanwith a deterministicapproach!

6.3.3 Incr ementalstochasticGauss-Seideliterati vemethod

In order to avoid the searchfor the patchwith highestunshotpower, Shirley [144]
proposedto relaxeachpatchin turn. Theresultingalgorithmis identicalto algorithm
11 exceptthateachpatch Ã is selectedin turn in step2a. It correspondsto theGauss-
Seideliterative methodin which expression(6.5) is evaluatedin eachstepinsteadof
(6.4).

UnlikedeterministicGauss-Seidel,incrementalstochasticGauss-Seidelhasanear-
ly identicalconvergencerateasthestochasticJacobiiterative method,which will be
presentedfirst. Thecomparisonfollowsnext.

6.4 StochasticJacobi iterati vemethod

6.4.1 The Jacobi iterati vemethod

TheJacobimethodis usuallypresentedasa variationon theGauss-Seidelmethodin
which all componentsof thesolutionarerelaxedsimultaneously. In the � -th step,for
all ¨ simultaneously: � sut��   v{ » ½¿ À�{ ��� |�Ð� { z�{_|\� s´tZv| ÁÂ ¸ z�{o{ (6.8)

Following thesamereasoningasbefore,thecorrectionvector ��r�sutZv in the � -th step
canbewrittenas ��� sutZv{ } Ä sutZv{ ¸ z�{u{��
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TheupdatedresiduisÄ sut��   v{ } Ä sutZv{ � � | z {_| Ä s´tZv| ¸ z |�| } � � |�Ð� { z {a| Ä sutZv| ¸ z |�| � (6.9)

As with theGauss-Seidelmethod,thechoiceto evaluate(6.8)or (6.9)in eachstepres-
ults in differentalgorithms.We will call thealgorithmbasedon (6.9) the incremental
andthealgorithmbasedon(6.8)theregular Jacobiiterativemethod( Ñ 6.4.2and Ñ 6.4.3
respectively). Theformer is called“incremental”becausetheradiosityresultwill be
obtainedasthesumof incrementscomputedin eachstep.

6.4.2 Incr ementalstochasticJacobi iterati vemethod

Whenappliedto thepowersystem(4.28),expression(6.9)yields�øû sut��   v{ } � |�Ð� { �øû sut�v| � |�{ � { (6.10)

or equivalently: �øû sut��   v{ } � | � � Ð� | �øû sutZv| � | � � � � � {��
Thesedoublesums(onefor eachpatch ¨ ) canbe estimatedefficiently andsimultan-
eouslywith thefollowing estimators(oneestimatorfor eachpatcḧ ):Ô samplea pair of patchesÕo� ��� Ö with probability ��Õu� ��� Ö×}Æ��|�� ��� | with� | } �øû sutZv| ¸ �øû sutZv¹ with �øû sutZv¹ } � | � sutZv|� ��� | } � | �

TheformerrequiressamplingadiscreteprobabilitydistributionasexplainedinÑ 4.4. The latter is sampledby tracinga local uniformly distributed line with
origin on � . Globallinescanbeusedaswell, but enforce��|f} ·¼| ¸ · ¹ ;Ô thesamplecontribution is � Òû { Õo� ��� Ö×} �&{ �øû sut�v¹ � � { .

Samplinga pair of patchesÕo� ��� Ö is identical in all the estimators. The difference
is only in the samplecontributions � Òû { Õu� ��� Ö , so that all estimatorscanbe sampled
simultaneously. Theexpectationis:Ý �uÿ"!ü Û$#&%(' )�* + ÿ,!ü Û.-0/214365$78-0/91.3652%:' )�* + ë Û � + Ûmÿ0ü<;0=?>@ ÿ0ü ;0=?>)ÿ0ü<;0=?>@BA )�+ %(' ) ÿ0ü<;0=?>) A ) Û ë Û�% ÿ0ü<;C=?D è >Û E
Whenthediscretepdf ��| is sampledusingthestratifiedsamplingalgorithm6 [111],
algorithm12results.
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Algorithm 12: IncrementalstochasticJacobiiterative method.

1. Initialise total power ü Û Üéý Û , unshotpower ÿ0ü Û Ü ý Û , receivedpower �$ü Û ÜF	 for
all patchesß andcomputetotal unshotpower ÿfü @ %HG Û ÿfü­Û ;

2. Until �"ÿ0ü­ÛI�J��� or numberof stepsexceedsmaximum,do

(a) Choosenumberof samplesá ( â 6.4.5);

(b) GeneratearandomnumberK<L - 	 1?M�5 ;
(c) Initialise á�N?OIPRQ¼Ü
	 ; S¼ÜT	 ;
(d) Iterateover all patchesß , for eachß , do

i. S Û ÜÞÿ0ü Û�U ÿ0ü @ ;
ii. S¼ÜVS×ç�SZÛ ;

iii. á6Û­ÜXWØá:S×çYK9Z\[ á�N�O.P]Q ;
iv. Do á Û times,

A. Samplerandompoint å on ^�Û ;
B. Samplecosine-distributeddirection æ at å ;

C. Determinepatch / containingthe nearestintersectionpoint of the ray
originatingat å andwith direction æ , with thesurfacesof thescene;

D. Increment�$ü ) Ü_�\ü ) çéèê2ë ) ÿfü @ .
v. á N�O.P]Q Üäá N?OIPRQ çÊá Û .

(e) Iterateover all patchesß , incrementtotal power ü Û Ü ü Û ç`�$ü Û , replaceunshot
power ÿ0ü Û ÜV�$ü Û andclearreceivedpower �\ü Û Ü_	 . Computenew totalunshot
power ÿfü @ on thefly.

(f) Displayimageusing ü­Û .
Schematically, algorithm12 proceedsasfollows:

initialisation: ÿfü ;Ca.> % ý ü ;Ca.> % ý
iteration1: ÿ0ü ;ba.> [dcäÿ0ü ; è > %fe ÿ0ü ;Ca.> ü ; è > % ÿ0ü ;Ca.> ç~ÿ0ü ; è >
iteration2: ÿ0ü ; è > [dcäÿ0ü ;0g4> %fe ÿ0ü ; è > ü ;0g4> % ÿ0ü ;Ca.> ç~ÿ0ü ; è > ç~ÿ0ü ;0g4>
iteration3: ÿ0ü ;Cg4> [dcäÿ0ü ;Ch.> %fe ÿ0ü ;0g4> ü ;Ch.> % ÿ0ü ;Ca.> ç~ÿ0ü ; è > ç~ÿ0ü ;0g4> ç~ÿ0ü ;Ch.>E?E�E

In eachiterationstep,anincrement�øûøsut��   v is computedfor given �øûøsutZv , theresult
of the previous iterationstep. Eventually, the solutionis obtainedasthe sumof the
increments: ûö} © t �øûøsutZv with �øûøs0i+v�}Fj , the self-emittedpower. Hencethe
name“incremental”Jacobiiterativemethod.

6.4.3 Regular stochasticJacobi iterati vemethod

Alternatively, expression(6.8) can be used. It is suitedin order to solve both the
gathering-or shooting-typeequations. For the classicalradiosity system(4.25), it
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Algorithm 13: RegularstochasticJacobiiterativemethod[111, 113, 112].

1. Initialise power ü­ÛxÜ ý�Û andreceived power �$ü­ÛÙÜX	 for all patchesß andcompute
total power ü @ %HG Û ü­Û ;

2. ü ;bk + l >@ Ü
	 ;
3. Until ü @ [ ü ; k + l >@ m � or numberof stepsexceedsmaximum,do

(a) Choosenumberof samplesá ( â 6.4.5);

(b) Generatea randomnumberK<L - 	 1?M�5 ;
(c) Initialise á N?O.P]Q Ü_	 ; S¼Ü_	 ;
(d) Iterateover all patchesß , for eachß , do

i. S Û Ü�n - ü Û�54U n - ü @ 5 ;
ii. S6Ü_S×ç�SZÛ ;

iii. á Û ÜoWØá:Sùç�KpZ\[Dá N?OIPRQ ;
iv. Do á2Û times,

A. Samplerandompoint å on ^;Û ;
B. Samplecosine-distributeddirection æ at å ;

C. Determinepatch / containingthe nearestintersectionpoint of the ray
originatingat å andwith direction æ , with thesurfacesof thescene;

D. Increment�\ü ) Ü_�\ü ) ç èê2ë ) ü­Û U SZÛ .
v. á N?O.P]Q Ücá N?O.P]Q çCá Û .

(e) ü ;bk + l >@ Ücü @ ;
(f) Iterateoverall patchesß , replacepower ü Û Üäý Û ç��$ü Û , andclearreceivedpower�$ü Û Ü
	 . Computenew total power ü @ on thefly.

(g) Displayimageusing ü Û .
yields Î sut��   v{ » Ï { w �&{ � | ��{_| Î s´tZv| �
Simultaneousestimationof this expressionsfor all ¨ by MonteCarlo is possible,but
thevarianceof the resultingestimatorsturnsout to besimilar to thevariancefor the
regularstochasticGauss-Seideliterativemethod( Ñ 6.2.2).

Applied to thepowersystem(4.28),oneobtains:û sut��   v{ »Xjx{�w � | û sutZv| � |�{ � {��
Theresultingestimatorsandthealgorithm13[111, 113, 112] areverysimilarasin the
incrementalstochasticJacobiiterative method,exceptthat total power is propagated
and that the result of eachiteration stepreplacesthe previous intermediatepower
solutionratherthanbeingaddedto it. No unshotpowerneedsto bestored.
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Schematically, algorithm13proceedsasfollows:

initialisation: û s0i+v } j
iteration1: û s0i+v �&q û s   v }rj�wHs�û s0i"v
iteration2: û s   v �&q û s ³ v }rj�wHs�û s   v
iteration3: û s ³ v �&q û sut"v }rj�wHs�û s ³ v�����

Thefinal solutionis theresultof thelastiteration.

6.4.4 Time-complexityand discussion

Theanalysisof the time complexity is very similar for bothregularaswell asincre-
mentalJacobiiterations.

Variance of the Jacobiestimators

Considerthe incrementalJacobiestimators� Òûøsut��   v for �øûøsut��   v in �øûøsut��   vÊ}© |�v � ��û s´tZv| � | � � � � � { ( Ñ 6.4.2).Thevarianceï ° � Òûøsut��   v ² of theseestimatorsis:ïxwØ� Òû s´t��   v{ y } ÏTz�{�� Òû sut��   v{ | ³~} � {\Ïxw�� Òû sut��   v{ y�| ³} � |�v � { � { � � {O��û s´tZv¹ | ³ �øû sutZv|�øû sutZv¹ � | � � {$��û s´t��   v{ | ³} � {O�øû sutZv¹ � |�v � �øû sutZv| � | � � { � � { � {\�øû sut��   v{ | ³} � {O�øû sutZv¹ �øû sut��   v{ � {���û s´t��   v{ | ³ (6.11)} �øû sut��   v{ � � { � | ��û s´tZv| Õ�� � � |�{OÖ¡ �*{ �øû sutZv¹ �øû sut��   v{ � (6.12)

A similar reasoningfor theregularJacobiiterativemethod,appliedto thepowerequa-
tions û£{ � jx{,}�© |�v � û	| � | � � � � � { , yieldsïxw Òû�{ y } � {mû ¹ Õ�û�{ � jx{OÖ � Õ�û�{ � jx{OÖ ³ (6.13)¡ � {mû ¹ Õ�û�{ � jx{OÖZ� (6.14)

Number of samplesneededin a singleiteration

In a singleJacobiiteration, ò componentsarerelaxedsimultaneously. It wasshown
before( Ñ 6.3.2)thatthecomputationcostfor relaxingasinglecomponentis ó�Õ�ò µuô�õ ò,Ö
with a stochasticand ó�Õ�ò,Ö with a deterministicapproach.At first sight, onewould
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expectthat the costof a full Jacobiiterationis ò timesthe costof a relaxationstep
in which a singlecomponentis relaxed. With a deterministicapproach,(6.9) takesó�Õ�ò ³ Ö work indeed.Usingthestochasticapproach that wasoutlinedabovehowever,
thecomputationalworkstill is only ó�Õ�ò µuô�õ ò,Ö .

Proof: Considerthe Õ � w �$Ö -th stepof theincrementalJacobimethod( Ñ 6.4.2).In

orderto computeall radiosityincrements� Î sut��   v{ } © | �øû sutZv| �	|�{O�*{A¸ · { with error
lessthan ì andwith 99.7%confidence,thenumberof samples� shallbechosenso
that �·2{ � í î ï ° � Òû s´t��   v{ ²� ¡ ì&�
Filling in (6.12),weobtain:� ¡ ð· ³{ ì ³ � {��øû sutZv¹ �øû sut��   v{ �
Using �øû sut��   v{ }�·2{�� Î sut��   v{ , we find� ¡ ð ��û s´tZv¹ì ³ �������{ � {A� Î sut��   v{· { � (6.15)

For a regularJacobiiteration(6.4.3),we find, basedon (6.14):� ¡ ð û ¹ì ³ �������{ � {XÕ Î { � Ï6{AÖ· { � (6.16)

Theserelationsarevery similar to (6.7). Thesamediscussion( Ñ 6.3.2)aboutthe re-
lation between� and ò canbe repeatedhere,suggestingó�Õ�ò,Ö numberof samples
for the ò simultaneousrelaxationsteps.Generatingeachsampletakes óMÕ µoô�õ ò,Ö work.
Theresultingtimecomplexity is ó�Õ�ò µuô�õ ò,Ö . -

This result is not so surprisingasmight seemat first sight however: the number
of samples� requiredto computetheradiosityincrements� Î sut��   v{ , resultingfrom
all ò subsequentrelaxationsteps,to specifiedaccuracy ì , is simply the sumof the
samplesneededfor eachseparaterelaxationstepaccordingto (6.7) if the relaxation
stepsareestimatedindependently. This is thecasehere.A similar reasoningholdsin
thecaseof regularJacobiiteration.

It is truethatin thedeterministiccase,thecostof a full Jacobiiterationalsois the
sumof thecostsof relaxatingò components.Thecostfor relaxingasinglecomponent
in thestochasticmethodsis howeverproportionalto thepowerthatis to bedistributed.
In thedeterministicmethods,thecostis alwaysthesamefor eachstep,regardlesshow
largeor smallthepower to bedistributedis.

Number of samplesneededin total

In theincrementalJacobimethod( Ñ 6.4.2),thesolution û is obtainedeventuallyasthe
sumof the incrementscomputedin eachiteration: û£{ } © t ��û s´tZv{ , with �øû s0i"v{ }



96 CHAPTER6. STOCHASTICRELAXATION RADIOSITYj { , the self-emittedpower. If � t samplesare usedin the � -th iteration, then the
variancein the � -th iterationis ï ° � Òû sutZv{ ² ¸ � t . Thetotal varianceisï °�Òû�{ ² }���t ��  �� t ï ° � Òû sutZv{ ²
where � is the total numberof iterationsand ï ° � Òû sutZv{ ² is givenby (6.11). A near-
optimal allocationof samplesover the individual iterationsis obtainedif � ¸ � t is

inverseproportionalto ï ° � Òû s´tZv{ ² ( Ñ 4.3.4). Expression(6.12) indicatesthat thevari-

ancein the � -th stepis approximatelyproportionalto thetotal power ��û s´t9�   v¹ to be
propagatedin the � -th iteration.Theoptimalallocationof samplesover theiterations
is thusobtainedby choosing� t proportionalto �øû sut9�   v¹ :� t ¡ �Þ� �øû sut2�   v¹û ¹
where � is the total numberof samples.The total varianceof the iterative Jacobi
methodthenbecomesï °*Òû { ² } û ¹� ��t ��  ��øû sut2�   v¹ {��&{ ��û s´t9�   v¹ �øû t{ �r� �øû t{�� ³ | (6.17)} ���� � {�û ¹ Õmû£{ � jx{AÖ � ��t ��  û ¹��û s´t9�   v¹ Õ��øû sut�v{ Ö ³�� ¡ �� � {Oû ¹ Õ�û�{ � jx{AÖZ�
Thetotal varianceis identicalto thevariance(6.13)of a regularJacobiiterationwith� samples,exceptfor the (negligible) terms © � t ��  ���� ��� �?������ ÕO��û s´tZv{ Ö ³ versus Õmû {ù�jx{OÖ ³ . We concludethat the total numberof samplesrequired in order to compute
theradiosityto givenaccuracyin theincrementalJacobiiterativemethodis thesame
as in a singleregular Jacobi iteration with input radiositiessufficiently closeto the
solution.In bothcases,formula(6.16)applies.

Variance propagation

We have ignoredthattheinput radiosities� Î sut9�   v in the � -th iterationaretheresult
of a stochasticcomputationandthusexhibit someerror themselvestoo. (This is of
coursenot thecasefor � } ¥ , with � Î s0i"v2} Ï .) Theeffect of a perturbationì
{ on
theinput radiosities� Î sut2�   v{ is asfollows:Ï ° � Òû sutZv{ ² } � | Õ��øû sut2�   v| wÇ· |�ì$|$Ö � |�{ � {�}��øû sut�v| wÇ·2{ � { � | � {_|�ì$|
�
At first sight, the methodthus appearsto be biased. The apparentbias would be
boundedby � { ì whereì is anupperboundfor ® ì$| ® for eachpatch� . ì$| however is a
randomvariableitself, with mean0, sothattheexpectedbiasis 0 aswell.
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Perturbationsì | ontheinputradiositieshoweverdohaveaneffectonthevariancesï ° � Òû sut�v{ ² . It is easyto derive boundsfor the additionalvarianceusing a similar
reasoningasabove,andby usinganupperboundfor ® ì | ® . In practice,thesebounds
areoverly pessimistic,becausetheperturbationsareindependentfrom patchto patch
andfluctuatearoundzero,ratherthanbeingcoherent.If asufficientnumberof samples
is used,it is muchmorerealisticto ignorevariancepropagation.In Ñ 6.4.5,a heuristic
will be derived for determiningthe numberof samples. This heuristicappearsto
suffice in practicalapplication.

The “warming-up” problemof regular Jacobi iterations

Thetotal requirednumberof samples(6.16)in orderto computetheradiosityto pre-
scribedaccuracy with incrementalJacobiiterationsis the sameas the numberof
samplesrequiredin the last of a completesequenceof regular Jacobiiterations. In
regularJacobiiterations,the resultof eachiterationreplacesthe previous resultsin-
steadof beingaddedto it. This implies that the requiredtotal numberof samplesin
regularJacobiiterationwill behigherthanin incrementalJacobiiterations.

In bothcases,thenumberof samplesrequiredin thefirst iterationisproportionaltojx¹ , thetotalself-emittedpowerin thescene.In thefirst iteration,about�d��� jx¹ power
is createdin thescene.� ��� denotesthearea-averagereflectivity. � ����� ¹ is approxim-
ately the amountof power in direct illumination. In the secondincrementalJacobi
iteration,theamountof power to bepropagatedis �d��� jx¹ , while in thesecondregular
Jacobiiteration,thetotal power Õ�� w �d��� Ö�jx¹ is to bepropagated.If �   samplesare
usedin thefirst iteration, � ³ } � �����   samplesarerequiredin thesecondincremental
iteration,while in the secondregular iteration, � ³ }öÕX�fw � ����Ö��   sampleswill be
required. The problemis that the first �   of the � ³ samplesin the secondregular
iterationareusedin orderto re-computethedirect illumination which wascomputed
alreadyin thefirst iteration.Thesameproblemalsooccursin lateriterations( ����� ).
It hasbeencalledthe“warming-up”problemof regularJacobiiterations.Intuitively,
theproblemis that theeffect of higherorderinter-reflectionsis incorporatedinitially
too slowly in regularJacobi.

In orderto avoid re-estimationof theresultof previoussteps,Neumannetal. [112]
proposedto storethecountof shotrays �¬{ with all patches̈ . During eachiteration,
only the additionally needednumberof rays �¬{ � � s$� �u� v{ is shot in step3(d)iv of
algorithm13. Occasionally, dueto statisticalfluctuations,thenew requirednumberof
rayscanbelower thanthenumberof raysthatwasshotbefore.In thatcase,theeffect
of the last raysis undoneby shootingnegative amountsof energy to thepatchesthat
werehit by theselastrays.A deterministicsamplingstrategy makesit possibleto find
out efficiently whereto unshootpower.

With this improvement,both variantsof the stochasticJacobiiterative method
performidentically. Algorithm 12hasslightly higherstorageneedssincethreeinstead
of two power vectorsneedto bekept in storage.On theotherhand,it doesnot need
“tricks” suchasdeterministicsamplingandunshootingpreviouslyshotpower.

Alternatively, regularJacobiiterationsareveryusefulin orderto improveanavail-
ablecompleteradiositysolutioncomputedwith incrementalJacobior even another
method.This will beexplainedin Ñ 6.6.3.
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StochasticJacobiversusincrementalstochasticGauss-Seidel

At first sight,onemight expectthat the incrementalstochasticGauss-Seideliterative
method( Ñ 6.3.3)is moreefficient that thestochasticJacobiiterative methods.This is
however not soandcouldbeprovedby analysingtherequirednumberof samplesin
orderto achieveaprescribedaccuracy asdoneabovefor thestochasticJacobiiterative
method.

Intuitively, thedifferenceis thatin incrementalGauss-Seidel,thepowercontribu-
tions received from previous patchesin a sweepis immediatelypropagated.In the
Jacobiiterative method,thesecontributionsarepropagatedduringthenext sweep.In
adeterministicapproach,theamountof work to bedonedoesnotdependonthemag-
nitudeof thepower thatis propagatedandincrementalGauss-Seidelwill convergein
fewer sweeps.In thestochasticapproachhowever, thenumberof samplesis chosen
proportionalto thepowerto bepropagatedsothateventuallyexactly thesameamount
of samples(rays)will beneededin bothcases.

It is evensothatstochasticJacobiiterationswill beslightly moreefficient in prac-
tice dueto thestratifiedsampling[113]. This stratifiedsamplingis not possiblewith
stochasticincrementalGauss-Seidelbecausethe unshotpower of the patchesis up-
datedimmediatelyduringeachstepsothattheunshotpowerof subsequentpatchesis
not known in advance.

StochasticGauss-Seidelon theotherhand,storesonly two powervectorswithout
tricks.

6.4.5 Implementation

Dealingwith multiple colour channels

In practice,a multi-valuedspectralrepresentationof power needsto be computed.
Often for instance,the power or radiosity needsto be computedat threedifferent
wavelengths,correspondingto thered,greenandblueprimarycoloursof a computer
display. Therewill beadifferentestimator� Òû��{ for eachcolourband � . Theprobab-
ility �8�| of samplingarayoriginatingatpatch� will differ for eachcolourband.There
arebasicallytwo waysto dealwith multiplecolourvalues:

1. Do thecomputationsfor eachcolourbandseparately. For eachcolourband,its
properestimatoris used.If   valuesareusedin thecolourrepresentation,this
leadsto an increaseof work by a factorof   .  ¦} í

for the aforementioned
RGBcolourmodel;

2. Usea combinedestimatorin orderto propagatepower in all colourbandssim-
ultaneously:each�8�| is replacedby a singlecombinedprobability ¡��| .
In orderto do so,a mapping¢�Õmû Ö from a full spectralrepresentationof powerû to asinglefloatingpointvalueis required.In ourexperiments,wehavefound
it mostconvenientto usetheaveragepower in eachwavelengthband: ¢�Õmû Ö }©¤£� ��  û�� ¸   . The combined probability is ¡��| }¢�ÕO�øû sutZv| Ö ¸ ¢�Õ��øû sutZv¹ Ö .
Sincea “wrong” pdf ¡� | is usedfor samplingin eachcolourband,theprimary
estimatesneedto becompensatedaccordinglyby weightingwith �&�| ¸ ¡��| .
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Thelatterstrategy yieldsthefollowing combinedestimator:Ô sampleprobability ¡�,Õu� ��� Ö?}"¢�Õ��øû sut�v| Ö ¸ ¢�Õ��øû sutZv¹ Ö�� � | � ;Ô samplecontributions:� Òû£{"Õo� ��� Ö×} � { � � {O�øû sut�v¹ � �øû sutZv| ¸ ��û s´tZv¹¡��Õu� ��� Ö } � { � � {O�øû sutZv| ¸ ¡�,Õu� ��� Ö
Theonly requiredchangesto thealgorithm12 are:Ô step2(d)i: ¥�{�»X¢�Õ��øû�{AÖ ¸ ¢�Õ��øû ¹ Ö ;Ô step2(d)ivD:

� û |f» � û	|xw  � � |��øû£{ ¸ ¥�{ .Therequiredchangesto algorithm13 areidentical.

A heuristic for choosingthe number of samples

In order to computethe radiosity to prescribedaccuracy ì with 99.7%confidence,
the total numberof samples� in incrementalJacobi,or the last iterationof regular
Jacobi,shallbechosensothat(6.16)� ¡ ð û ¹ì ³ �������{ � {XÕ Î { � Ï6{AÖ· { �
A practicalheuristicfor choosingthenumberof samplesis obtainedby setting

Î { �Ï2{�} Î ��� andì¶} Î ��� , where

Î ��� is thearea-averageradiosity

Î ����} © { ·2{ Î { ¸ · ¹}�û£¹ ¸ ·f¹ . Filling in thesevaluesin theexpressionaboveyields� ¡ ð ·2¹������{ �&{·f{ � ð �����{ ·2¹·f{ � (6.18)

It is reasonableto skip thesmallestpatchesin thescene.In our implementation,we
have usedthis amountof samplesalreadyfor the first iteration, in which only self-
emittedpower j ¹ is propagated.Theamountof samplesin subsequentiterationswas
chosensothatthepowerperray, û ray }rj ¹ ¸ � is keptconstant.

(Overly) conservativechoicesfor � canbemadeby setting û�¹Ç}¦jx¹ andusing
ana-priori upperboundfor

Î {�� Ï { . Suchboundshave beenderivedfor instancein
[132].

6.5 Other relaxationmethods

Thecomputationalcostfor relaxingasinglecomponentin all deterministicrelaxation
algorithmsis invariably ó�Õ�ò,Ö . Thecostfor relaxing § componentssimply is § times
the cost for relaxing a single component. The only way how convergencecan be
reachedfaster, is by reducingthenumbersteps.Thiscanbedoneby

1. choosingbettercorrectionvectors�¬�,sutZv : over-relaxation[57, 48, 184, 59] and
theconjugategradientmethod[57, 72, 7] areexamplesof this approach;
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2. appropriatelyweighingrecentintermediatesolutionsasin theChebyshev method
[57, 7, 6].

Still, all the resultingalgorithmsrequirethe computationof matrix-vectorproducts� �
�¬r�s´tZv . Estimatingthesewith theMonteCarlomethodyieldsstochasticvariants
of thealgorithms.

In stochasticrelaxationmethods,the numberof sweepsor stepsis however not
so important. It is ratherthe numberof samples(raysin radiosity)that counts.The
requirednumberof samplesis proportionalto themagnitudeof thecorrectionsin each
step. It is thusnot cleara-priori whetherthe stochasticversionsof moreadvanced
relaxationmethodswill be beneficial,even whenthe deterministicversionsare. In
thefollowing paragraphs,stochasticover-relaxation,thestochasticconjugategradient
methodandthestochasticChebyshev methodareproposedandstudied.

6.5.1 Stochasticover-relaxation

In over-relaxation,the correction ��r�sutZv madein eachstepof an original relaxation
method(e.g. Gauss-Seidel,Jacobi,Southwell)is exaggeratedby multiplying it with
a vectorof carefully chosenover-relaxationfactors ¨¼sutZv . The basicover-relaxation
algorithmis shown in algorithm14. Thefundamentalideais to predictfuturecorrec-
tions andapply themin advance. In the context of progressive refinementradiosity,
this meansthat in eachstep,a shootingpatchshootsalreadypartof thepower that it
will receive only lateron. If predictedwell, thenumberof stepsto convergencewill
bereduced.Thechoicë sutZv{ } � ��§�¨ yieldsno modificationw.r.t. theoriginal relaxa-
tion method.Over-relaxationin radiosityhasbeenproposedby FedaandPurgathofer
[48].

Algorithm 14: Basicover-relaxationalgorithm.

1. Chooseinitial guess© ;Ca.> ;
2. ª ;ba.> Ü_«¬[Y­¯®?© ;Ca.> ;
3. For ° % 	 1?M91 E�E?E until convergence,do

(a) Computecorrectionÿ¬© ;0=?> ;
(b) Computeover-relaxationfactors

( ;0=?> ;
(c) © ;0=?D è > Ü_© ;0=?> ç ( ;0=?> ÿ¬© ;C=?> ;
(d) ª ;0=?D è > Ü_ª ;0=�> [�±²® - ( ;0=?> ÿ¬© ;0=?> 5 .

Unfortunately,wecannotexpectany benefitfromstochasticover-relaxation.When���*Õ6¨¼sut�vX��r�sutZvXÖ is estimatedusingMonteCarlo,therequirednumberof samplesfor
givenaccuracy will be higher, proportionalto ¨ . In radiosity, the only effect is that
raysthatwouldbeshotlateranyways,areshotmoreearlyon. If ¨ is chosentoolarge,
thepowerthatwasshottoomuchwill needto beunshotafterwards.sothatstochastic
over-relaxationwill evenrequireextrawork.

In short: while thenumberof sweepsmaybereduced,thenumberof samplesis
not reducedandmayevenbehigherif theover-relaxationfactorsarechosentoohigh.
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6.5.2 StochasticChebyshev method

In the Chebyshev iterative method[57, 7], a reductionof the numberof sweepsis
obtainedby combiningrecentapproximationsfor thesolutionin aappropriateway. It
however requiresestimatesof thesmallestandlargesteigenvalues�´³ { ª and �´³ ��µ of
thematrix

È
. Baranoski[6] hasshown that for theclassicalradiositysystem(4.25),¶ }��ùw � ���?· and ¸Ê}�� �C� ���?· areusableestimatesfor � ³ ��µ and � ³ { ª respectively.

TheChebyshev algorithm(seee.g.[6]) containsradiosity-matrix-vectorproductsthat
canbeestimatedby MonteCarlo usingthe sameestimatorsasin the stochasticJac-
obi method. The only differenceis the magnitudeof the correctionvectorsin each
iteration.

It turnsout that the analysisof the stochasticChebyshev methodis very similar
to thatpresentedabove for the incrementalstochasticJacobimethod.Also here,the
final resultis computedasthesumof the(positive) incrementsin eachiteration.The
magnitudeof theindividual incrementsis different,resultingin a differentnumberof
sweepsbeforeconvergenceis achieved, but their sumis equalto the final solution,
just like in the incrementalJacobimethod.Sincethesamebasicestimatorsareused
in eachstep,thesameformulaefor thevarianceapplyandthesametotal numberof
samples�é} û ¹ ¸ û ray will berequiredfor computingtheresultto agivenaccuracy.

We concludethatalsothecomputationcostof theChebyshev methodwill be(al-
most)equalto that of the incrementalJacobimethod. Therecanbe at mostminor
difference,sincethe fixed costper sweepis small, althoughnot entirely negligible,
andbecausestratifiedsamplingmayperformslightly differently.

6.5.3 Stochasticconjugategradient method

The basicideaof the conjugategradientsmethod[57] is to considerthe problemof
solvingthesystemof linearequations�¬r�} Å

asa problemof finding theminimum
of thefunctional �£Õ��­Ö : �£Õm��Ö?} �� rº¹Ù�¬r � rº¹ Å �
Thematrix � is assumedto besymmetricandpositive definite.Theminimumvalue
of � is reachedwhen r } �»�   Å . In eachiterationstepof the conjugategradient
method,adirectionvector ¼?sutZv andcorrespondingstep-size½×sut�v arecarefullychosen
sothat if ��r�sutZvx}¾½×sut�v.¼?sutZv , theresidu y*sut��   v is minimisedwithin someconstraints.
Eachsteprequiresthatamatrix-vectorproduct �¿¼Ùs´tZv is computed.

The conjugategradientmethodhowever only works for symmetricandpositive
definitematrices� . It doesnotwork for theclassicalradiosityequations(4.25)or the
power equations(4.28),unlike the othermethods.The classicalradiosityequations
(4.25)canbetransformedintoasymmetricandpositivedefinitesystembymultiplying
eachequationby · {�¸��&{ [109], yielding� | 
 · {�&{ � {_| � ·f{ � {a| � Î |f} · { Ï {�&{ �
Algorithm 15 shows the stochasticadaptation2 of the conjugategradientsalgorithm
shown in [57, Ñ 10.2.7]appliedto thetransformedradiositysystemshown above.

2Suggestedin personalcommunicationby Lászĺo Neumann.
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Algorithm 15: Stochasticconjugategradients

1. Initialise Ú Û ÜF	 , ÿ0Ú Û ÜÁÀ Û Ý ÛÂU ë Û and Ã Û Ü ÿ0Ú Û for all patchesß , computeÄ è ÜG Û4Å ÿ0Ú?ÛÂÆ g on thefly;

2. Until Ç Ä è m � or numberof stepshasreachedmaximum,do

(a) Compute È�Û % À?Û�ÃfÛ U ë Û¬[ G ) À?Û A Û ) Ã ) by estimating G ) À?Û A Û ) Ã ) %G ) À ) Ã ) A ) Û usingMonteCarlo:

i. initialise È ÛKÜ
À?Û�ÃfÛ U ë Û 1RÉ ß ;
ii. choosenumberof samplesá ;

iii. take á samplesasfollows:

A. Selectpatch/ with probability S ) %ËÊ À ) n - Ã ) 5�ÊpU G ) Ê À ) n - Ã ) 5�Ê ;
B. Selectpatchß by tracinga uniformly distributedlocal line from / ;
C. È ÛKÜTÈ�ÛÌ[ èê À ) Ã ) U S ) .

(b) Í Ü
Ä è UÎG Û È ÛÂÃ0Û ;
(c) Ä g Ü_Ä è ;
(d) Update Ú?Û Ü Ú?Û­ç¯ÍÏÃ0Û and ÿ0ÚxÛxÜ ÿ0Ú?ÛÎ[�ÍÎÈ�Û for all patchesß , computeÄ è Ü G ÛIÅ ÿ0Ú?ÛÂÆ g on thefly;

(e) Ð�Ü_Ä è U Ä g , updateÃ0Û�ÜÞÿ0Ú?Û�çÑÐ8ÃfÛ for all ß .
Thedeterminationof therequirednumberof samples� in step2(a)ii will require

a differenterrormeasure,similar to theoneproposedby Neumannet al. in [109].

6.6 Progressivevariance reduction

Unlikein theirdeterministiccounterparts,thequalityof intermediateresultsaftereach
iterationstepis not an issuein stochasticrelaxationmethods.Indeed:the computa-
tions canalwaysbe arrangedin sucha way that a completerun is donefirst with a
smallnumberof samplessothatafirst solutionis obtainedquickly. Thisfirst solution
will be completein the sensethat the effect of all higherorder inter-reflectionswill
bepresentin it, but it will exhibit noisyartifacts.Thequality of this first solutioncan
begracefullyimprovedby increasingthenumberof samples.Two strategiesto do so
have beenproposedin thecontext of MonteCarloradiosity:merging thesolutionsof
differentruns[136] anda techniquecalledprogressiveray refinement[49].

6.6.1 Merging the resultsof different runs

The resultingpower estimates Òû�{ , obtainedwith any stochasticrelaxationmethod,
arerandomvariableswith expectationû£{ anda certainvarianceï °�Òû�{ ² ¸ � , which is
inverseproportionalto the numberof samples� . Supposetwo different runs are
performedwith the samestochasticrelaxationalgorithm,onewith �   samplesand
the secondwith � ³ samples.The resultingestimatesare ¡û  { and ¡û ³{ , with varianceï °*Òû�{ ² ¸ �   and ï °�Òû£{ ² ¸ � ³ respectively. Accordingto (4.16),theoptimalcombinationÒ   ¡û  { w Ò ³ ¡û ³{ of independentestimatesis obtainedif theweightsarechoseninverse
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proportionalto thevariances: Ò  Ò ³ } ï °�Òû { ² ¸ � ³ï °�Òû { ² ¸ �   } �  � ³
SinceÒ   w Ò ³ }�� , weobtainÒ   } �  �   wÇ� ³ ; Ò ³ } � ³�   wÇ� ³ �
Thevarianceon thecombinedresultis then ï °�Òû { ² ¸ Õm�   w�� ³ Ö . Also if morethantwo
independentresultsareto becombined,thecombinationweightfor eachrun shallbe
chosenproportionalto thenumberof samplesin thatrun.

6.6.2 Parallel Monte Carlo radiosity

The runscanbe donein parallelon differentprocessors.If the numberof samples
in eachrun is chosenproportionalto thespeedof theprocessorexecutingtherun,all
computationswill befinishedsimultaneously. It is extremelyeasyto performparallel
MonteCarlo radiositycomputationson a heterogeneousnetwork of processorswith
distributedmemoryif the scenedatabaseis duplicatedfor eachprocessor. Without
sceneduplication,the parallelisationof Monte Carlo radiosityposesidenticalprob-
lemsasin ray-tracing. On processorswith sharedmemory, the scenegeometryand
materialdatacanbesharedby all processors.Of course,eachprocessorstill needsits
own copy of theradiosityor powervectorsaswell asothervariablesin thestochastic
relaxationalgorithm.

6.6.3 Merging with the result of subsequentJacobi iterations

Considera completesolution û s   v . A regular stochasticJacobiiteration(algorithm
13) will transformû s   v into a new completesolution û s ³ v in a singlesweepthrough
the patchesof the scene.Sucha sweepcanbe executedmorerapidly thana truely
independentnew run becauseof thestratifiedsamplingandbetterdatalocality. If the
sameelementaryray power û ray }�û�¹ ¸ � ( Ñ 6.4.5)is usedin this sweepaswasused
for computingû s   v , merging û s   v and û s ³ v with combinationweightsproportionalto
thenumberof sampleswill resultin a betterestimate[110, 113].

Also here,therewill bevariancepropagation( Ñ 6.4.4). Whena sufficient number
of samplesis used,for instancedeterminedwith theheuristicin Ñ 6.4.5,it is realistic
to ignorevariancepropagationalsoin this case.

6.6.4 Progressive ray refinement

Alternatively, theresultobtainedusinganincrementalstochasticrelaxationalgorithm
with givenelementaryraypower û ray canbeimprovedby restartingthecomputations
with smaller û�r̄ay } � �&û ray with � � � . If in the old run � sampleswere taken,
the new run will take approximately� ¸ �"� � samples.The basicobservation of
progressive ray refinement[49] is that the first � samplesof the new run can be
assumedto be identicalas in the old run. Re-samplingthesewould only lead to a
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wasteof computationresources.Only the new � ¸ � � � }þ�ÆÕX� � � Ö ¸ � samples
causenew computationwork. The effect of the old samplesin the new run canbe
incorporatedby adaptingtheresidualpower �øû » � �\�øû w�Õ�� � � Ö���j . After this
adaptation,theold run is simply continuedratherthanrestarted.

A generaloutlineof progressive ray refinementis shown in algorithm16. It was
first proposed[49] in the context of Shirley’s residu-basedstochasticGauss-Seidel
iterations[143, 144], but canbe appliedto all otherstochasticrelaxationalgorithms
thatexplicitly usetheresiduaswell.

Algorithm 16: Progressive ray refinement[49] (outline)

1. Choosenumberof samplesá for first “run” accordingto formula(6.18), ü ray Ücü @ U á
2. Ó Ü M ;
3. until noisyartifactsaresufficiently reduced,

(a) °�ÜBÔ�ÕKèÔ ;

(b) if Ó»Ö M , then ü ray Ü_°¬®Zü ray;

(c) for all ß , do ÿ0ü­Û�Ü
°<®Zÿ0ü­Û&ç -]M [�° 5 ®�ý�Û , ü­Û�Ü
°¬®+ü­Û�ç -]M [Y° 5 ®�ý�Û ;
(d) repeatstochasticrelaxationstepswith elementaryray power ü ray until �"ÿ0ü�� has

sufficiently decreased;

(e) Ó Ü_Ó�ç M ;
Mergingwith stochasticJacobi-iterationsmaybeslightly moreefficientin practice

dueto betterdatalocality andtheneedfor only a singlesweepthroughthe scenein
orderto obtainanew, (nearly)independent,solution.

6.7 Conclusion

The most importanttheoreticalinsight resultingfrom the study in this chaptercon-
cernsthecomputingcostof stochasticversusdeterministicrelaxationalgorithms.The
computingcostwith astochasticrelaxationmethodis relatedto thenumberof samples
(raysin radiosity) that needsto be shot,ratherthanto the numberof patchesin the
scene. It appearsthat thereis only a very looserelationshipbetweenthe required
numberof samplesand the numberof patches.Unlike their deterministiccounter-
parts,advancedrelaxationmethods,thatresultin fewersweepsthroughthepatchesof
thescene,do not yield a significantsaving over simpleJacobiiterationswith Monte
Carlobecausethenumberof requiredsamplesis not lower.

Becauseof this,thesimplestochasticJacobimethodsaregoodcandidatesto usein
practice.In particular, werecommendtheuseof asequenceof incrementalstochastic
Jacobiiterationsuntil afirst “complete”radiositysolutionis obtained.Thevariancein
this first solutionis thengracefullyreducedusingregularstochasticJacobiiterations
takingtheresultof thepreviousiterationastheir input. Thealgorithmsfor incremental
andregular stochasticJacobiiterationsarevery similar, which is convenientfor the
implementation.

Empiricalresultsconcerningstochasticrelaxationmethodshavebeenpresentedin
citedliteratureandwill notberepeatedhere.Theempiricalverificationof thevariance
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analysiswill bepresentedin Ñ 7.4.4,whencomparingwith randomwalk methods,and
in Ñ 12.3in thecontext of low-discrepancy sampling.Figure6.1howeverillustratesour
claimthatstochasticrelaxationcanyield usefulimagesmuchfasterthandeterministic
relaxationalgorithms.

Figure 6.1: Stochasticrelaxationmethodscanyield useful imagesmuchfasterthantheir de-
terministiccounterparts.Theshown environmentconsistsof slightly morethan30,000patches.
The top imagewas obtainedwith incrementalJacobiiterationsin lessthan 2 minutesusing
about ×�ØpÙ rays. Even if only 1 ray were usedfor eachform factor, Ú¿ÛÜ×?Ø9Ý rays would be
requiredwith a deterministicmethod.Noisy artifactsarestill visible, but areprogressively re-
duced.After about30 minutes,they arenotvisibleanymore.
ThebottomimagesillustrateprogressivevariancereductionusingregularJacobiiterationsafter
a first sequenceof incrementaliterations.Theimagesareshown without Gouraudshading,so
noisy artifactsare morevisible. The imagesshown areobtainedafter 1, 4, 16, 64 and252
(right-to-left, top-to-bottom)iterationsof lessthan2 minuteseach.
Themodelshown is aneditedpart of theSodaHall VRML modelmadeavailableat theUni-
versityof Californiaat Berkeley, U.S.A.



Themethodthereforeappearsbestsuitedto a
humancomputerwith a tableof randomdigits
andno calculatingmachine.

GEORGE E. FORSYTHE AND RICHARD A. LEIBLER,
“Matrix Inversionby a MonteCarloMethod”,Math. Tabl. Aids. Comput.,Vol. 4, 1950



7 RandomWalk Radiosity

Contraryto stochasticrelaxationmethods,the solutionof linear systemsby random
walks is a well-coveredtopic in MonteCarlo literature[82, 51, 181, 34, 66, 156, 64,
45, 127]. Its applicationto radiosityhasbeenproposedby M. Sbert[131, 132].

In thischapter, thelinearsystems�¬rC} Å will bewrittenin theform rÊ} Å wßÞMr .
Theradiositysystemsin Ñ 4.5areof this form. Thesolution r of suchasystemcan,at
leastformally, beexpressedasaninfinite series,calledtheNeumannseriesexpansion
of r : r~} Å wàÞ Å wàÞ ³ Å w ���\� � (7.1)

For the ¨ -th component,� { } À { w ª�|4á �� Üâ {a|4á À |]á w ª�|]á ��  ª�| � �£ dâ {a|4á â |]á�| � À | � w �����,� (7.2)

A sufficient conditionfor convergenceis theexistenceof a positive number½ sothatÉ~Þ�ã�É � � .
If converging, an infinite sumlike (7.2) canbe sampledby constructingrandom

walksover thesetof components̈ of thesystem.In caseof radiosity, theserandom
walkscanbe imaginedasthepathof a light particlewith specialproperties.If done
appropriately, random-walk methodshave the sameadvantagesasstochasticrelaxa-
tion methods.

Thesolutionof linearsystemsby randomwalksis verysimilar to theMonteCarlo
solutionof second-kindFredholmintegral equationsby randomwalks. In rendering
algorithmssuchasstochasticraytracingandparticletracing[30, 83, 120, 95, 41, 174],
therenderingequation[83] or its adjoint integral equation[122] aresolvedby means
of randomwalks.

This chapteris organisedas follows: first, we explain the conceptof an analog
continuousor discreterandomwalk andits relationwith Fredholmintegralequations
of thesecondkind andsystemsof linearequationsr } Å wäÞ�r ( Ñ 7.1). Section Ñ 7.2
presentsa very generalrecipein orderto constructunbiasedrandomwalk estimators
for linearsystems.Thevarianceof theseestimatorsis analysedin Ñ 7.3. Finally, the
applicationof randomwalk estimatorsfor linearsystemsin thecontext of radiosityis
discussedin Ñ 7.4anda comparisonwith stochasticJacobirelaxationis made.

7.1 Randomwalks and particle transport simulation

7.1.1 Continuous random walks and integral equations

Light transportis an instanceof a wider classof linear particle transportproblems,
thatcanbesolvedasfollows[85, 33]:

107
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1. Fix adescriptionof thestateå of aparticle.In many applications,includingil-
luminationcomputation,particlesaresufficientlycharacterisedby theirposition� , direction æ , energy Ï 1 andthetime ç ;

2. Fix a descriptionof the particlesourcesby meansof a normalisedsource (or
birth) densityfunction è¼Õ�å Ö anda constantè ¹ expressingthe total emission
intensity. With å }�Õ�� � æ � Ï � çXÖ , è¼ÕÂå Ö expressestherelativeintensityof emis-
sionof particleswith energy Ï at time ç from position � andinto direction æ ;

3. Fix a descriptionof how particlesinteractwith the mediumand surfacesin
which they travel. Particlescanbescatteredor absorbed.If thescatteringand
absorptionof theparticlesonly dependson their presentstate,andnot on their
pasthistory, particlescatteringandabsorptionis fully determinedbyatransition
densityfunction é¬ÕÂå q å ¯uÖ from eachstate å to eachotherstate å~¯ . The
transitiondensityfunctionneednot to benormalised:� Õ�å Ö×},êÜëËé¬ÕÂå q å ¯ Ö.ìíå ¯
describesthe averagenumberof particlesresultingwhena particlescattersatå . Here, î denotesthefull statespaceof theparticles.� ÕÂå Ö canbelargerthan
1, e.g.in nuclearreactions,in whichcasethemediumis calledamultiplying or
super-critical medium.If � Õ�å Ö « � , ½xÕÂå Ö?}�� ��� Õ�å Ö expressestheintensity
of absorptionat å . In case ½xÕÂå Ö � ¥ , the mediumis called absorbingor
sub-critical;

4. Particlepathsaresimulatedbysamplingemissioneventsaccordingto thesource
densityfunction è¼ÕÂå Ö andsubsequentlysamplingscatteringeventsaccording
to é�ÕÂå q å~¯´Ö until theparticleiseitherabsorbedor disappearsfromtheregion
of interest(assumingthat the particlewill not re-enterthe region of interest).
While simulatingparticlepaths,eventsof interestarecounted.

In general,thismethodis suitedin orderto computeweightedintegralsof theparticle
densityfunction ïxÕÂå Ö : ð } êdëËñ Õ�å Ö4ïxÕÂå ÖIì�å (7.3)

Theresponseor detectorfunction ñ Õ�å Ö expressesour interestin particleswith given
location,direction,energy andtime å . For instanceby taking ñ ÕÂå Öù}�� for particles
locatedonagivensurfaceand0 onothersurfaces,theparticleflux on thesurfacewill
becomputed.

Theparticledensity ï?Õ�å Ö is thedifferentialparticleflux at givenlocation,direc-
tion andenergy at a fixedtime. It is thesumof thesourcedensityandthedensityof
particlesfrom elsewherethatarescatteredinto å :ïxÕÂå Ö×} è¼Õ�å Ö	w²êdëËï?ÕÂå ¯ Ö.é¬ÕÂå ¯ q å Ö.ìíå ¯ � (7.4)

In short: simulationof particle pathswith givensourcedensity è¼ÕÂå Ö and transition
densityé¬Õ�å~¯ q å Ö is a techniqueto samplepoints å in statespaceî with (non-
normalised)densityïxÕÂå Ö that is thesolutionof theintegral equation(7.4).

1for photons: ò¯ó¯ôõ�öI÷?ø with ôõ Planck’s constant,
ö

thevelocity of light and
ø

thewavelengthof the
photon.
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7.1.2 Analog continuouslight transport simulation

Thecontinuousradiosityequation(2.3) is verysimilar to (7.4):Ô Only thelocationof theparticleis of interest:å } � ;Ô Thesourcedensity è¼ÕÂå�Ö correspondsto thenormalisedself-emittedradiosityÏMÕ��­Ö ¸ j ¹ , with j ¹ thetotal self-emittedpower in thescene;Ô The transition density é¬Õ�å~¯ q å�Ö correspondsto

ð ÕÂù � �­Ö � Õ���Ö }ð Õ�� � ù�Ö � Õ��­Ö ;Ô Theparticledensityï?Õ�å Ö correspondswith theradiosity

Î Õ���Ö ¸ j ¹ .

Simulatingparticlepathswith above specifiedsourceandtransitiondensity, results
in particlehits that aredistributedproportionalto the radiosity

Î Õm��Ö at eachpoint� on the surfacesof the scene. In a very similar way, particlescan be tracedfor
renderingnon-diffusescenesaswell asscenescontainingparticipatingmedia. Such
simulationaccordingto theemissionandscatteringdensitiesdictatedby thephysics
of theproblem,is calledanalog simulation.

Analoglight transportsimulationfor imagesynthesishasbeenproposedbyseveral
researchers:Ô Pattanaik[120] proposedanalogsimulationof radiosity, choosingñ Õ��­Ö in (7.3)

equalto functionsúù{"Õ���Ö , whichare1 if ��û�è	{ and0 if �ÆËû�è	{ for eachpatcḧ
in thescene(cfr. Ñ 2.2.1).Theflux û£{ on eachpatchis computedthis way. The
resultingalgorithmis shown in algorithm17;Ô Analogcontinuousrandomwalk algorithmsfor higherorderradiosityapprox-
imationshave beenproposedlater by Bouatouchet al. [14] and Feda[47].
Thesealgorithmsbasicallyusethedualbasisfunctions ¡úù{�v ã Õm��Ö ( Ñ 2.2.3)asde-
tectorfunctionsñ Õm��Ö . Indeed,thecoefficients

Î {Âv ã in ¡Î Õm��ÖÙ} © {Âv ã Î {�v ã úù{�v ã Õ��­Öaregivenby scalarproductsÎ {�v ã } êdü ¡úù{Âv ã Õ��­Ö Î Õm��Ödì*·ýµ��
Thesescalarproductsareof the form (7.3). Recall that for orthogonalbasis
functions, ¡ú {Âv ã Õ��­ÖÙ}�ú {�v ã Õm��Ö ¸ · { ;Ô Dutré [43, 41] proposeddetectorfunctions ñ Õ��­Ö that correspondto eachpixel
in animagein orderto avoid any discretisationof theproblem;Ô Also densityestimation[145] andthephotonmapapproach[79], fall into this
category of methods. The detectorfunctionsthey usearehowever harderto
characterise.
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Algorithm 17: Continuousshootingrandomwalk radiosity: computesglobal power solutionü­Û .
1. Initialise ü Û Üäý Û for all patchesß ;
2. Choosenumberof randomwalks á ;

3. Do á times,

(a) Selectsourcepatch7 with probability S Nþ% n - ý N�54U n - ý @ 5 ;
(b) Selectuniformrandomlocation å onpatch7 ;
(c) ÿ ÜÞý N�U S N ;
(d) K¼Ü M ;
(e) While K m n - ë N 5 , do

i. Samplecosine-distributeddirection æ w.r.t. thenormalat å ;

ii. Tracea ray with origin å anddirection æ . Replace7 by thepatchthat is hit
first and å by thehit point;

iii. ü N Üäü N ç ë N ®?ÿ ;
iv. ÿøÜ
ÿ ® ë N U n - ë N 5 ;
v. Samplenew uniformrandomnumberK<L - 	 1?M�5 .

7.1.3 Discreterandom walks and systemsof linear equations

Justlike the particledensityresultingfrom a randomwalk with continuoussource
and transitiondensity is the solution of a second-kindFredholmintegral equation,
the (discrete)particledensity ï { resultingfrom a discreterandomwalk with source
density� { andtransitiondensity� {a| (for particlesgoingfrom ¨ to � ), is thesolutionof
a systemof linearequations2: ï { } � { w � | ï | � |�{ � (7.5)

Thisdensitycanbeusedin orderto estimatescalarproductsð } � ñ � ï � } � t ñ t ï t �
With the choice ñ�{ } � {�� , the Ä -th componentof the solution ï of the linearsystem
(7.5) is computed.

7.1.4 Analog discretelight transport simulation

Using uniformly distributed lines, either local or global, we are able to simulate
particle transitionsfrom ¨ to � accordingto the form factor � {_| . Due to the order
in which the indicesof the form factorsappearin the equations,randomwalk sim-
ulation is thereforesuitedto solve eitherthe adjoint radiosityequation(4.31)or the
powerequations(4.28):

2Notetheswitchof indices� ) Û insteadof � Û ) !
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Analog discretegathering random walk Theradiosity

Î { of a patch ¨ canbeob-
tainedby computingthesolution

� { of� {t } � { t w � | � {| � | � | t
on thelight sourcesin thesceneandevaluating � Ï � � { � }�© t Ï t � {t .This canbe doneby tracingrandomwalks originatingat ¨ ( � t } � { t ) andwith
transitionprobabilities� | t } ��|\�	| t . A transitioncanbesimulatedby first deciding
whethertheparticlewill bescattered(with probability ��| ) or absorbed(with probab-
ility ½	| }ä� �Æ� | ). If not absorbed,a uniformly distributedline through� is traced.
Thepatch� hit next by this line is selectedfor a next event.

It is not necessaryto storethefull vector
� {t . In practice,eachtime a light source� is hit, a contribution

 � � Ï t is recordedto

Î { . ��{ is the numberof randomwalks
thataretraced,originatingat ¨ .

It is alsoconvenientto suppresstheabsorptionat thesourcë itself. This absorp-
tion suppressionneedsto becompensatedby multiplying eachcontribution to

Î { by� { . Sincealsoonly non-self-emittedillumination is estimated,self-emittedradiosityÏ2{ needsto beaddedexplicitly. Theresultingalgorithmis shown in algorithm18.

Analog discrete shooting random walk The power û�{ canalsobe computedby
solving û£{�} jx{�w � | û	| � |�{ � {��
First, the sourceterm jx{ needsto be normalised: � {f}_jx{ ¸ j ¹ . Randomwalks are
tracedwith sourceprobability � { (proportionalto theself-emittedflux) andtransition
probabilities��|�{�} � |�{ � { . In orderto simulatetransitions,first auniformly distributed
randomline through � is tracedin orderto determinë , thenext patchto bevisited.
Next, a survival testis donewith �&{ beingthe probability of survival. If the particle
survived,a contribution jx¹ ¸ � is recordedon the patch ¨ on which the particlesur-
vived. � is thetotal numberof randomwalksbeingtraced.

In practice,it is convenientto recordacontributionalsoif theparticleis absorbed,
in other words: for eachcollision. In order to do so, the contributionsneedto be
compensatedby a factor �&{ , where ¨ is the hit patch. Also in this case,only non-
self-emittedpower is estimated.Self-emittedpowerneedsto beaddedexplicitly. The
resultingalgorithmis shown in 19.

Dealingwith multiple colour bands As in stochasticJacobirelaxation,thesampl-
ingprobabilitiesaredifferentfor eachcolourband.Thealgorithms17,18and19show
theanaloggatheringandshootingrandomwalk algorithmswith combinedprobabil-
ities. As before, ¢ is a functionthatmapsa spectrumto a single-valuedrealnumber,
suchastheaveragecolourvalue.

7.1.5 Discreteversuscontinuousanalogshooting

Thedifferencebetweenthecontinuousshootingalgorithm17 andthediscreteshoot-
ing algorithm19 is small in practice: in continuousshooting,a particle is scattered
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Algorithm 18: Discretegatheringrandomwalk radiosity:computesasingleradiositycompon-
ent Ú?Û .

1. Initialise Ú Û ÜcÝ Û ;
2. Choosenumberof randomwalks á Û ;
3. Do á Û times,

(a) Setcurrentpatch7 Ü ß ;
(b) ÿ Ü ë Û ;
(c) K¼Ü M ;
(d) While K m n - ë N25 , do

i. Sampleuniform randomlocation å on patch7 ;
ii. Samplecosine-distributeddirection æ w.r.t. thenormalat å ;

iii. Tracea ray with origin å anddirection æ . Replace7 by thepatchthat is hit
first;

iv. ÚxÛKÜäÚ?Û�ç èê � ÿ�Ý�N ;
v. ÿøÜ
ÿ ® ë N9U n - ë N�5 ;

vi. Samplenew uniformrandomnumberK<L - 	 1?M�5 .
Algorithm 19: Discreteshootingrandomwalk radiosity:computesglobalpower solution ü Û .

1. Initialise ü Û Üäý Û for all patchesß ;
2. Choosenumberof randomwalks á ;

3. Do á times,

(a) Selectsourcepatch7 with probability S Nþ% n - ý N�54U n - ý @ 5 ;
(b) ÿ ÜÞý N�U S N ;
(c) K¼Ü M ;
(d) While K m n - ë N25 , do

i. Sampleuniform randomlocation å on patch7 ;
ii. Samplecosine-distributeddirection æ w.r.t. thenormalat å ;

iii. Tracea ray with origin å anddirection æ . Replace7 by thepatchthat is hit
first;

iv. ü N Üäü N ç ë N ®?ÿ ;
v. ÿøÜ
ÿ ® ë N U n - ë N 5 ;

vi. Samplenew uniformrandomnumberK<L - 	 1?M�5 .
from thepoint of incidenceon a patch.In discreteshooting,a particleis “warped”to
a uniformly chosennew locationon thepatch.

Thesealgorithmscomputea differentquantity: in continuousshooting,thecom-
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putedradiosity ¡Î Õm��Ö at a point � on a patcḧ is:¡Î Õm��ÖÙ} �·2{ êdü � Î Õm��ÖIì�·¬µ � ��û�è {
where

Î Õ���Ö is thesolutionof thecontinuousradiosityequationÎ Õ���Ö?} ÏMÕm��Ö,w � Õ���Ö � | êdü�� ð Õ�� � ù�Ö Î ÕÂù�Ö.ì*·
	
Assumingthat the self-emittedradiosity ÏMÕm��Ö andthe reflectivity � Õ���Ö areconstant
on all patches,thediscretisationerrorwith continuousshootingis:ì   Õm��ÖÙ} Î Õm��Ö � ¡Î Õm��ÖÙ} � { � | ê ü�� z ð Õm� � ù�Ö � �·f{ ê ü � ð Õm� � ù�ÖIì�·¬µ } Î Õ�ù�Ö ì�·�	

(7.6)

With discreteshooting,thesolutionthatis obtainedis¡Î Õm��ÖÙ} Î {
where

Î { is thesolutionof thelinearsystemÎ { } Ï { w �&{ � | ��{_| Î |
It wasshown in Ñ 3.1 thatthediscretisationerrorin this caseis givenby� g - å 5Î% Ú - å 5 [
�Ú - å 5 % ë Û�' ) ��� ����� - å 1��í5 [ MÀxÛ ��� � � - å 1��í5�� À������Ú -��í5�� À� ç ë Û ��� � - å 1��í5"! Ú -��í5 [
�Ú -��í5�#$� À$ (7.7)

Thedifferenceisì ³ Õm��Ö � ì   Õ��­ÖÙ} � { � | �· { êdü � êdü � ð Õm� � ù�Ö { Î ÕÂù�Ö � ¡Î Õ�ù�Ö | ì�·�	
In otherwords: the differencein discretisationerror of discreteandcontinuousran-
domwalk radiosityequalstheaveragepropagateddiscretisationerror in thediscrete
approach.Thereis no propagationof discretisationerrorin thecontinuousapproach.
Propagateddiscretisationerroris responsiblefor e.g.reflectionsof light leaksin badly
meshedscenes.In properly meshedscenes,propagateddiscretisationerror is neg-
ligible. Indeed: in Galerkinmethods,the averagediscretisationerror

Î Õ�ù�Ö � ¡Î ÕÂù�Ö
is zeroon every patch � . The averagepropagateddiscretisationerror on a receiving
patcḧ will thereforealsomostoftenbeverynearto zero.

While thediscretisationerrorwith adiscreterandomwalk isatmostslightlyhigher
thanwith a continuousrandomwalk, anempiricalcomparisonin which quasi-Monte
Carlo samplingwasused,showed that the statisticalerror is reducedfasterwith the
discreterandomwalk (seechapter12). In total,thediscreterandomwalk maybemore
efficient (seechapter12).
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7.2 Construction of random-walk estimatorsfor linear
systems

It is clearthat only relatively few problemscanbe solved efficiently usinga analog
randomwalk approach. A larger arsenalof more widely applicablerandomwalk
estimatorscanbeobtainedby makingabstractionfrom thephysicalmodel.Thecon-
structionof randomwalkswill beregardedmerelyasatool for samplingcertainprob-
ability distributions.This abstractionwill alsomake it easierto analysetheefficiency
of therandom-walk solutionof linearsystems.

7.2.1 Path space

ConsidertheNeumannexpansionof thesolution r of thelinearsystemrC} Å wHÞMr :� { }±À { w ª�| � �� dâ {_| � À | � w ª�| � ��  ª�|&% �� dâ {_| � â | � |�% À |&% w ���\�	�
Eachtermof this infinite sumis uniquelydeterminedby asequenceof componentin-
dices� i } ¨"� �   � �\��� � �(' , wherethelength) of thesequencecanbeany positiveinteger
number. Sucha sequencecanalsobethoughtof asa sequenceof statesvisitedby an
imaginaryparticleundergoinga discreterandomwalk asdescribedin Ñ 7.1.3. There
thusis aone-to-onerelationbetweendiscreterandomwalkson thesetof components
of a linear system,andtermsof the solutionof the system. In the caseof radiosity
with constantapproximations,thestatesor componentsof thesolutioncorrespondto
thepatchesin thescene.We will call thesetof sequences� i�� �   � �\��� � � ' pathspace.
A full pathwill bedenotedby thecapitalletter * .

Thebirth andtransitionprobabilitydistribution � { and � {_| ( Ñ 7.1.3)definea prob-
ability measureon pathspace:with eachpath � i�� ���\� � � ' is associateda probability��Õ+*,ÖÙ} � |]á � |]á�| � � | � |&% ������� |�, ��� |&, ½ |&, �½�{ denotestheabsorption,or termination,probabilityof pathsat ¨ :½£{,}�� � ª�| ��  �K{_|��
Thefollowing assumptionsaremade:Ô © { � {�}¢� (normalisedbirth probabilities);Ô ¥ø« �K{_| « � ��§�¨+� � (positive transitionprobabilities);Ô Thesystemis sub-critical:thesurvival probability -;{×}�© | �K{_|�} � � ½£{ « �

and -;{ � � for at leastpartof thestates.Wewill alsoassumethattheprobability
of reachingany state� fromagivenstatë is nonzero.Theseassumptionssuffice
in orderto guaranteethateachrandomwalk will havefinite lengthwith arbitrary
highprobability;
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The basicideaof randomwalk solutionof linear systemsnow is to transformeach
scalarproduct �/. � r � , of aweightvector . with thesolution r of rC} Å w`ÞMr , to
a correspondingscalarproductin pathspace:� { Ò { � { } �(0 Ã*Õ�*,ÖØ�£Õ�*,Ö�� (7.8)

where�£Õ�*,Ö is theprobabilitymeasureinducedby a carefulchoiceof birth andtrans-
ition probability densitydistributions � { and ��{a| . By samplingpaths * accordingto
theprobabilitymeasure,thescalarproductcanbeobtainedas�1. � r � ¡ �� ��³ ��  Ã*Õ�*�³¶Ö* ³ denotesthe § -th tracedrandomwalk out of � . Ã*Õ+*	Ö denotesa contribution or
score associatedto path * . Theproblemnow consistsof designinggoodsetsof birth
andtransitionsdensitydistributionswith correspondingscorefunctions,so that the
scalarproduct(7.8) canbeestimatedwith aslittle aspossiblework. We will seethat
thereareplentyof possiblesolutions.

7.2.2 General form of the estimators

Finding the most generalform of the unbiasedrandomwalk scoresÃ*Õ�*,Ö is an in-
tractableproblem. Instead,we will look for a generalconditionof unbiasednessfor
randomwalk scoresof theformÃ*Õ�*,Ö×} '� 2 � i ¥ 2 Õ�*,Ö]¨ '2 Õ�*,Ö�À |&3 (7.9)

with ¥ i Õ�*,ÖÙ} Ò |]á� | á and ¥ 2 Õ�*,ÖÙ}"¥ 2 �   Õ+*	Öù� â | 3 ��� | 3��| 3 ��� | 3 if ç � ¥ . (7.10)

Therandomwalk estimatorsthataredefinedin this way, will yield a non-zeroscore
only whenthey originateon a statefor which Ò |]á Ë} ¥ andwhenstatesarevisitedfor
which À�| 3 Ë} ¥ : they aregatheringrandomwalks. It is very importantthat � { � ¥
whenever Ò { Ë} ¥ andalso��{a| � ¥ whenever â {_|øË} ¥ .Thecoefficients ¨ '2 (to befixed)determinethescorecontributedat the ç -th state
visitedby a randomwalk of length ) . A differentchoiceof thesecoefficients,leads
to a different randomwalk estimator. The following theorem,adaptedfrom [45],
providesexpressionsthatcanbeusedin orderto determinethecoefficients ¨ '2 Õ+*	Ö for
unbiasedrandomwalk estimatorsof theform (7.9). A numberof specialchoiceswill
bediscussednext.
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Theorem7.1 Providedthat all encounteredinfinite sumsconverge, if thecoefficients¨ '2 Õ�*,Ö in (7.9)arechosensothat4� 2 � i �| á v6565654v | 3 Ò | á â | á | � ����� â | 3 ��� | 3 À�| 3879:<;8= ¨ 22 = 4>'(? 2 �A@ >B 3DC � v6565654v B ,FE B 3 B 3DC �HGIGIG E B , ��� B , ÕÂ¨ '2 = ¨ ' �J@2 Ö�KLNMPORQ (7.11)

the resultingrandomwalk estimatoris an unbiasedestimatorfor the scalarproduct�/. QTS � with S thesolutionof SUMWVYXàÞZS .

Proof: Considerthescalarproductof theweightvector . with theNeumannexpan-
sion(7.2)of S , thesolutionof S�M[V\X^]_S :`Na QbSdc�Mfe>g ?Jh >B�i<j6k6k6k�j B�lnm B i(o B i B+p GIGqG o B lsr p&B lbt B l (7.12)

Considertheexpectedscoreof arandomwalk estimatorwith scoresof theform (7.9):uZv w�x�y"z&{ M e>| ?Jh } |> g ?~hA� g x+y"z&� |g x+y~z tIB&lT� E x�y"z (7.13)

Thetheoremis provedby converting(7.13)into a sumthatcanbesubtractedtermby
term from (7.12)andrequiringthat the differencebe zero. This takesthe following
stepsandassumptions:

1. SubstituteE x+y"z M[� B i E B i B+pA�q�I� E B&� r p�B����~B&� in (7.13);

2. Substitute�~B&� M ;8=^� B ����p E B&�<B&����p ;
3. Grouptermsthatcontain� B i E B i B+p GqGIG E B&� r p�B�� for all � ;
4. Substitute� | x�y"z t B&� � B i E B i Bbp GIGqG E B&� r p�B&� M m B i(o B i Bbp GIGqG o B&� r p&B&� t B�� ;
5. Changethesummationorder

� e| ?Jh � |g ?Jh into

� eg ?Jh � e| ? g ;
6. Assumethatthecoefficients

� |g x�y"z
only dependon � g Q�� g��A� Q �q�I� Q&� | .

It is assumedthatthesummationordercanbechangedin step5. -
In particular, an interestingclassof randomwalk estimatorsresultsby requiringthat
theexpressionbetweenbracketsin (7.11)bezerofor all � individually:; M � gg X e>| ? g��A� >B�l ��p j6k6k6k�j B � E B&l�B&l ��p GqGIG E B � r p B � x�� |g = � |��

�g z
(7.14)

A numberof importantexamplesaredescribednext. They areillustratedin figure7.1.
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Figure 7.1: Randomwalk estimatorsfor linearsystems:theblackdotsindicateat whatnodes
thepathyieldsa contribution. Thecontribution is nonzeroonly if �b� l at thenodeis not zero.

7.2.3 The absorption estimator

Theabsorptionestimatoris the oldestrandomwalk estimatorfor solving linear sys-
tems[51]. A contributionto thesolutionis only recordedat thefinal hit of therandom
walk, in otherwords: at absorption.In orderto obtainsuchanestimator, thecoeffi-
cientsaretaken

� |g x�y"z MWO for ���MP� . With this constraint,(7.14)yields:� M � gg x � g z��N�B l ��p E B l B l ��p �
gg x � g z M x � �d� B l z�� gg x � g z � � gg x � g z M ��~B l

In full, theresultingabsorptionestimatorscoreiswq��x+y~z�� � | tIB ��~B&� � m B�iIo�B&i+B p GqGIG o�B � r p B � t<B �� B i E B i Bbp GIGqG E B�� r p&B&� �JB�� (7.15)

The unbiasednessof this estimatoris guaranteedby construction,but can also be
checkedeasilyby straightforwardcalculationof

uZv w � x+y~z�{J� �W¡ w � x�y"z E x�y"z .
7.2.4 The collision estimator

With thecollisionestimator, first proposedby Wasow [181], acontributionis recorded
at everyvisitedstate.In orderto do so,thecoefficientscanall betaken

� |g � �
. Also
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with this choice,(7.14)is fulfilled. In full, thecollision estimatorscoresarew(¢£x�y"z¤� |� g�¥A� � g t B l� m B&i� B i t B i X m B�iIo�B&i+B p� B i E B i Bbp t Bbp X �q�I� X m B i(o B i B+p GIGqG o B&� r p&B&�� B i E B i Bbp GIGqG E B�� r p&B&� t B��F� (7.16)

The explicit calculationof
uZv w ¢ x � z&{ is quite moreelaboratethanfor the absorption

estimator. Theunbiasednesshowever followsby construction.

7.2.5 The survival estimator

Now we demandthata contribution is only recordedwhenthepathis not terminated
on agivenstate:

� |g ��[¦ if �§�� � and
� gg �[¦

. (7.14)thenyields:� �W� B�l � g����g X e�| ¥Jg��~¨ �B�l ��p j6k6k6k�j B � E B&l�B&l ��p GqGIG E B � r p B � x�� |g ��� |��
�g z

A possiblesolution is to chooseall
� |g�© �ª�� � equal. The above expressionthen

simplifiesto � �P� B l � g��A�g � � |g � �� B l (if �§�� � ) �
In full, thesurvivalestimatorscoresarew�«Ax�y"z¤� |�� �� g�¥A� � g t B l� B&l� m B iqt B i� B i � B i X m B iqo B i Bbp t B+p� B i E B i B+p � Bbp X �I�q� X m B�iqo�B�i�B p GIGIG o�B � r�¬�B � r p t<B � r p� B i E B i B+p GIGIG E B�� r�¬ B&� r p � B�� r p �(7.17)

Also thisestimatoris unbiasedby construction.

7.2.6 Exotic estimators

Theorem7.1 alsoleadsto a lot morerandomwalk estimators.Someexamples,de-
scribedby Ermakow [45] andMikhailov [106] arepresentedhere.

Estimators contributing at the last-but- ­ -th stateonly

Anotherfamily of randomwalk estimators,complementingtheabsorptionestimator,
resultsby demandingthat a contribution is recordedonly at the last but ­ -th visited
state(

¦ ` ­ ` � � ) [45]:
� |g ��®¦ if � � �"¯1­ and

� |g �®¦
if �d�� �"¯/­ . Filling in this

constraintin (7.14)yields:� � �B l ��p�j6k6k6k+j B l ��° E B l B l ��p GqGIG E B l ��° r p B l ��° �~B l ��° �
g��~±g x � g © �q�I� © � g��~± z
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A simplesolutionof this equationis:� g��~±g � �� B l GIGqG � B l ��° r p �~B l ��°
This leadsto thefollowing scoreatstate� for apathof length � � �~¯^­ :w(²�³ |�� ±µ´ x�y"z�� � |�� ± x�y"z tIB&� r °� B � r ° GIGqG � B�� r p<�JB�� (7.18)

Estimators contributing at the last ­¶¯ � statesonly

Setting
� |g �·¦

for all � ` � � ­ andnon-zeroif �¹¸º� � ­ , leadsto a family of
estimatorscontributing a scoreonly to the ­ last visited states[106, 45]. Filling in� |g �W¦

if �»cN�J¯1­ in (7.14)yields:� �N� gg ¯
g��J± � ��| ¥Jg��A� �B&l ��p j6k6k6k�j B � E B l B l ��p GIGIG E B�� r p&B&� x�� |g �¼� |��

�g z
¯ �B�l ��p j6k6k6k�j B l � ° E B�l�B�l ��p GIGqG E B l � ° r p B l � ° x � B l ��° �

g��~±g �¼� g��J± � �g z
A simplesolutionof this equationis� |g �¾½¿ À ¦ if � ` � � ­��Á �~B&� if � � � � ­�

if � � ­ ` ��Â1�
Theresultingestimatorscoresarew(Ã ³ |�� ± j6k6k6k�j | ´ x�y"zÄ� � |�� ± x+y~z t B � r °� B � ¯ |�g�¥ |�� ±µ�A� � g x�y"z t B l (7.19)

All theserandomwalk estimatorsareunbiasedby construction.

7.3 Variance of the random walk estimators

Wewill now turn to thestudyof thevarianceÅ v w<{ of therandomwalk estimatorswith
scores

w�x�y"z
of theform (7.9).

7.3.1 General case

Considerfirst thescore
w(Æbx+y"z

of randomwalks
yÇ�PÈ © � � © � ¨ © �q�I� © � | , originatingat

È
:wqÆTx � h © � � © � ¨ © �q�I� © � | zÄ�[ÉqÆ B i |� g�¥ h �nÊ xsÈ © � � © �I�I� © � g z&� |g x � g © � g��A� © �I�I� © � | z t B l (7.20)
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where

� Ê x ��Ë © �I�q� © � ± z�� ½Ì¿ ÌÀÎÍ�Ï�Ð�Ï�Ð ��p k6k6k Í�Ï ° r p Ï °Ñ Ï�Ð�Ï�Ð ��p k6k6k Ñ Ï ° r p Ï ° if Ò ` ­�
if Ò � ­¦
if Ò»cÓ­

The factors(7.10) correspondwith � g x�y"zZ�ÕÔ Ï iÖ Ï i � Ê x �qh
© �I�q� © � g z . The expectationofw Æ x+y~z

is
uZv w Æ {J�[× Æ

by construction.
Theexpectation

uZv wI{
of thescores(7.9)canthusbewrittenasu_v wI{��Ø� Æ � Æ m Æ� Æ uZv w Æ { �

Thisisasumof thekind (4.22).Accordingto (4.23),thevarianceÅ v w<{ canbeobtained
as Å v wI{�� Å v uZv w(Æ�{�{ ¯ uZv Å v w(Æ�{Ù{��®� Æ m

¨Æ� Æ x Å v wqÆs{ ¯ ×
¨Æ z�� `/a ©TÚ c ¨ (7.21)

Theonly unknownsin thisexpressionarethevariancesÅ v w(Æ�{ . Thefollowing theorem,
which is a generalisationof morespecifictheoremsin [63, 45, 93, 135], shows how
thesecanbecomputed:

Theorem7.2 Providedthat thecoefficients
� |g

are thesamesolutionof (7.14)for all� , thevariancesÅ v w Æ { are thesolutionof thelinear systemÅ v w(Æ�{��WÛ�Æ ¯ � B o ¨Æ BE Æ B Å v w B {Ü�¼×
¨Æ

(7.22)

withÛ Æ �ØÝ j Þ�B ¥A� E Æ Bàß uZv � Æ B { t Æ ¯ o Æ BE Æ B × Bqá
¨
¯ Ý j Þ�B ¥A� t

¨Æ E Æ B Å v � Æ B { ¯/â Ý�B ¥A� t Æ o Æ B Cov
v � Æ B © w B {

(7.23)

whereã1ä is a imaginarydeathstatewith for all life states
Èå� � © �I�q� ©bæ :

E Æ Þ � � Æ E ÞåÞ � � E Þ Æ"�P¦o Æ Þ � o ÞåÞ � o Þ Æ"�W¦ã � Æ B x+y"z is a randomvariablein pathspace, definedasfollows:�HÆ B x+y"z¾� ÉqÆ B i É B�Bbp � |h x�È © � © � ¨ © �q�I� © � | z if
yÇ� � h © � � © �q�I� © � | © �¹¸Óâ�HÆ B x+y"z¾� ÉqÆ B i É B�Bbp � �h x�È © � z yÇ� � h � � © � � ��HÆ B x+y"z¾� ÉqÆ B i É BTÞ � hh x�È+z yÇ� � h © � �W¦
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In particular, if for all � and � , � |g x � g © � g��A� © �q�I� © � | zç�è� B&lDB�l ��p only dependson the
currentandnext state� g and � g��A� (for � � � , � g��A� � ä ), thenÛnÆ�� � ÆTx���Æ Þ t Æ&z ¨ ¯ Ý�B ¥�� E Æ B ß ��Æ B t Æ ¯ o Æ BE Æ B × B á

¨ � (7.24)

Proof: Thescore
w Æ x�y"z

for eachrandomwalk
yÇ�PÈ © � © � ¨ © �I�q� © � | canbewrittenasw Æ x�È © � � © � ¨ © �I�I� © � | z��[� |h x�È © � © � ¨ © �q�I� © � | z t Æ ¯ o Æ BE Æ B w ÊB+p x �

� © � ¨ © �I�I� © � | z
with w ÊBbp x � � © � ¨ © �I�q� © � | zÄ� |� g�¥A� � Ê x � � © � ¨ © �I�q� © � g z&� |g x � g © �q�I� © � | z tIB&l �w ÊB p is thescoreof a randomwalk

y Ê �Îx � � © � ¨ © �q�I� © � | z originatingat � � with coeffi-
cients é� |�� �g � � x � g��A� © �I�q� © � | z��W� |g x � g © �I�q� © � | z . If

� |g
is thesamesolutionof (7.14)for

all � , then é� |�� �g � � �[� |�� �g � � , sothat
w ÊB+p x � � © � ¨ © �q�I� © � | zÄ�Pw B p x � � © � ¨ © �I�q� © � | z andthusw(ÆTxsÈ © � � © � ¨ © �q�I� © � | z��Ó�HÆ Bbp xsÈ © � � © � ¨ © �I�q� © � | z t Æ ¯ o Æ B pE Æ B+p w B+p x �

� © � ¨ © �q�I� © � | z �
Now considerthescore

w(Æ B x�È © � � © � ¨ © �q�I� z��PÉ B�B+p wqÆTx�È © � © � ¨ © �q�I� z for randomwalkswith
fixedorigin

È
andfirst state� � � � . Taking into accountE Æ Þ � � Æ and o Æ Þ �ê¦

for
randomwalks

yÇ�PÈ
of length � �W¦ , thenw Æ x�y"zÄ�®Ý j Þ�B ¥A� E Æ B w Æ B x�y"zìë¾uZv w Æ {J�ØÝ j Þ�B ¥A� E Æ B uZv w Æ B {��Wu[v uZv w Æ B {�{J�[× Æ

ThevarianceÅ v w(Æ�{ canthenbeobtainedby applicationof (4.23):Å v wqÆs{�� Å v uZv w(Æ B {�{ ¯ u[v Å v w(Æ B {Ù{ �
Filling iní\î ï<ð ��ñÄò íçî óJð ��ñ � ð�ô[õ ð �ö ð � íçî ï �<ñ�ò í\î óJð ��ñ � ð�ô[õ ð �ö ð �¶÷ �ø�î í\î ï ð � ñùñÄòûú�ü ýþ� ÿ � ö ð � � í\î ï ð � ñ������ 	 ú�ü ýþ� ÿ � ö ð � í\î ï ð � ñ�
 � ò1ú�ü ýþ� ÿ � ö ð �
� í\î ó ð � ñ � ð ôPõ ð �ö ð � ÷ ��� � � ÷ �ðø\î ï<ð ��ñÄò � �ð øçî ó~ð �<ñ ô � õ ð �ö ð � � � ø\î ï ��ñ ô�� � ð�õ ð �ö ð � Cov

î ó~ð ��� ï ��ñí�î øçî ï ð � ñùñÄò ú�ü ýþ� ÿ � ö ð � ø\î ï ð � ñ
yields (7.22)with (7.23). (7.24)follows from (7.23) if

� Æ B xsÈ © � © � ¨ © �I�q� z doesnot de-
pendon � ¨ © �I�q� : in that case,

uZv �HÆ B {�� ��Æ B dependsonly on
È

and � and Å v ��Æ B {£�
Cov

v �HÆ B © w B {��P¦ . -
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Corr olary 7.1 Thevarianceof the randomwalk estimators for linear systemswill
only befinite if thereexistsa positiveinteger number� sothat ��������� ` � , where the
matrix ��� hascoefficients o �Æ B � o ¨Æ BE Æ B �
Proof: This conditionis a necessaryconditionfor thesolvability of the setof linear
systems(7.22).If all

ÛnÆ
arefinite, it is alsoa sufficientcondition. -

HaltonandErmakow [64, 45] describeexamplesof linearsystemsfor which theNeu-
mannseriesexpansionof thesolutionconverges,but for whichtheconditiondescribed
abovecannotbefulfilled. Randomwalk estimatorsfor suchsystemsstill areunbiased,
but thereis no guaranteethatby samplingmorerandomwalks,a betterestimatefor
thesolutionis everobtained.

7.3.2 Varianceof the absorption, collision and survival estimators

Corr olary 7.2 Under the conditionsof (7.24), the variancesÅ v w Æ { can also be ob-
tainedas Å v w Æ {J��� Æ �¼× ¨Æ , where

� Æ
is thesolutionof��ÆA���~Æ ¯ � B o ¨Æ BE Æ B � B with:

�~ÆA� t ¨Æ! " � Æ�� ¨Æ Þ ¯ Ý�B ¥�� E Æ B �
¨Æ B$#% ¯/â t Æ Ý�B ¥�� o Æ B �HÆ B × B��

(7.25)

Proof: By expansionof (7.22)with sourceterm(7.24). -
This corrolaryleadsto thefollowing resultsfor theabsorption,survival andcollision
estimators:ã Absorptionestimator(7.15):

� Æ Þ � ��Á � Æ and
� Æ B �P¦ if � �� ä :�~Æ�� t ¨Æ� Æ ë&��ÆA�Ø�(' t '� '*) Æ ' ë ) Æ ' �WÉIÆ ' t ' ¯ o ¨Æ 'E Æ ' t ' ¯ � B p o

¨Æ B+pE Æ B p o
¨Bbp 'E B p ' t ' ¯ GIGIG

(7.26)ã Collisionestimator(7.16):
�HÆ B � � for all � � � © �I�q� ©bæå© ä :�~ÆA� t ¨Æ ¯1â t Æ Ý�B ¥A� o Æ B × B � t ÆTx â ×ÜÆJ� t Æ�zìë+��ÆA�®�*'dx â × ' � t ' z ) Æ ' (7.27)

ã Survival estimator(7.17):
��Æ Þ �P¦ and

�HÆ B � �nÁ �ÜÆ if �Ç�� ä :�~ÆA� t Æ â ×ÜÆ~� t Æ� Æ ë+��ÆA�Ø�,' â × ' � t '� ' ) Æ '
(7.28)
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7.3.3 Sourceterm estimationsuppression

The randomwalk estimatorsabove estimatescalarproducts ` a ©TÚ c with the full
solutionof

Ú ��- ¯^] Ú . Also the— known — zerothorderterm `/a © - c is estim-
ated.A slight variancereductionat no extra costcanbeachievedby only estimating
the— unknown — higherorderterms `1a © ] - ¯�] ¨ - ¯ GIGIG c � `Na ©bÚ �.- c . The
known term `1a © - c is thenaddedafterwards,without variance.

Thiseffectcanbeobtainedby modifyinga “normal” randomwalk estimator, con-
structedasoutlinedabove,asfollows:

1. All tracedpathsareforcedto have length �1¸ �
by suppressingabsorptionat

theorigin. Theprobabilityassociatedwith eachpathbecomes:éE x � h © � � © � ¨ © �I�q� © � | z$� � B i E B i B+p� B�i E B+p&B ¬ �q�I� E B&� r p�B����~B&� � �� B�i E x � h © �I�I� © � | z�ë
2. The scores(7.9) aremodifiedby omitting the contribution at the origin � �è¦

andcompensatingfor themodifiedprobabilitiesby multiplying with
� B i :éw�x�y"z��W� B i |� g�¥A� � g x�y"z&� |g x�y"z t B l

If the coefficients
� |g

areconstructedaccordingto theorem7.1, unbiasedestimators
for `/a ©TÚ �/- c result.Following asimilar reasoningasin theproofof theorem7.2,
it is easyto show that thevariancesÅ v éw(Æ�{ for suchrandomwalksoriginatingat

È
are

relatedwith thevariancesÅ v w B { of theunmodifiedrandomwalk estimatorslike:Å v éw(Æs{��[�ÜÆ Ý�B ¥A� o
¨Æ BE Æ B10 ×

¨B ¯/Å v w B {32£�Nxs×ÜÆ"� t Æ�z ¨ (7.29)

In casecorrolary7.2is applicable,weobtainÅ v éw Æ {��W� Æ Ý�B ¥A� o
¨Æ BE Æ B � B �Óx�× Æ � t Æ z

¨ ë Å v éwI{�� Ý� Æ ¥A� m
¨Æ � Æ� Æ Ý�B ¥A� o

¨Æ BE Æ B � B � ` a ©bÚ �4- c
¨

(7.30)

with
� Æ

asdefinedin (7.25).

7.4 Randomwalk estimatorsfor radiosity

Dueto our assumption(7.10)3 thetheoryof the 5 7.2and 5 7.3canbeappliedto either
theclassicalradiositysystem(4.25)or theadjointpowersystem(4.32).

3It is possibleto deriveshootinginsteadof gatheringestimatorsdirectly, by assumingadifferentgeneral
form for therandomwalk scoresin 6 7.2.2,but thederivation of thegatheringestimatorsis moreintuitive
andelegant.
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7.4.1 Gathering random walk radiosity estimators

Whenthegeneralframework of theprevioussectionsis appliedto theclassicalradi-
osity system(4.25) 7 ÆA�Pu
Æ ¯ � B98 Æ;:�Æ B 7 B ©
severalgatheringrandomwalk estimatorsfor radiosityareobtained.Theseestimators
computetheradiosity

7 Ë at afixedpatch Ò by tracingrandomwalksoriginatingat Ò .
A contributionto

7 Ë is recordedwhentherandomwalk hitsoneor morelight sources
(
u
Æ ��[¦ ). Theequationsto besolvedare

Ú �<- ¯1] Ú withã t Æ"�Wu£Æ , theself-emittedradiosity, and
× ÆA� 7 Æ

, thetotal radiosity;ã o Æ B � 8 Æ : Æ B ;ã E Æ B � 8 Æ=:AÆ B : whena particlehits a patch,first a decisionis madeto absorbit
(probability

� � 8 Æ ) or to reflectit (probability 8 Æ ). Next, auniformly distributed
randomline through

È
is tracedandthenearesthit patch� determined;ã m ÆA�PÉIÆ Ë : we arecomputingtheradiosityof a singlepatch Ò .ã � ÆA�[ÉqÆ Ë : we will do soby tracingrandomwalksall originatingat Ò .

With thesechoices,ã �ÜÆA� 8 Æ , thereflectivity, and � ÆA� � � 8 Æ ;ã � g x�y"zÄ� � for all � ;ã ) Æ ' �<><Æ ' , theradiosityatpatch
È

dueto light source
w
.× Æ � t Æ correspondswith

> Æ
, the total receivedradiosityat

È
. Theresultinggathering

randomwalk radiosityestimators,with sourceterm suppression,areshown in table
7.1. The resultingalgorithmfor the collision gatheringestimatorwasshown before
(algorithm18). Thealgorithmsfor theotherestimatorsareverysimilar.

estimator score éw�x � h � Ò © �q�I� © � | z�� éw Ë x+y~z varianceÅ v éw Ë {
absorption 8 Ë ² Ï �� �@? Ï � 8 Ë � ' ²
A� �B? A > Ë ' �C> ¨ Ë
collision 8 Ë � |g�¥A� u B l 8 Ë � ' x�u ' ¯1â > ' zD> Ë ' �4> ¨ Ë
survival 8 Ë � |�� �g�¥A� ² Ï l? Ï l 8 Ë � ' ²
A �~¨FE A? A > Ë ' �4> ¨ Ë

Table7.1: Gatheringrandomwalk estimatorsfor radiosity. Theexpectationis GIH òCJ H � í H ,
theradiosityreceivedonpatch K .
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7.4.2 Shootingrandom walk radiosity estimators

Randomwalkswith transitionprobabilitiesE Æ B � 8 Æ;:�Æ B , usedin thegatheringrandom
walk above,canalsobeusedin orderto solvethefollowing,slightly modified,adjoint
powersystem(4.32): x 8 ÆML<Æ zÄ� x 8 Æ Å Æ z ¯ � B98 Æ : Æ B x 8 B L B z �
If theimportancesourceterm Å Æ is chosenÅ Æ��[ÉIÆ Ë , theradiosity

7 Ë at apatch Ò can
beobtainedby thescalarproduct7 Ë � �� Ë `ON8 © x 8 L z c �W� Æ N Æ� Ë 8 Æ x 8 Æ L Æ&z �
Thisscalarproductcanbeestimatedwith randomwalksthatgathertheimportance

L Æ
at thelight sourcesfrom thesourceof importance,thepatch Ò . In orderto do so,we
set:ã t ÆA� 8 Æ Å ÆA� 8 Ë ÉIÆ Ë , theself-emittedimportance,and

× ÆA� 8 Æ L Æ ;ã o Æ B � E Æ B � 8 ÆM:AÆ B ; asfor thegatheringrandomwalk;ã m Æ � PRQ� Ð ? Q ;ã � Æ�� N Æ Á NTS : the probability of startinga path at a light sourceis chosen
proportionalto theself-emittedpowerof thelight source.

Thesechoicesimplyã �RÆH� 8 Æ , thereflectivity, and � Æ�� � � 8 Æ ;ã � g x+y~z�� PBU� Ð ? Q ;ã ) Æ ' �WÉ ' Ë 8 ÆML<Æ ;
The resultingshootingrandomwalk estimatorsfor radiosity, with sourceterm sup-
pression,aresummarisedin table7.2. The collision shootingalgorithmwasshown
before(algorithm19). Thealgorithmsfor theotherestimatorsareagainverysimilar.

estimator score éw�x �qh © �I�I� © � | z varianceÅ v éwI{
absorption

? Ð� Ð PVU� �@? Ð É B�� Ë ? Ð� Ð PVU� �B? Ð > Ë �4>
¨ Ë

collision
? Ð� Ð NTS � |g�¥A� É B l Ë ? Ð� Ð NTS x � ¯/âXW<Ë zD> Ë �C>

¨ Ë
survival

�� Ð N S � |��
�g�¥A� É B&l Ë �� Ð N S x � ¯/âXW Ë zD> Ë �C>

¨ Ë
Table7.2: Shootingrandomwalk estimatorsfor radiosity. Theexpectationis G H�òCJYHB� í H . IfK wouldbetheonly sourceof radiosity, with unit strength,thetotal radiosityon K wouldbe Z�H .[ H ò Z�H � ø H ò Z�H �]\ would beits receivedradiosity.

[ H correspondsto ^TH�_$H in [131, 132].
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7.4.3 Comparison of random walk estimatorsfor radiosity

The varianceformulaein tables7.1 and7.2 allow to comparethe efficiency of the
randomwalk estimators[132, 131]:ã For gatheringas well as shooting,the survival estimatoralwayshas higher

variancethan the collision estimator, dueto the reflectivities in the denomin-
ator. Indeed:unlike thesurvival estimator, thecollision estimatoralsoyieldsa
contributionwhena particleis absorbedat Ò ;ã Whetherthecollision estimatoris betterthantheabsorptionestimatordepends
on therelativemagnitudeof

– âXW<Ë versus8 Ë Á x � � 8 Ë z for shooting.In practice,thefractionof radiosity
receivedbackfrom it self is negligible, sothatthecollision estimatorwill
bebetter;

– â > ' > Ë ' versus
> Ë ' u ' 8 ' Á x � � 8 ' z oneachlight source

w
for gathering.Since

theself-emittedradiosity
u '

is generallymuchlargerthan
> '

, theradiosity
receivedat a light source,alsofor gathering,the collision estimatorwill
generallybemoreefficient.

We concludethat the collision estimatorwill generally be more efficient than
the absorptionestimator. This resultshouldnot surpriseus: the collision es-
timatoryieldsa contribution eachtime a particlehits a targetpatch,regardless
of whethertheparticleis scatteredor absorbed.Theabsorptionestimatoronly
yieldsacontributionwhentheparticleis absorbed.

The resultthat the collision estimatoris moreefficient thanthe absorptiones-
timatoris notvalid in general:thereareimportantcasesin whichtheabsorption
estimatorwill bepreferable.For instance,weshallseein 5 9 thattheabsorption
estimatorcanbea perfectestimatorfor finite lengthpaths,while the collision
estimatorcan’t.

Weconcludethatamongtheproposedanalogradiosityestimators,thecollisionestim-
atorwill generallybethemostefficientof all.

Whetherthegatheringestimatorsarebetterthantheshootingestimatorsdepends
on the radiositydistribution in a sceneandthe surfaceareaof the patch Ò on which
the radiosityis computed.For sufficiently largepatches,the shootingestimatorwill
definitelybemoreefficient sincetheareaappearsin thedenominatorof thevariance
formulaeof all shootingestimators(table 7.2). For sufficiently small patches,the
gatheringestimatorwill be better, sinceits variancedoesnot dependon the surface
area� Ë (table7.1). In practice,the varianceof theshootingestimatorcanbemuch
lower, excepton thesmallestpatchesof ascene.

Thevarianceof the randomwalk estimatorsfor radiosity, proposedabove, is al-
waysfinite: thematrix � � mentionedin corrolary7.1hascoefficientso �Æ B � o ¨Æ BE Æ B � 8 Æ;:�Æ B �
Since

� B 8 Æ : Æ B Â 8 Æ ` � , therow-norm ������� ` � sothattheconditionof corrolary
7.1is fulfilled [135]. Thismaynotbethecasewith otherchoicesfor theprobabilities,
for instancewhentakingsurvival probabilities

�RÆA� 8 av asin [88].
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7.4.4 Collision shootingrandom walk versusstochasticJacobi re-
laxation

(Almost) the sameaccuracyfor the sameamount of work

The varianceof the collision shootingrandomwalk estimatorwith `]acb random
walks,is givenby (table7.2):Ådacb` acb � �` acb ß 8 Ë�YË N S x � ¯1â(W Ë ze> Ë �4> ¨ Ë á � (7.31)

Thevarianceof theregularstochasticJacobirelaxationestimator(expression(6.13),
dividedby � ¨ Ë ), with ` « a samples,is givenby:Å « a` « a � �` « a ß 8 Ë� Ë
f S > Ë �4> ¨ Ë á � (7.32)

In both cases,the subtractedterm
�g> ¨ Ë is generallymuchsmallerthanthe first term

betweenbracketsandcanbeignored.Also therecurrentradiosity W Ëih �
in practice.

Moreover, it canbeshown that theaveragenumberof raysto betracedfor sampling`�acb randomwalksequals̀]acb f S Á NTS , so that for samenumberof rays ` « a �`�acb f S Á N S , thevarianceof thecollision shootingestimatorandstochasticJacobi
iterationswill beapproximatelyequalin practice:Ådacb` acbkj �` acb 8 Ë�YË N S > Ë � �` « a 8 Ë��Ë
f S > Ë j Å « a` « a � (7.33)

This resulthasbeenconfirmedin experimentsandalsoappearsto hold when low-
discrepancy samplingis usedinsteadof pseudo-randomsampling.This will beillus-
tratedin 5 12.3.2,whendiscussingtheeffectivenessof low-discrepancy sampling.It is
alsovalid whencomparingwith a full sequenceof incrementalJacobiiterationsuntil
convergence(varianceexpression(6.17)insteadof (6.13)).

A first consequenceis thattheheuristicfor determiningthenumberof raysin afirst
stochasticJacobiiteration( 5 6.4.5)canalsobeusedin orderto determinethenumber
of randomwalksin collision shootingrandomwalk radiosity. In our implementation,
we have tracedrandomwalks in groups. After tracing a group of randomwalks,
an intermediateimage is shown. The result from different groupswas merged as
explainedin 5 6.6.1[136].

Anotherconsequenceis that the time-complexity of collision shootingradiosity
randomwalks,andof stochasticrelaxationradiosityis identicalaswell ( l x æ�m�n(o�æ z
[131, 132]).

Intuiti ve explanation Both stochasticJacobiiterative methods( 5 6.4) anddiscrete
shootingcollision randomwalk radiosityhave an intuitive interpretationin thesense
of particlesbeing shot from patches. The particleshave uniform startingposition
on the patchesand they have cosine-distributeddirectionsw.r.t. the normalon the
patches.The numberof particlesshotfrom eachpatchis proportionalto the power
propagatedfrom thepatch.Sincethethreemethodscomputethesameresult,thesame
numberof particleswill be shotfrom eachof the patches.If alsothe samerandom
numbersareusedto shootparticlesfrom eachpatch,theparticlesthemselvescanalso
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beexpectedto bethesame.Thisargumentis notentirelycorrect.Besidesadifference
in the orderin which theparticlesareshot(seefigure7.2), thereis alsoa difference
in thedecisionswhethera particlewill beabsorbedor will survive on thepatch.The
effectof multipleparticlesis averagedin adifferentwayaswell. Thelatteris probably
themaincausefor the(slight) differencein variancefor thesamenumberof rays.

2 332

Stochastic Jacobi
1

Random Walk
1

Figure7.2: Thisfigureillustratesthedifferencein orderin whichparticlesareshotin stochastic
Jacobiiterations(“breadth-first”order)andin collisionshootingrandomwalk radiosity(“depth-
first” order).Eventually, theshotparticlesareverysimilar. Survival decisionsandin particular
also the way how the resultsfrom multiple particlesare averaged,are different in theseal-
gorithms.

Validation in an extremecase

Theexpressions(7.31)and(7.32)for samenumberof rays ` « a � ` acb f S Á NTS , can
bevalidatedby measuringandcalculatingthemeansquareerrorin a simpleenviron-
ment.It shouldbepossibleto computethevariancesin theenvironmentfully analytic-
ally andtherecurrentradiosity W Ë shouldnotbenegligible. Theenvironmentwehave
usedconsistsof anemptycubewith unit sides(shown in figure5.2on page80). The
reflectivity 8 andemissivity

u
arechosenequalfor all surfaces,sothat

u ¯ 8 � � . A
varietyof environmentscanbecreatedby letting 8 take differentvalues.Thevalues8 �W¦ � � © �nÁqp © ¦ �sr © â Á�p © ¦ � t © and

¦ � t(r havebeenusedin thecomparison.Theresultsof
thecomparisonareshown in table7.3.u 1/10 1/3 1/2 2/3 9/10 19/20[

0.00218 0.03125 0.0909 0.2353 1.3729 3.0336
RW (theory) 0.04915 0.54167 1.2727 2.588 10.076 20.218

RW (experiment) 0.0477 0.532 1.236 2.639 10.55 20.088
SR(theory) 0.05 0.5555 1.25 2.2222 4.05 4.5125

SR(experiment) 0.0500 0.554 1.198 2.180 3.887 4.323

Table 7.3: Observedmeansquareerror (MSE) per ray for a selectedpatchin a homogeneous
cubewith unit sidesand u ô í ò�\ . Thereis agoodcorrespondencebetweentheempiricaland
thepredictedvaluesfor both the(regular)stochasticJacobimethodandthecollision shooting
randomwalk. RW=RandomWalk, SR=StochasticJacobi.

Empirical results Thereportedempiricalresultsaretheaveragemeansquareerror
per ray observedon a selectedpatch. They aretheaverageMSE, aftera sufficiently
highnumberof runs(morethan20,000in all cases)with ` « a � � ¦ ¦�¦�¦ raysperrun,
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multiplied with ` « a . Theresultfor thestochasticJacobiiterative methodhave been
obtainedwith regulariterations.Theanalyticalsolution

7 � �
wasusedasinput for

theseiterations. The experimenthasalsobeenrepeatedwith the (inexact) resultof
a previous regular stochasticJacobiiterationasthe input for the next iteration. The
observedmeansquareerrorswerenotsignificantlydifferent.

Theoretical results Thetheoreticalvaluesin table7.3areobtainedasfollows:ã ��Ë � � , thetotalarea� S �wv ;ã N S �wv u ��vÜx � � 8 z ;ã The total radiosity

7 Ë � �
for all patches.When

u Ëç¯ 8 Ë � �
in a closed

environment,thetotal radiosity

7 Ë alsois alwaysequalto 1.
Proof: Fill in

7 Æ � �
in theradiosityequations

7 Æ � u Æ ¯ 8 Æ � B : Æ B 7 B . In a
closedenvironment,

� B :�Æ B � � . Thesolutionis unique. -ã > Ë � 8 ;ã f S � NTS Á x � � 8 z , sothat `]acb mustbechoseǹ
« a x � � 8 z .

With thesechoices,theexpressions(7.31)and(7.32)become:Åxacb` acb � �` « azy v 8 ¨ x � ¯/âXW zH� 8 ¨� � 8�{Å « a` « a � �` « a r 8 ¨W � L Ë � ÅÜË wasdeterminedby solvingL<Æ � Å Æ ¯ � B : Æ B 8 B L B
analyticallywith Å Æ��ºÉqÆ Ë , taking values0.2 for the form factorsbetweendifferent
patches.The true valuesof the form factorsare0.200043for abutting patchesand
0.1998for parallelpatchesin thecube.Thisyieldsthefollowing solutionfor W :W � ¦ � â 8 ¨� �§¦ � â 8 x;| ¯ 8 z �
Filling in thesevaluesfor W leadsto thetheoreticalvaluesshown in thetable.

The correspondencebetweentheory and experimentis quite good. The reader
shouldrealisehowever that the environmentusedfor this validationexperimentis a
very untypical environmentin practice. All experimentswith “real” environments
confirmtheresultmentionedin thebeginningof this section:theobservedstatistical
error for samenumberof rays is nearly identical regardlessof whetherregular or
incrementalstochasticJacobiiterations,or collision shootingrandomwalksareused
(see5 12.3.2).
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7.5 Conclusion

In this chapter, randomwalk estimatorsfor systemsof linear equationshave been
describedandtheir applicationto radiositydiscussed.Unlike othertexts on random
walk solutionof linearsystems[66, 156, 64, 45, 127], a fully “constructive” approach
hasbeenproposed:it hasbeenshown how unbiasedrandomwalk estimatorscanbe
designedanda new, very generaltheoremfor their variancehasbeenproved. The
issueof sourcetermestimationsuppression,aratherunclearissuein many othertexts
on therandomwalk solutionof linearsystems,hasbeenclarified.

The theoreticalexposition allowed to re-derive somepreviously known results
concerningthe absorption,collision andsurvival estimatorfor radiosity [132, 131]
in a very compactmanner. Theexpositionherealsoemphasizestheduality between
gatheringandshootingestimatorsfor radiosity. New, practicalresultsin this chapter
include:ã The comparisonof discreteand continuousrandomwalk methodsin 5 7.1.5,

showing thatthediscretisationerrorin bothis nearlythesame;ã Thecomparisonof collision shootingrandomwalk radiosityandthestochastic
Jacobiiterative method,showing that in practice,the obtainedaccuracy for a
given amountof work will be approximatelyequal( 5 7.4.4). Excepton small
patches,the collision shootingrandomwalk estimatoris generallythe most
efficient randomwalk estimatorfor radiosity( 5 7.4.3,[132, 131]);

The derived resultson the varianceof the absorption,collision andsurvival random
walk estimatorsfor radiositywill beusedin furtherchapters,in orderto analysevari-
ancereductiontechniques.

A possibleareafor futureresearchis theanalysisof themoreexotic randomwalk
estimatorspresentedin 5 7.2.6.Preliminaryexperimentshaveshown thattheseestim-
atorsdonotcompeteassuchwith other, betterknown, randomwalk estimators.They
may however be useful in the context of advancedimportance-samplingalgorithms
(chapter9), becausethey yield a fixed numberof contributionsperpathandsomay
resultin perfectestimators.



8 Other Monte Carlo Methods
for Linear Systems

In this chapter, a numberof moreexotic Monte Carlo techniquesfor the solutionof
linear systemsare described.Their applicationfor radiosity may be an interesting
topic for furtherresearch.

8.1 Shreider’s estimators

Therandomwalk methoddescribedin theprevioussectioncanbeusedonly for sys-
temsof equations

Ú �}- ¯N] Ú for which theNeumannexpansionof thesolution

Ú
converges.This will be thecaseif �<] Ë � ` �

for somepositive integer Ò . It is — at
leastformally — possibleto transformany linear systemto a systemfor which this
requirementis fulfilled. In orderto haveafinite variancehowever, themodifiedcoeffi-
cientmatrix ].� ��~ o ¨Æ B Á E Æ B�� shouldfulfil � v ].� {�� � ` � for somepositive integer � .
Unfortunately, thereexist linearsystemssatisfyingtheformerrequirementfor which
no transitionprobabilitiesE Æ B canbe found so that the latter requirementis fulfilled
aswell [64]. For suchsystems,randomwalk estimatorswon’t work. Also stochastic
relaxationmethodscannotbe appliedfor all possiblelinear systems:they have the
samerequirementsastheir deterministiccounterparts.

Shreider[146, 17] proposedanentirelydifferentMonteCarloprocedurein order
to solve any linear systemhaving a uniquesolution. The basic idea of Shreiders
methodis to considerto solution

Ú
of sucha linearsystem� Ú ��- with

æ
equations

asthecentreof a

æ
-dimensionalellipsoid:� x Ú z$��� xs× � © �I�q� © × Ý z�� Ý� Æ ¥A��� Æ  " Ý�B ¥�� o Æ B × B � t Æ #%

¨
`�� �� � © �q�I� © � Ý arearbitrarypositivenumbers.� determinesthesizeof theellipsoid.The

problemof finding thesolutionof the linearsystemis transformedto theproblemof
finding thecentreof thisellipsoid.Two approacheshavebeenproposed:

1. Median method: ` uniform random

æ
-dimensionalpoints

Ú ³ Ë ´ , inside the
ellipsoid,aresampled.Thiscanbedoneby rejectionsampling:randomuniform
pointsaresampledin a (

æ
-dimensional)boundingbox for the ellipsoid. The

pointsarerejectedif
� x Ú ³ Ë ´ z c � . The medianof the retainedpoints is an

estimatefor the centreof the ellipsoid, and thus also for the solution of the
linearsystem;

2. Centre-of-Gaussianmethod: Thecomponents
× Ë of thesolutionarealsothe

expectation
× Ë �êuZv ) Ë { of the coordinates

) Ë of

æ
-dimensionalpoints � with

131
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Gaussiandistribution ����� xb��� x � zTz :× Ë �<� ) Ë t �B� ³�� ´�� ) � GIGqG � ) Ý �` uniform randompoints

Ú ³ Ë ´ aresampledin a

æ
-dimensionalboundingbox

for theellipsoid.As anestimatefor thesolution,× Æ j ��� Ë ¥�� × ³ Ë ´Æ t �B� ³��(� ÐD� ´� � Ë ¥�� t �B� ³�� � ÐD� ´
is taken. Thereexist alsomorecomplex distributionsthathave thesameprop-
erty, but mayleadto smallervariance.

The main advantageof the secondtechniqueover the first, is thatall

æ
-dimensional

samplesareused.Thenumberof rejectedsamplesin thefirst techniquecanbevery
high if theboundingbox for theellipsoidis not properlychosen.

In bothcaseshowever, thequadraticform
� x Ú ³ Ë ´ z needsto beevaluatedfor each

samplepoint

Ú ³ Ë ´ . Computationof this quadraticform takes l x æ ¨ z work. In orderto
becompetitivewith othermethodsfor radiosity, cheapapproximationsfor

� x Ú z
will

needto bedeveloped.

8.2 Dimov’saccelerationtechnique

Recently, Dimov [37, 36] haspresenteda mappingtechniquethat can increasethe
efficiency of randomwalk estimators.The basicideais to transformthe Neumann
seriesexpansionof the solution

Ú
of

Ú ��- ¯ ] Ú into an equivalent seriesthat
convergesmorerapidly, sothatgoodapproximationsfor thesolutioncanbeobtained
by samplingonly a smallnumberof termsof thenew series.Theresultis a reduction
of theaveragelengthof therandomwalks.

A mappingwasdevelopedfor matrices] that have negative, real, eigenvalues.
Unfortunately, this is not the casefor the radiosityequations.The constructionof a
new mapping,that will be suitedfor the radiosityproblem,is anotherpotentialarea
for futureresearch.



9 Importance-Dri venMonte
Carlo Radiosity

In chapter6 and7, anoverview hasbeengivenof thebasicestimatorsfor solvingthe
systemof radiosityequations.In this chapterandthenext chapters,theapplicationof
anumberof variancereductiontechniquesto thesebasicestimatorswill bediscussed.
Thischapterwill dealwith theapplicationof importancesampling.

Importancesamplingin randomwalk methodsis a well-studiedtopic in Monte
Carlo literature[82, 1, 33, 156, 85]. It hasbeenappliedto continuousrandomwalk
estimatorsfor radiosityin [122, 44]. Its applicationto discreterandomwalk radiosity
hasbeenstudiedby Sbertet al. [135] and verified in the context of this disserta-
tion. Themainnew resultin thischapterconcernstheapplicationof view-importance
samplingin stochasticrelaxationradiosity, developedin the context of this disserta-
tion in collaborationwith L. andA. NeumannandJ. Prikryl. Thepresentdiscussion
is a completelyrevisedandsignificantlyextendedversionof [108].

In chapter7, theemphasiswason thederivationof goodrandomwalk estimator
scoresfor givenbirth andtransitionprobabilities� Æ and E Æ B . In theestimatorsshown
in 5 7.4, transitionsaccordingto the form factorprobabilities

: Æ B areused. Suchan
approachworks well in caseonehasequalinterestin all partsof a scene.By using
importancesampling,it is possibleto derive betterbirth andtransitionsprobabilities
in casethe accuratecomputationof radiosity is moreimportantin someregion of a
scenethanin otherregions.

9.1 Importance sampling in random walk methods

A randomwalk is characterisedby itsã pathcreation,or birth probabilitydistribution � Æ , thatexpressestheprobability
of selectingtheorigin of a randomwalk in a givenstate(patch)

È
;ã transitionprobabilitydistribution E Æ B , thatexpressestheprobability thata ran-

domwalk, currentlyin state
È
, will makea transitionto anotherstate� .

It is convenientto consideralsosomederivedprobabilitydistributions:ã survival probabilitydistribution
�RÆÄ� � B E Æ B , expressingtheprobability thata

randomwalk continuesaftera collisionat state
È
;ã absorption,or deathprobability distribution � ÆY� � �Ó�RÆ\� � � � B E Æ B , ex-

pressingthe probability that a randomwalk is terminatedafter a collision at
state

È
.

Theseprobabilitydistributionsfulfil certainrequirements(see5 7.2.1).They affect the
varianceÅ v wI{ of arandomwalk estimator

w x+y"z
of theform (7.9)for thescalarproduct

133
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Ú ��- ¯^] Ú in thefollowing ways(see5 7.3):Å v wI{ � � Æ m
¨Æ� Æ x Å v w(Æ�{ ¯ ×

¨Æ z�� `Na ©bÚ c ¨ (9.1)

Å v w(Æ�{ � ÛnÆ ¯ � B o ¨Æ BE Æ B Å v w B {Ü�§×
¨Æ

(9.2)ÛnÆ � � Æ x��HÆ Þ t Æ&z ¨ ¯ Ý�B ¥A� E Æ Bàß ��Æ B t Æ ¯ o Æ BE Æ B × BIá
¨

(9.3)

Thediscussionhereis limited to the(common)absorption,collision andsurvival es-
timators.Whensourcetermestimationis suppressed( 5 7.3.3),thevarianceisÅ v éwI{�� Ý� Æ ¥A� m

¨Æ� Æ �ÜÆ Ý�B ¥A� o
¨Æ BE Æ B x Å v w B { ¯ ×

¨B z<� `Na ©bÚ �4- c ¨
We now investigatewhat choiceof the transitionandbirth probabilitieswill leadto
minimal variance.We assumethatall o Æ B and

×ÜÆ
and t Æ arepositiveor zero.

9.1.1 Optimal transition probabilities

Theoptimal transitionprobabilitiescanbe foundby minimising the variancesource
term

Û�ÆJ�¼× ¨Æ
in (9.2) for eachestimator:Û Æ �¼× ¨Æ � � Æ x�� Æ Þ�t Æ z ¨ ¯ Ý�B ¥A� E Æ Bàß � Æ Bqt Æ ¯ o Æ BE Æ B × BIá

¨ �§× ¨Æ � (9.4)

The absorption estimator

For theabsorptionestimator(7.15),
� Æ Þ � ��Á � Æ and

� Æ B � ¦ if �§�� ä , sothat (9.4)
becomes: �� Æ t ¨Æ ¯ � B o ¨Æ B × ¨BE Æ B �§× ¨Æ
Minimisationof thisexpressionusingthetechniqueof Lagrangemultiplierswith con-
straint � Æ ¯ � B E Æ B � � , yields:

E Æ B � o Æ B × Bt Æ ¯ � B o Æ B × B � o Æ B × B× Æ (9.5)� Æ � t Æt Æ ¯ � B o Æ B × B � t Æ×ÜÆ �
It is easyto verify thatwith thischoicefor all

È
, all Å v w Æ {��W¦ . Whetheralso Å v wI{J�[¦

dependsonthebirth probabilities,but it will beshown below thatthereexistsachoice
for thesethatmakes Å v wI{H� ¦

, resultingin a first perfectrandomwalk estimator. As
usualfor a perfectestimator, knowledgeof thesolutionis requiredin theprobability
distribution, so that a perfectestimatorcan only be approximatedin practice. An
interpretationfor theperfectabsorptionestimatorwill begivenbelow in 5 9.1.3.
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The collision and survival estimator

In caseof thecollisionestimator(7.16),all
� Æ B �Ó� Æ Þ � � , sothat� ð � �ð ô úþ� ÿ � ö ð � � � ð ô õ ð �ö ð �R÷ � � � � ÷ �ð ò � �ð 	 � ð ô þ � ö ð ��
 ô�� � ð þ � õ ð � ÷ � ô þ � õ �ð � ÷ ��ö ð � � ÷ �ð

needsto beminimisedwith constraint� Æ ¯ � B E Æ B � � . Unfortunately, nosolutionis
foundwith � Æ ��[¦ . If � Æ �P¦ , thenwe find

E Æ B � o Æ B × B� B o Æ B × B � o Æ B × B×ÜÆ"� t Æ (9.6)� Æ � ¦
Thesechoicesfor all

È
, againresultin Å v w(Æs{$�ê¦ ©�� È

. The resultingperfectcollision
estimatorhowever is aninfinite randomwalk estimator, which definitelyhasa higher
costthanthefinite perfectabsorptionestimator. It is anexampleof a situationwhere
theabsorptionestimatorwill bepreferredover thecollision estimator.

Theperfectsurvival estimatoris identicalto theperfectcollision estimator. This
canbeshown by deriving theoptimaltransitionprobabilitiesby minimising(9.4)with� Æ B � ��Á � Æ

and
� Æ Þ �®¦ asshow above. This is not sosurprising:a infinite collision

estimatoris a (infinite) survival estimator.

9.1.2 Optimal birth probabilities

Theoptimalbirth probabilities� Æ canbedeterminedby minimising(9.1) (or alternat-
ively (9.1)whensourcetermsuppressionis used)with constraint

� Æ � Æå� �
. For the

generalcaseÅ v w Æ { ��P¦ , wefind:� ¨Æ�  m ¨Æ x Å v w Æ { ¯ × ¨Æ z (9.7)

In particular, when Å v w Æ {��W¦ , we obtainasoptimalbirth probabilities:� ÆA� m Æ × Æ� Ë m Ë × Ë (9.8)

The resultingestimator
w�x+y~z¼� � Æ w(ÆTx+y"z is then also perfect. Indeed,(9.1) then

becomes: Å v wI{ � � Æ m
¨Æ� Æ x Å v wqÆs{ ¯ ×

¨Æ z�� `1a ©TÚ c ¨� � Æ m
¨Æ × ¨ÆÔ Q¢¡£Q¤ Ð Ô Ð ¡ Ð � `Na

©bÚ c ¨� } � Æ m Æ�×ÜÆ �
¨ � `/a ©TÚ c ¨ � ¦ �

Also theoptimalbirth probabilitiesrequirea-priori knowledgeof thesolution.
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9.1.3 Inter pretation of the perfect random walk estimators

It is interestingto studythescore
w�x�y"z

of a randomwalk with perfectbirth probabil-
ities (9.8)andtransition/absorptionprobabilities(9.5):w�x �qh © � � © �I�I� © � | z¾� m B i� B i o B i B+pE B i B+p GqGIG o�B � r p B �E B�� r p&B&� G ��JB�� G tIB �� m B�i � Ë m Ë × Ëm B&i × B&i o B i B+p × B io�B&i�B p × B p GIGqG o B&� r p�B�� × B�� r po�B � r p B � × B � G × B��t<B � G t B&�� � Ë m Ë × Ë � `/a ©TÚ c
The scoreof any arbitraryrandomwalk with givenbirth andtransitionprobabilities
equalsthe scalarproduct `ªa ©TÚ c , to be computed. Note that this randomwalk
estimatorhas� ÆA�P¦ unlesst Æ ��W¦ : a randomwalk will continueuntil a sourceis hit.
Whena sourceis hit, the randomwalk may be terminatedandthe score `ûa ©TÚ c
returnedregardlessof what sourceis hit. As usualin Monte Carlo, the effect of all
othersourcesis broughtinto accountby thefactthatany sourcecouldhavebeenhit.

It is harderto verify in this way that the optimal collision estimatoris a perfect
estimator. This is however so by construction.Also, a finite collision randomwalk
estimatorcannotbeperfect,becausethenumberof contributionsis notconstant[85].

9.1.4 Approximation of perfect random walk estimators

In practice,thesolutionis neverknown in advance.It is howeverpossibleto obtaina
significantvariancereductionby usinganapproximatesolution éÚ j Ú insteadof the
real solution

Ú
in the above formulae. This approximatesolutionneedsto fulfil the

following requirements.Theserequirementsarere-phrasingsof the generalrequire-
mentsgoodpdf’s for importancesamplingneedto fulfil (see5 4.3.1).ã BesideséÚ , also ] éÚ needsto beknown in orderto guaranteepropernormalisa-

tion of thetransitionprobabilities;ã é× B may never vanishif
× B �� ¦

andthereexists a state
È

for which o Æ B ��ª¦
.

If it would vanish,then éE Æ B � o Æ B é× B Á � B o Æ B × B would be zerowhere E Æ B �o Æ B × B Á × Æ ��W¦ .
Similarly, if approximatecoefficients éo Æ B j o Æ B areused, éo Æ B maynevervanish
if o Æ B × B ��P¦ for some� . If it would,importantcontributionsto thesolutionmay
bemissed.ã Samplingaccordingto o Æ B é× B shouldnot betoo costly in ordernot to offsetthe
gainof having to samplefewerpaths.

A secondapproximationis to usethe collision estimatorwith nearly-perfecttrans-
ition probabilitiesfor theabsorptionestimator. Theresultingestimatoris not perfect,
but thegeneratedpathsareat leastfinite. Coveyou [33] hasproventhat for the thus
modifiedcollision estimatoréw , � Â u_v éw ¨ {xsu_v éwI{�z ¨ Â[â
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so that the varianceÅ v éwI{ Â x�uZv éwq{�z ¨ : the statisticalerror ¥ Å v éwI{ with just 3 pathsis
alreadysmallerthantheresultto becomputed,with 99.7%certainty.

9.1.5 Collision density of the perfect absorption random walk

It is interestingto studythecollisiondensity¦ Æ (7.5)of theperfectabsorptionrandom
walk estimatorfor thescalarproduct `/a ©bÚ c with

Ú �<- ¯1] Ú :¦ ÆA� � Æ ¯ � B ¦ B E B ÆA� m Æ × Æ� ' m ' × ' ¯ � B ¦ B o B Æ × Æ× B
Comparethis with theadjointsystem) Æ � m Æ ¯ � B ) Bqo�B Æ � x ) Æ × Æ zÄ� x m Æ × Æ z ¯ � B x ) B × B z o�B Æ × Æ× B
If this systemhasauniquesolution(whichwe assumeeverywherein this text), then¦ Æ"� ) Æ�× Æ� ' m ' × ' (9.9)

In otherwords: thecollision density ¦ Æ of theperfectabsorptionrandomwalk estim-
atoris aweightedsolution

) Æ
of theadjointsystem� � a ¯U]1§�� . Since

Ú
and a are

assumedto beknown, thesolution � of theadjointsystemcanbeestimatedby simply
estimatingthecollision densityandscaling) Æ � �,' m ' × ' G ¦ Æ×ÜÆ �
It will beexplainedin 5 9.2.3what this meansin thecontext of theshootingrandom
walk estimatorfor radiosity.

9.2 Importance-dri ven random walk radiosity

In principle, the applicationof the theory above to the radiosity methodis quite
straightforward.Therearehowevera numberof practicalproblems.

9.2.1 Importance-dri ven gathering random walk radiosity

In gatheringrandomwalk radiosity( 5 7.4.1),the radiosity

7 Ë for a given patch Ò is
computedby estimating

� Æ m Æ
7 Æ

wherem ÆA�WÉIÆ Ë and7 Æ"�Pu£Æ ¯ � B98 Æ=:�Æ B 7 B��
Thedifferencebetweentheestimatorsfor differentpatchesÒ is only in thebirth prob-
abilities � ÆA�WÉIÆ Ë �
Theperfecttransitionprobabilitiesare[135]:
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E Æ B � 8 Æ : Æ B 7 B7 Æ ë � ÆA� u Æ7 Æ (9.10)ã Collision (andsurvival) estimator:

E Æ B � 8 ÆM:AÆ B 7 B7 Æ �du Æ ë � ÆA�W¦ (9.11)

In bothcases,transitionsfrom
È
towardspatches� fromwhich

È
receivesmostradiosity8 Æ : Æ B 7 B are favoured. In the perfectabsorptionrandomwalk, a path is allowed to

terminateonalight source
u Æ ��[¦ . Theperfectcollisionestimatordoesnotterminate.

It is possibleto approximatetheseperfectestimatorsby using an approximate
radiositysolution é7 j 7 andby usingapproximateform factors é:�Æ B j :AÆ B . Problems
with this approachare:ã The approximateform factorscan be accumulatedduring the computations,

basicallyby countingthenumberof transitionsbetweeneachpair of patches
È

and � . Careshouldbe taken that é: Æ B �� ¦
if
: Æ B �� ¦

in ordernot to exclude
potentiallyimportantradiositycontributions.For instance,if a form factorto a
small,but bright, light sourceis accidentlyestimatedto bezero— for instance
becausetherehasneverbeena transitionto or from thatlight sourcebefore—,
illuminationdueto this light sourcewill bemissingin thecomputedresult;ã Besides é7 and é:AÆ B , also

� B 8 Æ é:�Æ B é7 B needsto becomputedfor propernormal-

isationof thetransitionprobabilities.In general,thecomputationof

� B 8 Æ é: Æ B é7 B
for all

È
takes l x æ ¨ z work.

The potentialusein practiceof a importance-drivengatheringrandomwalk, asout-
lined here,thusis ratherquestionableat first sight. Therearehowever a numberof
possiblesolutionsto theseproblems,thatneedto beinvestigatedin furtherresearch:ã It is possibleto ensurethat all visible patchescanbe selectedfor a transition

by harnessingmultiple importancesampling[176, 118] with the probabilitiesE ³
¨ ´Æ B � 8 ÆM:AÆ B , usedin the non-importancedriven gatheringrandomwalk, as

auxiliarypdf;ã With hierarchicalrefinement,therewill beonly a fixednumberof interactions
(andform factors)for eachelement,so that computationof

� B 8 Æ é:�Æ B é7 B will
takeonly l x æ z work, which is acceptable.

A solutionwill needto befoundfor theseproblemsfirst, beforetheissueof adaptive
importancesamplingcanbeattacked. In adaptive importancesampling,thecompu-
tationsare organisedin stages.In eachstage,a pdf is usedwhich is basedon the
intermediatesolutionobtainedin thepreviousstages.Whendonewell, adaptive im-
portancesamplingmayresultin exponentialconvergence[63, 154, 100, 93].
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9.2.2 Importance-dri ven shootingrandom walk radiosity

In shootingrandomwalk radiosity ( 5 7.4.2), the radiosity

7 Ë of a given patch Ò is
computedby estimatingthescalarproduct

7 Ë � �� Ð ` P ? © x 8 L z c wherex 8 Æ L Æ&z�� x 8 Æ Å Æ�z ¯ � B 8 ÆM:�Æ B x 8 B L B z (9.12)

with Å ÆA�PÉqÆ Ë . Theperfectbirth probabilities(with sourcetermestimation)are� ÆA� N Æ L Æ� ' N ' L ' � u Ë É Ë Æ ¯ > Ë Æ7 Ë (9.13)

The probability of creatinga path from a light source
È

shall be proportional to the
radiosityat Ò dueto that light source

È
.

Theperfecttransitionprobabilitiesare[135]:ã Absorptionestimator:

E Æ B � 8 Æ : Æ B 8 B L B8 Æ L Æ � : Æ B 8 B L BL Æ ë � Æ � 8 Æ Å Æ8 Æ L Æ � É Æ ËL Æ (9.14)ã Collision (andsurvival) estimator:

E Æ B � :�Æ B 8 B L BL ÆJ� Å Æ ë � Æ �P¦ (9.15)

In bothcases,transitionstowardsregionswith higher importance8 B L B are favoured.
With theabsorptionestimator, pathsareallowedto terminateonthepatchÒ of interest
only: only for this patch,

ÉIÆ Ë^��è¦
, so thatonly � Ë^��è¦

. The probability thata path
survivesacollisionwith patchÒ , equals

� Ë ��¨ Ë Á L Ë . ¨ Ë � L Ë � ÅÜË reflectstherelative
amountof radiosity(or power) thatthepatchof interestÒ receivesbackfrom itself.

Theapproximationof thebirth andtransitionprobabilitiesby usingapproximate
form factors é:AÆ B j :AÆ B andan approximateimportancesolution éL Æ j L Æ

posesthe
sameproblemsaswith thegatheringrandomwalk estimatorfor radiosity. Thesolu-
tionsarealsothesame.

9.2.3 View-importancedri ven random walk radiosity

Thereis however one additionalproblemwith importance-driven shootingrandom
walk radiosity: theimportance

L<Æ
dependson thepatchof interestÒ . In orderto com-

putetheradiosityof a differentpatchÒ Ê , thesolutionprocessneedsto berepeatedfor
a differentsetof equationsyielding a differentimportancesolution. For this reason,
perfectestimationof the radiositiesby importancesamplingwould be feasibleonly
with a gatheringrandomwalk.

Importance-drivenshootingrandomwalk radiositycanhowever still yield signi-
ficantvariancereductionby settingtheweightvector Å Æ$� �

for all patchesthat are
visible in a particular view of a scene.Settingthe weightvectorlike this, marksall
visible patchesasbeingimportant(seefigure9.4on page156). Determinationof the
visible patchescanbe doneeasilywith a Z-buffer like algorithmandID-rendering,



140 CHAPTER9. IMPORTANCE-DRIVEN MONTE CARLO RADIOSITY

like in previouslyproposedview-importancedrivenradiosityalgorithms[152, 5] The
importance

L Æ
, resultingaftersolutionof theimportanceequation(9.12),is calledthe

view-importanceof thepatch
È

w.r.t. theview to begenerated.With these,

� Æ N Æ L Æ
yieldsthetotal power emittedby all visible patchesin theview.

L<Æ
expressesto what

extenttheilluminationemittedby patch
È

affectstheilluminationof visiblepatchesin
theview:

L Æ f Æ yieldstheflux emittedby all visiblepatchesin aview, dueto emission
of power f Æ by

È
.

Theperfectrandomwalk estimators,asintroducedin theprevioussection,will be
perfectestimatorsfor the total flux emittedby the visible patches.They will not be
perfectestimatorsfor the radiosityemittedby individual patches.Considerhowever
thecollision densityof thecorrespondingperfectabsorptionestimator(9.9):¦ Æ"� f ÆML<Æ� ' N ' L ' � (9.16)

Althoughtherandomwalk estimatoris not perfectfor computingradiositiesof indi-
vidual patches,pathsarestill biasedtowardsto theregion of interest( ¦ Æ   L Æ ). As a
result,a lowervariancewill beobtainedfor patchesin regionof interest.

Formula(9.16)alsosuggeststhefollowing algorithmin orderto computeaglobal
radiosity(orbetter:power)solutionfor ascene,usingview-importancebiasedrandom
walks: whatever the choicefor Å Æ — andthusalso the resultingimportances

L Æ
—

the power f Æ emittedby any patchin the scenecanbe computedby estimatingthe
collision density¦ Æ (by countinghits)of thebiasedpaths,andusingf Æ��W� ' N ' L ' G ¦ ÆL<Æ �
This procedureis unbiasedfor any choiceof Å Æ sothat

L<Æ �� ¦ if f Æ �� ¦ . Thechoice
of Å Æ however hasan impacton the varianceon the result. ChoosingÅ Æ
� �

for all
visiblepatchesin aview of asceneis acompromisethatwill reducethevarianceonall
visible patches.This choicewill not beexceptionalfor any patch,unlike thestrategy
suggestedin theprevioussection.

It is importantto realisethedifferencebetweenthisalgorithmandthealgorithmof
theprevioussection:in theprevioussection,importancewassochosenthat

� ' N ' L ' �f Ë and f Ë wasobtainedasthe averagescoreof the randomwalks that weregener-
ated.Thealgorithmin thissectionselectsimportancesothat

� ' N ' L ' yieldsthetotal
poweremittedby all visiblepatchesin aview. Theaveragescoreof therandomwalks
wouldestimatethis totalpower. Thepoweremittedby individualpatchesis estimated
throughestimationof thecollision densityinsteadof averagingscores.

9.2.4 Computation of view-importance

Sofar, it hasnotbeenspecifiedhow theimportance
L Æ

in theimportance-drivenshoot-
ing randomwalk radiosityalgorithms,outlinedabove,canbecomputed.Unlikein the
analogshootingrandomwalk method( 5 7.4.2),explicit computationof a global im-
portancesolutionis requiredhere:thecomputationof importanceneedsto bedoneas
afirst pass,beforeit canbeusedin orderto biasrandomwalksfor shootingpowerto-
wardsimportantregions.Computationof aglobalimportancesolutioncanbedonein
threemanners:by analogimportancegatheringrandomwalks,by analogimportance
shootingrandomwalks,andby radiosity-biasedrandomwalks:
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Gathering importance with analograndom walks

Equation(9.12) is immediatelysuggestive of a analoggatheringrandomwalk ap-
proachfor computingimportance:randomwalks aretracedexactly asfor gathering
radiosity, with 8 Æ Å Æ takingtheroleof

u Æ
and 8 ÆML<Æ takingtheroleof

7 Æ
. Randomwalks

aretracedfrom eachpatch Ò in turn ( m Æ�� � Æ�� ÉqÆ Ë ), towardsthesourcesof import-
ance( Å Æ ��û¦

). The transitionprobabilitiesare E Æ B � 8 ÆM:AÆ B andcanbesimulatedby
meansof uniformly distributedlocalor globallinesasever. Thevarianceanalysiscan
betakenover from gatheringrandomwalk radiosityalmostliterally.

Shootingimportance with analograndom walks

Considertheadjointradiosityequations(4.31),relatedwith (4.32)bymultiplying both
sidesof (4.32)by � Æ : © Æ���ª¼Æ ¯ � B © B 8 B : B Æ (9.17)

where
ª Æ � � Æ Å Æ and

© Æ � � Æ=L<Æ . © Æ canbeobtainedby estimatingthecollisiondens-
ity ¦�«Æ of the randomwalk with birth probabilities� Æ �zª Æ Á � ' ª '

andtransition
probabilitiesE Æ B � 8 Æ=:AÆ B . L Æ is recoveredasfollows:L ÆA�Ø�(' � ' Å ' G ¦�«Æ� Æ �
Thevarianceanalysiscanbecopiedalmostwithoutchangefrom thevarianceanalysis
of thecollisionshootingrandomwalk for radiosity. As with radiosity, analogshooting
of importancewill generallybepreferredoveranaloggathering.

Importance computation by radiosity-biasedrandom walks

Equation(9.17)above is the adjoint of the classicalradiosityequations(4.25). The
perfectabsorptionshootingrandomwalk for (9.17) thuscorrespondsto the analog
solutionof x © Æ 7 Æ z�� xMª Æ 7 Æ z ¯ � B x © B 7 B z 8 B : B Æ

7 Æ7 B
by estimationof thecollisiondensity¦�¬Æ of therandomwalk with birth andtransition
probabilities:� Æ � ª�Æ 7 Æ� ' ª ' 7 ' � Å Æ f Æ� ' Å ' f ' ë E Æ B � 8 Æ;:�Æ B 7 B7 Æ ë � Æ � u£Æ7 Æ �
Theimportance

L<Æ
is recoveredbyL<Æ � � ' Å ' f ' G ¦­¬Æf Æ
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andwill bemoreaccurateon patcheswith moreintenseillumination: in otherwords,
on thosepatcheswheretheimportanceis moreimportant.

Radiosity-biasedimportancecomputationsuggeststhe useof alternatingphases
in the computation:first, a first approximateglobal importancesolution is sought
using analogshootingrandomwalks, next, a first importance-driven global power
distribution is computed,next, a radiosity-drivensecondglobalimportancesolutionis
computed,etc �q�I� . Theresultingestimatesfor radiosityandimportancearecombined
asexplainedin 5 6.6.1.

9.2.5 View-importancedri venrandom walk radiosity with analog
transition probabilities

It wasexplainedabovethattransitionprobabilitybiasingis notwithoutproblems.For-
tunately, alsowithout transitionprobabilitybiasing,asignificantreductionof thevari-
ancein a view canbeobtainedonceanapproximateglobalview-importancesolution
hasbeencomputed.Thebasicideais to modify only thebirth andsurvival probabilit-
iesappropriately. Thenormalisedtransitionprobabilities� Æ B � E Æ B Á �RÆ — expressing
the probability thata pathmakesa transitionfrom state

È
to state� after survival —

arenotmodified.Localor globaluniformly distributedlinescanbeusedfor sampling
transitionsasusual.

Optimal path creationprobabilities with analogtransitions

Whentheimportance
L Æ

onlight sourcesis known,they canbeusedin orderto biasthe
pathcreationprobabilitiesin suchawaythatmorepathsaregeneratedfrom important
light sourcesandfewer from lessimportantlight sources.

Consideranalogshootingrandomwalk radiositywithout sourcetermestimation.
Thevarianceof thisestimatoris givenby (7.30).In caseof theanalogcollisionestim-
atorfor estimatingtheradiosityona fixedpatch Ò :ø\î¯®ï ñFò \ ô�� [ H° �H þ ð²± �ð³ ð u �ð u ð þ � u ð;´ ð � � u ��Z+� �@� G �ð ò \ ô�� [ H° �H þ ð9± �ð³ ð � Z ð � ø ð �
� G �ð
UsingLagrangemultipliersagainin orderto minimisethis expressionwith constraint
� Æ � Æ � � , yields � Æ   N Æ ¥ LIÆ � Å Æ � (9.18)

Theoptimalbirth probabilitiesareproportionalto theself-emittedpower N Æ of a light
sourceandto thesquare root of thereceivedimportance

L ÆA� Å Æ . This result[133] is
alsovalid for theabsorptionandsurvival estimators.

Russianrouletteand splitting

A global importancesolutioncanalsobeusedin orderto biasthesurvival probabil-
ities so thatpathswith low expectedscoreareterminatedprematurely. Thesurvival
probabilityin importantregions,wherepathswill yield significantscoreson theaver-
age,areartificially increased.Of course,whenthesurvival probabilityof theanalog
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randomwalk is modified from
� Æ

to é� Æ , the scoreof the randomwalk needsto be
modifiedaccordingly, by multiplying with

�ÜÆ Á é�RÆ .
A relatedideato to split particlesin importantregionsin multiple parts,resulting

in a branchingrandomwalk [81, 156, 107]. Thescoresassociatedwith eachbranch
areweightedsothattheexpectedvalueof their sumis right.

Russianrouletteandsplitting have beenstudiedin the context of stochasticray
tracing[12]. So far however, thesetechniqueshave not yet receivedattentionin the
context of view-importancedriven Monte Carlo radiosity. Their study requiresde-
terminationof theoptimalnumberof off-springparticlesoneachpatch,dependingon
the approximateimportancesolution

L Æ
. A similar effect is however obtainedeasily

with stochasticJacobiiterations.

9.3 Importance-dri venstochasticrelaxation radiosity

Thekey to importance-drivenstochasticrelaxationradiosity[108] is theobservation,
madeabove, that the solution of a system

Ú �µ- ¯ ] G Ú with a perfectabsorp-
tion randomwalk estimatorcorrespondsto theanalogsolutionof a modifiedsystemx ) Æ�×ÜÆ&z�� x m Æ�×ÜÆ&z ¯ � B x ) B × B z o B Æ�×ÜÆ Á × B usingacollisionestimator. In caseof shooting
randomwalk radiosity, themodifiedsystemisf Æ L ÆA� N Æ L Æ ¯ � B f B L B : B Æ 8 Æ L ÆL B (9.19)

where
LIÆ

is the importancecorrespondingwith someimportancesourcedistributionÅ Æ : L<Æ � Å Æ ¯ � B : Æ B 8 B L B � (9.20)

Insteadof solving (9.19)by collision densityestimation,stochasticJacobiiterations
canbe usedaswell. We will discussherethe caseÅ Æ�� �

for all visible patchesin
a view of a sceneandzerofor non-visiblepatches,yielding view-importancedriven
stochasticJacobiiterations.

9.3.1 Importance-dri ven power propagation

Whena global importancesolution
LIÆ

is availablefor a view, it canbeusedin three
mannersin order to bias power propagationtowardsimportantregions. The com-
putationof importance,usingstochasticJacobistepsaswell, will be discussedsub-
sequently.

Method A: analogtransitions with total-importance weighting Theproblemcon-
sists in transforminga given power distribution f Æ into a new power distributionf ÊÆ � N Æ ¯ � B f B : B Æ 8 Æ , sothatcomputationaleffort is focussedin importantregions,
thatis: on patcheswith high

L Æ
.

A first wayto dosois by weightingtheprobabilitiesof shootingarayfrom apatch
with theimportance:if theimportanceis high, theprobabilityof shootinga ray from
the patchis increased.If low, the probability is attenuated.The contribution of the
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ray at the hit patchis modifiedaccordinglyin orderto retainan unbiasedestimator.
Non-view importancedrivenstochasticJacobiiterationswill appearasaspecialcase,
with

L Æ�� �
for all patches

È
.

In thesamewayaswasdonein 5 6.4,equation9.19canbereformulatedas:L Ë x f ÊË � N Ë z�� � Æ � B x f B L B z¶: B Æ 8 Æ=L<ÆL B ÉIÆ Ë (9.21)

The sumson the right handsidecanbe estimatedsimultaneouslyfor all patchesÒ ,
usingestimatorslike thefollowing:

1. Selectthe
È � -th termwith probability E �Æ B � E �B E �Æ=· B asfollows:

(a) First selecta patch � with probability E B � f B L B ÁX¸ �S , where
¸ �S �� ' f ' L ' ;

(b) Next, select
È
conditionalon � with probabilityE �ÆM· B ��: B Æ . As usual,selec-

tion of
È

is carriedoutby finding thenext intersectionpointof auniformly
distributedline through� .

2. Thecontributionassociatedwith the
È � -th termis¹ ËÆ B � É Æ Ë��Ë L Ë ¸ �S 8 Æ;L<ÆL B (9.22)

Theexpectationis
> Ê Ë . If ` raysareusedin a iteration,thecontribution

¹ ËÆ B needto
bedividedby ` for eachray.

Theonly changesthatneedto bemadeto algorithm12 or 13 are:ã thecomputationof theprobabilities� Æ for selectinga ray origin on apatch;ã thescorethatis recordedon thepatchhit by every ray.

Theotherpartsof thealgorithmremainunchanged,exceptthat importanceneedsto
becomputedfirst. Computationof importanceis explainedfurtherin this text.

Thevarianceof theestimators
¹

( Å v ¹ {J�[u_v ¹ ¨ {R�ÓxsuZv ¹ {�z ¨ ), is determinedbyu}º�x ¹ Ë z ¨�» � 8 Ë��Ë } �,' f ' L ' � ���Ë � B f B : B Ë 8 ËL B (9.23)

Method B: analog transitions with received-importanceweighting A betteres-
timatoris obtainedby selectingshootingpatches� with probabilitythatis proportional
to thereceivedimportance

x L ÆJ� Å Æ&z insteadof thetotal importance
L Æ

.
Equation(9.21)is equivalentwithL Ë x f ÊË � N Ë z��Ø� Æ � B f B x L B � Å B zD: B Æ 8 ÆML<ÆL B � Å B ÉIÆ Ë (9.24)

suggestingthefollowing estimators:
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1. Selecta patch� with probability EV¼B � f B x L B � Å B z Á�¸ ¼S with¸ ¼S � � ' f ' x L ' � Å ' z .
2. Selectpatch

È
with conditionalprobability EB¼Æ=· B �w: B Æ usingauniformly distrib-

utedline from � asin methodA;

3. Contribute ½ ËÆ B � É Æ Ë��Ë L Ë ¸ ¼S 8 ÆML<ÆL B � Å B (9.25)

In orderto comparetheeffectiveness(below), we needu º x ½ Ë z ¨ » � 8 Ë�YË } � ' f ' x L ' � Å ' z � ���Ë � B f B : B Ë 8 ËL B � Å B (9.26)

The main differencewith methodA is in the factor

� ' f ' x L ' � Å ' z , which will be
significantlysmallerthan

� ' f ' L ' in (9.23): in practice,
L Æ

is at mosta few times
higher than Å Æ»� �

for visible patchesin a scene.

� ' f ' Å ' will be a significant
fraction of

� ' f ' L ' . In particular, light sourcesthat aredirectly visible in a view
causelargecontributionsto

� ' f ' Å ' (seefigure9.1).
Non-view importancedriven stochasticJacobiiterationsresultswith the choiceL ÆA� �nÁ 8 Æ and Å ÆA� ��Á 8 Æ�� � . Thischoicefor

L Æ
and Å Æ satisfies(9.20).

Black wall

eye

lightsource

Figure 9.1: The light-sourcehasa largeproductof power andtotal importance.All its light
is however absorbedby the black wall behindthe viewer, so it makesno senseto usea large
numberof rays to representthe power of this light-source. The solution is to usereceived
importanceinsteadof total importance.

Method C: non-analogtransitions MethodsA andB only modify theprobability
by which raysareshotso thatmoreraysareshotfrom importantpatchesandfewer
from unimportantpatches.The directionof the rays is cosine-distributedw.r.t. the
normalof the patches.It is alsopossibleto aim raystowardsimportantregions,in
additionto shootingmoreraysfrom importantpatches.

Since
L B � Å B ¯ � Æ : B Æ 8 ÆML<Æ , andall

L<Æ ¸ ¦ , the factors
: B Æ 8 ÆML<Æ Á x L B � Å B z form

a probability density. This suggestsa third kind of estimatorsfor importance-driven
powerpropagation:
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1. Selecta patch� with probability E ¢B � EV¼B ;

2. Selecta patch
È

conditionalon � with probability E ¢ÆM· B �<: B Æ 8 Æ;LIÆ Á x L B � Å B z ;
3. Contribute ¾ ËÆ B � É Æ Ë��Ë L Ë } � ' f ' x L ' � Å ' z � (9.27)

We need u º x ¾ Ë z ¨ » � �� Ë L Ë } � ' f ' x L ' � Å ' z � G �� Ë � B f B : B Ë 8 Ë � (9.28)

WhetherestimatorC will bebetterthanA andB for a givenpatch Ò dependson the
ratio uZv ½ ¨ {u_v ¾ ¨ { � � B f B : B Ë 8 Ë Á x L B � Å B z� B f B : B Ë 8 Ë Á 8 Ë L Ë �
If this ratio is largerthan1, C will have lowervariance,andviceversafor B.

Someintuition in therelativebenefitof methodB andC canbegainedasfollows:
considera casewherevisible patchesin a view do not receive much illumination
directly from eachother, for instancebecausethey arenot facingeachother. If we
assumeaswell that the received importance

L Æ�� Å Æ is approximatelyconstantnear
thevisible partsof thescene,

L Ë will be largerthan
L B � Å B , thereceivedimportance

of patches� from which Ò receivespower, by aboutÅ Ë � � . If theaveragereflectivity
nearthevisible partsof thesceneis about

¦ � r , L B � Å B j �
at most,so thatmethod

C will yield a variancewhich is at most2 timeslower thanwith methodB. Up to 4
timesfewerrayswouldbeneededin orderto computetheradiosityin thevisibleparts
of thesceneto givenaccuracy.

Unfortunately, tracingraysthatareaimedmoretowardsimportantregionsis sig-
nificantly morecomplicatedthan tracingcosine-distributedrays. The problemsare
thesameasin importance-drivengatheringrandomwalk radiosity( 5 9.2.1).Whether
the lower varianceoffsetsthehighercostperray or not, dependson theactualscene
andview, but thebenefitof methodC overmethodB is generallydoubtfulin practice.

Importance-dri venversusanalogpower propagation

Whenwill importance-drivenpowerpropagationbeinteresting?
A first importantfactorin answeringthis questionis thevarianceof the involved

estimators,whichdeterminesthenumberof samplesthatwill neededin orderto com-
putetheradiosityfor visible patchesin a view Å Æ �� ¦

to givenaccuracy. For analog
stochasticJacobiiterations,wehaveuZv�x�¿> Ê Ë z ¨ {�� 8 Ë� Ë �,' f ' > Ê Ë � 8 Ë� Ë } �*' f ' � G �� Ë � f B : B Ë 8 Ë (9.29)
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It is easiestto comparewith methodC, expression(9.28). WhetherC will be better
thantheanalogmethoddependson theratiouZvÙx�¿> Ê Ë z ¨ {uZv ¾ ¨ { � 8 Ë L Ë � ' f '� ' f ' x L ' � Å ' z
If this ratio is larger than1, importance-driven iterationswill have lower variance.
This will be the caseif relatively few patchesof a scenearevisible, so that

L Æ ¸ �
only in asmallpartof thescene.Theratio

� ' f ' Á � ' f ' x L ' � Å ' z will belargeif the
scenecontainsmany, strong,but unimportantlight sources.As a matterof fact, this
ratiocanbearbitrarylarge.In practice,wefind thatthevarianceof importance-driven
stochasticJacobiiterationswill be lower than analogstochasticrelaxationin most
cases.The formulaabove alsoindicatesthat the variancereductionin the important
partsof thesceneis accompaniedby a potentiallyvery high increaseof varianceon
unimportantpatches.Thisconclusionis alsovalid for methodsA andB.

Thesecondfactordeterminingtherelativebenefitof view-importancedrivenversus
analogstochasticrelaxationis thecost.Thecostperray in methodsA andB is prac-
tically equalasin theanalogcase,but thereis a significantextra costdueto theneed
to computea global importancesolution in addition to the radiosity solution. The
amountof work spentin computingimportancecanbe tradedfor the quality of the
importancesolution,but in practice,abouta doublingof thecostcanbeexpected.

Nonetheless,importance-drivenstochasticrelaxationwill be highly beneficialin
complex scenes,containingmany light sources,of which only a small numberare
significantfor a view. Typical examplesincludethevisualisationof roomsin a large
building.

9.3.2 Computation of importance

Thecomputationof importancecanbedonein avery similarwayasthecomputation
of power. A givenglobalimportancesolution

L<Æ
is transformedinto a betterone

L ÊÆ by
usingstochasticJacobiiterations.Asaninitial importancedistribution,theimportance
source

L ÆH� Å Æ (1 for visiblepatchesin aview, and0 for invisiblepatches)canbeused.
Dueto theorderin which theindicesof theform factorappear, it is moreconvenient
to useequation(4.31)for propagatingimportanceinsteadof (4.32).Thisequationcan
berewrittenas ©

ÊË �Cª Ë �Ø� Æ � B © B 8 B : B Æ&ÉIÆ Ë (9.30)

with

© ÆA� � Æ L Æ and
ª¼ÆA� � Æ Å Æ .

Method D: Analog importance propagation Analog importancepropagationis
directlybasedon (9.30):

1. Selecta patch� with probability EVÀB � © B 8 B Á � ' © ' 8 ' ;
2. Selecta patch

È
conditionalon � with probability E ÀÆM· B ��: B Æ , usinga uniformly

local or globalline originatingat � asusual;
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3. Contribute Á ËÆ B � ÉIÆ Ë��Ë } � ' © ' 8 ' � (9.31)

Theexpectationis
L ÊË � Å Ë . Thevarianceis determinedbyu º x Á Ë z ¨I» � ��YË } � ' © ' 8 ' � G x L ÊË � Å Ë z (9.32)

Method E: Analog transitions with total-radiosity weighting The duality be-
tweenimportanceandradiositycanbeexploitedalsoin orderto computeimportance
to higheraccuracy whereit is neededmost. Accuratecomputationof importanceis
especiallyimportanton bright surfaces. A first way to take this into accountis by
biasingtheprobability E ÀB of shootinganimportance-rayfrom a patch� proportional
to theradiosity

7 B of � . Multiplying bothsidesof (9.30)by

7 Æ
yields:x © ÊË �4ª Ë z 7 Ë � � Æ � B © B 7 B 8 B : B Æ

7 Æ7 B É Æ Ë (9.33)

1. Selectpatch� with probability E ²B �
© B 7 B 8 B ÁX¸ ²S , with

¸ ²S � � ' © ' 7 ' 8 ' ;
2. Select

È
conditionalon � with probability E ²Æ=· B ��: B Æ ;

3. Contribute Â ËÆ B � ÉqÆ Ë� Ë 7 Ë ¸ ²S G
7 Æ7 B (9.34)

Thevarianceis determinedbyu º x Â Ë z ¨ » � �� Ë } � ' © ' 7 ' 8 ' � G �� Ë � B
© B 8 B : B Ë7 B (9.35)

Note that for power propagation,we assumedthat the importancedistribution was
given andfixed. Here, for importancepropagation,the radiositydistribution

7 Æ
is

assumedto begiven(andfixed).Theanalogcaseis retrievedby thechoice

7 Æ"� � ©¶� È
.

Method F: Analog transitions with received-radiosity weighting Again, we can
do betterby weightingonly with receivedradiosity

7 B � 7 B �du B :x © ÊË �4ª Ë z 7 Ë � � Æ � B © B x 7 B �du B z 8 B : B Æ
7 Æ7 B �du B É Æ Ë (9.36)

1. Selectpatch� with probability EVÃB � © B x 7 B �§u B z 8 B Á�¸ ÃS , with¸ ÃS � � ' © ' x 7 ' �§u ' z 8 ' ;



9.3. IMPORTANCE-DRIVEN STOCHASTICRELAXATION RADIOSITY 149

2. Select
È

conditionalon � with probability EVÃÆM· B ��: B Æ ;
3. Contribute Ä ËÆ B � É Æ Ë� Ë 7 Ë ¸ ²S G

7 Æ7 B �du B (9.37)

Thevarianceis determinedbyu º x Ä Ë z ¨ » � �� Ë } �,' © ' x 7 ' �§u ' z 8 ' � G �� Ë � B
© B 8 B : B Ë7 B �du B (9.38)

The variancewill be lower thanwith total-radiosityweightingbecauseof the factor¸ ÃS � � ' © ' x 7 ' �§u ' z 8 ' ` ¸ ²S � � ' © ' 7 ' 8 ' . The differenceis dueto the im-
portantlight sources:

� ' © ' u ' 8 ' canbequitelarge.

Method G: Non-analogtransitions The importantregionsfor importancepropa-
gationcorrespondto the bright surfacesin the scene.Also here,rayscanbe aimed
towardsbright surfacesin additionto shootingmoreraysfrom bright surfaces:be-
cause

7 B �[u B ¯ � Æ 8 B : B Æ 7 Æ , and

7 Æ © u
Æ ¸ ¦ , thefactors8 B : B Æ 7 Æ Á x 7 B ��u B z form
a probabilitydistribution. This suggeststhefollowing estimators:

1. Select a patch � with probability EVÅB � © B x 7 B � t B z Á�¸ ÅS , with¸ ÅS � � ' © ' x 7 ' � u ' z ;
2. Selectpatch

È
conditionalon � with probability EVÅÆM· B � 8 B : B Æ 7 Æ Á x 7 B �du B z ;

3. Contribute Æ ËÆ B � É Æ Ë� Ë 7 Ë ¸ ÅS (9.39)

Thevarianceis determinedbyu º x Æ Ë z ¨$» � ���Ë 7 Ë } � ' © ' x 7 ' �du ' z � x L ÊË � Å Ë z (9.40)

The sameargumentsaboutthe relative benefitof methodsC versusB for shooting
power canberepeatedfor comparingthis methodG with methodF above for shoot-
ing importance.Theproblemswith aimingraystowardsbright surfacesareagainthe
sameasthosediscussedfor importance-drivengatheringrandomwalk radiosity. Un-
fortunately, in practice,scenesoftenhave smallandvery bright light sources,sothat
aimingraystowardsthelight sourcesis evenmoredifficult thanaimingraysfor shoot-
ing power towardstheregion of importance:theimportancedistribution is generally
less“peaked” thantheradiositydistributionof ascene.For this reason,thismethodG
is not recommendedin practice.

Also the argumentsfor comparingimportance-drivenpower propagationversus
analogpower propagationcanbe repeatedfor importancepropagation.The conclu-
sionsarethesame,mutatismutandis.
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9.3.3 Outline of a completealgorithm

For practicaluse,weespeciallyrecommendã methodB for importance-drivenpowerpropagation;ã methodF for radiosity-drivenimportancepropagation.

It is however importantthat a sufficiently “stable” importancesolution is available
beforeit canbeusedfor biasingpower propagation.Vice versa,it is alsoimportant
that the radiosity solution hassufficiently low variancebeforeusing it in order to
bias importancepropagation.Unfortunately, it is hard to derive preciseconditions
indicatingwhenimportanceandradiosityaresufficiently stablefor biasingthe dual
transport. We suggestthe useof heuristicsfor choosingthe numberof samplesas
derivedin 5 6.4.5.Suchheuristicsprovidegooddefaultvalues.

In theimplementation,we have takenthefollowing strategy:ã First, computea non-importancedriven radiosity solution using incremental
Jacobiiterationsasexplainedin 5 6.4.Theinitial numberof sampleswaschosen
accordingto (6.18): ` j t&ÇÉÈ �Æ � S� Æ
ignoringthesmallestpatchesin thescene;ã Next, visible patchesin a view of a scenearemarkedby setting Å Æ � � for vis-
ible patches.Theimportancesourceof non-visiblepatchesshouldbeinitialised
to 0. Visible patchescanbedeterminedusingID-rendering;ã Next, afirst non-radiositydrivenimportancesolution,usingincrementalJacobi
iterations,is computedwith thesamenumber(6.18)of samples;ã Finally, the solution is graduallyimprovedby alternatingregular importance-
drivenradiositypropagationstepsandregularradiosity-drivenimportancepro-
pagationsteps.A goodheuristicfor mergingtheresultof differentstepswill be
givenbelow in 5 9.3.5.

It isnotstrictlynecessarytocomputeanon-importancedrivensolutioninitially. Doing
sohowevermakesit easierto usethemergingheuristicof 5 9.3.5.

9.3.4 Incr ementalview-importancecomputation

Whenthe viewing parameterschange,for instancein a walk-throughapplicationor
animation,view-importancechangesaswell. A small changein viewing positionor
directionfor instance,will mostoftenhowever resultin only a small changein view
importance.For smallviewing changes,incrementalcomputationof view importance
canyield thenew view importance

L newÆ fasterthanre-computationfrom scratch:ã First, thenew directimportanceÅ new is determinedby markingvisiblepatches
in the new view using ID-rendering. The difference ä Å � Å new � Å old is
computedon the fly. ä Å Ë can take threepossiblevalues: 1 for patchesthat
werenot visible previously andbecomevisible in thenew view, -1 for patches
that werevisible previously andmove out of sight in the new view, and0 for
patchesof which thevisibility statusdoesnot change;
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Jacobiiterations.Thenumberof samplesin thefirst iterationis chosenpropor-
tional to

� Ë ��ËÉÊ ä ÅÜËËÊ in suchaswaythateachraytransportsthesameamount
of importanceas initially during the computations. If more rays would be
neededafter theviewing changethanin the initial iterations,view-importance
is recomputedfrom scratchratherthanincrementally.

Notethat ä Å maybenegativeon somepatches,sothattheprobabilitiesE B in thees-
timatorsdescribedabove becomesignedprobabilitydistributions.Suchsignedprob-
ability distributionscanbesampledby independentsamplingof thepositiveandneg-
ative parts,asexplainedin for instance[155]. In this case,the absolutevalue Ê ä L Ê
shall be usedinsteadof

L
in the expressionsfor the probabilitiesE B in 5 9.3.2. The

contributionon thepatchhit by eachray is modifiedaccordinglyby giving it thesign
of ä L B .
9.3.5 Progressivevariance reduction

Moti vation Progressive variancereductionby merging the resultof differentruns,
asexplainedin 5 6.6.1,assumesthat thequality of thesolutionin thesceneimproves
at thesamerateduringeachiteration.In view-importancedrivenstochasticrelaxation
radiosityhowever, the quality of the solutionimprovesmuchfasterin importantre-
gionsthanin unimportantregions.After a viewing change,a new regionof thescene
becomesimportant,while thepreviously importantregion maybecomeunimportant.
New iterationsaftera viewing changewill focuson thenew importantregions,while
very little samplesmay contribute to the result in the previously importantregion.
If the resultsfrom differentstepsweremergedbasedsolely on the total numberof
samplesthat is used( 5 6.6.1),onewould find that a high quality result in the previ-
ously importantregion would degradequickly, while too muchweight is givento the
low-quality resultsfrom previousstepsin the new importantregion. In this section,
a new mergingheuristicis proposedthattakesboththeimportanceof eachpatchand
the numberof samplesinto accountin orderto adaptively merge the result from all
iterationsin sucha way that the quality is improved maximally in a new important
region without degradationof thequality in a previously importantregion. Thesame
heuristicallows to switchtheuseof importanceon andoff duringthecomputations.

The newheuristic Thenew heuristicfor mergingimportance-drivenradiositysolu-
tions is basedon expression(9.28)for thevarianceof the “ideal” importance-driven
radiosityestimator(methodC, for clarity henceforthdenotedas

¿7 Ë ). Ignoring thex�uZv ¿7 Ë {�z ¨ term,andwith ` samples:Å v ¿7 Ë {   �` L Ë } � ' f ' x L ' � Å ' z �[�
Factors,suchasthepatcharea� Ë , thatdonotchangebetweeniterationsareirrelevant
for themergingheuristic.For thepurposesof theheuristic,alsothepower (or radios-
ity) solutioncanbeassumedconstantif a non-importancedrivenradiositysolutionis
computedinitially. Indeed:subsequentimportance-drivenradiositypropagationsteps
will beusedonly in orderto improve theinitial radiositysolutionadaptively, without
introducinglargequantitativechanges.
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Non-importancedriven iterationscorrespondwith the choices
L Ë � ��Á 8 Ë andL Ë � ÅÜË � � , leadingto (comparewith 5 6.4.4):

Å v ¿7 Ë {   8 Ë` } �,' f ' �Ó�
Now considertwo iterations,with ` � and ` ¨ numberof samplesrespectively and
using importances

L �Ë and
L ¨Ë . The sourceimportancedistributionsare Å �Ë and Å ¨Ë .

Then: Å v ¿7 �Ë {   �` � L �Ë } � ' f ' x L �' � Å �' z � �ÍÌ �L �ËÅ v*¿7 ¨Ë {   �` ¨ L ¨Ë } � ' f ' x L ¨' � Å ¨' z � �ÍÌ ¨L ¨Ë
TheconstantsÌ � and Ì ¨ groupall factorsthatarethesamefor all patchesin thescene.
Theseconstantsneedto becomputedonly onceduringeachiteration.Thesumsneed
to becomputedanywaysfor propernormalisationof theprobabilitydistributionsthat
areusedfor samplingray origins.

Accordingto (4.16),theoptimalcombinationof theradiosityresultson a patch Ò
is obtainedif they arecombinedwith weightsm

�Ë and m
¨Ë thatareinverseproportional

to thevariance:

m
�Ë   �Å v ¿7 �Ë { � L �ËÌ � ë m

¨Ë   �Å v ¿7 ¨Ë { � L ¨ËÌ ¨
Thevarianceof thecombinedresultisÅ v ¿7 combË {�� m

�Ë Å v ¿7 �Ë { ¯ m ¨Ë Å v ¿7 ¨Ë {�� Å v*¿7 �Ë { Å v(¿7 ¨Ë {Å v,¿7 �Ë { ¯1Å v,¿7 ¨Ë { �
In orderto combinethis combinedresultwith the resultof a third iteration, it shall
receivea weight

m combË   �Å v ¿7 combË { � Å v ¿7 �Ë { ¯NÅ v ¿7 ¨Ë {Å v ¿7 �Ë { Å v ¿7 ¨Ë { � �Å v ¿7 �Ë { ¯ �Å v ¿7 ¨Ë { � L �ËÌ � ¯ L ¨ËÌ ¨ �
A flexible mergingstrategy thusresultsby accumulatingthefactors

L Ë Á Ì duringeach
iterationon eachpatch Ò separately. Whenmergingwith theresultof a new iteration,
thecombinedresultof all previousiterationsshallreceiveaweightthatis proportional
to theaccumulatedfactors.Thenew resulton eachpatch Ò is weightedproportional
with the factor

L Ë Á Ì of the new iteration. The main differencewith the merging
strategy of 5 6.6.1is thatquality factors

L Ë Á Ì areaccumulatedperpatchindividually
here.Thesequality factorskeeptrackof theimportanceof thepatchduringprevious
iterationsaswell asof thenumberof samples.
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Discussion Theheuristichasbeenderivedfor importance-drivenradiositypropaga-
tion usingmethodC. In practice,we recommendthe useof methodB instead.The
heuristichowever appearsto work well with methodB too. In 5 9.3.1, the variance
of methodB andC have beencompared.It wasshown that the varianceof method
B is higher in importantregionsand lower in unimportantregions. The heuristic,
derivedfrom thevarianceof methodC, thereforewill under-estimatethevariancein
importantregionswhile over-estimatingit in unimportantregions.Theresultis thata
new solutionwill receiveaslightly too highweightin importantregions,while it will
receive a slightly too low weight in currentlyunimportantregions. This is however
notaproblemin practicesincethesolutionwill begoodanywaysin importantregions
andbadin unimportantregions.

A similarheuristiccanbederivedfor mergingimportancesolutionsaswell. After
a changeof viewing parameters,the accumulatedquality factorsshouldbe cleared
to zerohowever becausetheassumptionthat the importancesolutiononly fluctuates
slightly aroundits correctvaluewill not holdanymore.

9.3.6 Empirical results

Figure9.2showsaenvironmentconsistingof about162,000patches,renderedwithout
usingview-importance.Resultsareshown for about1.1M rays(1 iteration,about3
minutes)andfor about3,3M rays(3 iterations,about9 minutes).

Figure9.3shows thesamescene.This time,afterthefirst non-importancedriven
iteration (sameresultsas in the left column of figure 9.2), two importance-driven
iterationswereperformedfor view-point A. The solution for this view (middle-left
imagein figure9.3)is considerablybetterthanthecorrespondingsolutionafter3 non-
importancedriven iterations(middle-right imageof figure 9.2), althoughapproxim-
ately thesamenumberof rayshasbeenusedfor propagatingradiosity. Thesolution
for the unimportantview-point B hashowever not improved (bottom-left imagein
figure9.3,comparewith thebottom-leftimagein figure9.2).

Next, the viewpoint waschangedfrom viewpoint A to viewpoint B. The results
after two moreimportance-driveniterationsareshown in the right columnof figure
9.3. The solutionfor viewpoint B (bottom-rightimageof figure 9.3) hasdrastically
improved(comparewith thebottom-leftimageof figure9.3orof figure9.2).Although
almostno samplesareshotin the,now unimportant,region of viewpoint A, thenew
merging strategy of 5 9.3.5takescarethat thegoodsolutionfor viewpoint A doesnot
degrade(comparemiddle-rightimageof figure9.3with themiddle-left image).

Figure 9.4 shows the importancesolutionscorrespondingto the left and right
columnimagesof figure9.3.

An importance-driveniterationhowever takesabouttwice asmuchcomputation
time in our implementation,becausethesamenumberof raysis usedfor importance
propagationasfor radiositypropagation.Figure9.5finally comparesimagesobtained
with andwithout view-importancefor aboutthesametotal amountof work (about9
minutes).Theview-importancedrivensolutionstill is clearlybetter.
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1 iteration (3 minutes) 3 iterations (9 minutes)

A

Viewpoint A

B

Viewpoint B

Figure 9.2: Theseimageshave beencomputedwithout usingview-importance.Theimagesin
theleft columntookabout3 minutesof computationtime. Theimagesin theright columntook
about9 minutesof computationtime.
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B

A

driven iterations for viewpoint Biterations for viewpoint A
after 2 subsequent importance-after 2 importance-driven

BA

Figure9.3: Theseimageshave beencomputedwith view-importance,afteraninitial non-view
importancedriven iteration. The imagesin theleft columnareobtainedafter two importance-
driveniterationsfor viewpoint A. Thesolutionfor this viewpoint (middle-left image)hasbeen
drasticallyimproved. The solution in unimportantregions(viewpoint B, bottom-left image)
hasnot improved. Next, the viewpoint waschangedfrom viewpoint A to viewpoint B. The
imagesin the right columnshow the resultsafter two more importance-driven iterationsfor
viewpoint B. The solutionfor viewpoint B hasdrasticallyimproved (bottom-right). The new
merging heuristicof Î 9.3.5takescarethatthegoodsolutionfor thenow unimportantregion of
viewpoint A doesnotdegrade(middle-right).
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Figure 9.4: The importancedistributionscorrespondingto the left andright columnimages
of figure 9.3. The bright patchesaredirectly visible in the view andhave direct importanceÏ�ÐYÑÓÒ

. Theotherpatchesonly have indirectimportance.

Figure 9.5: Two imagesobtainedwith approximatelythe sametotal amountof work (about
9 minutes).The left imagehasbeenobtainedwithout view-importance.The right imagehas
beencomputedwith view-importance.With thehelpof view-importance,computationwork is
clearlyconcentratedin theareaof interest.
Themodelshown in thesefiguresisaneditedpartof theSodaHall VRML modelmadeavailable
at theUniversityof Californiaat Berkeley, California,U.S.A.
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9.4 Conclusion

A numberof perfectrandomwalk estimators,basedon importancesampling,have
beenpresentedandtheirapplicationto gatheringandshootingrandomwalksfor radi-
osity studied.In orderto optimisethecomputationof theradiosityof a singlepatch,
thegatheringrandomwalk is bestsuited.

Of largerpracticalimportanceis theoptimisationof thecomputationsfor all vis-
ible patchesin a view. This is calledview-importancedrivenrandomwalk radiosity.
A shootingrandomwalk is bestsuitedfor this.

Severalbiasingstrategieshavebeenproposedanddiscussed.Unfortunately,sampl-
ing transitionsaccordingto otherprobabilitydistributionsthantheform factors,poses
someimportantpracticalproblems,thatneedto beresolvedin futureresearch.View-
importancedrivenrandomwalk radiosityis alsopossiblehoweverwhile keepingana-
log transitionprobabilities.Two strategiesaresuggested:sourcebiasingandRussian
rouletteandsplitting. Thelatterhasnotyetbeeninvestigatedin thecontext of random
walk radiosity, but asimilareffect is obtainedeasilyin stochasticrelaxationradiosity.

Variousstrategies for view-importancedriven power propagationandradiosity-
drivenimportancepropagationusingstochasticrelaxationstepshave beenpresented.
In particular, themethodsB (for power propagation)andF (for importancepropaga-
tion) arerecommended.Most often,a smallchangein viewing parametersresultsin
only a smallchangein view-importance.Incrementalcomputationwill yield thenew
importancesfasterthanre-computationfrom scratchin suchcases.A new, very flex-
ible, strategy hasbeenproposedfor merging theresultsfrom iterationswith different
numberof samplesor differentimportancedistributions.

View-importancedrivenMonteCarloradiositywill bevery usefulin large,com-
plex, environments,of which only a small part is visible in a view. It requiresthat
significantamountof extra work is done(the computationof view-importance),but
by doingthisextra work, a lot of irrelevantwork canbeavoided.
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10 Control Variates in Monte
Carlo Radiosity

This chapterinvestigatesthe useof control variates(a form of positive correlated
sampling)in thecontext of MonteCarloradiosity. Controlvariateshavebeenapplied
beforein stochasticray-tracingin [97]. In the context of Monte Carlo radiosity, a
similar idea,called“constantradiositysteps”[114], but basedondifferentarguments,
hasbeenproposed.First, theapplicationof controlvariatesin thecontext of random
walk methodswill beexplainedin general( Ô 10.1).Next, theapplicationin gathering
randomwalk radiosity algorithmswill be discussed( Ô 10.2). Finally, an improved
constantradiositystepmethodfor stochasticrelaxationmethods,basedon variance
minimisation,will beproposed( Ô 10.3).

10.1 Control variates in random walk methods

10.1.1 Outline

Consideran approximation ÕÖ for the solution Ö of ÖO×µØ!ÙÛÚÜÖ . The correctionÝ Ö�×�Ö/Þ ÕÖ thenfulfils Ý Ö�×9ß=ØàÙáÚ ÕÖ/Þ ÕÖ�âãÙäÚ G Ý Ö (10.1)

Proof:å�æ Ñ�ç¢è�é/êìë
í å�æxî ê�í ågæ1ï ç¢è�é.êðë@í å�æ Ñ æ é/ê æiî ê/ñæ éCñæ Ñ4ò î ê/ñæ éäñæáó
This is true regardlessof the error in the approximation ÕÖ . Now suppose

Ý Ö is
computedusingfor instancea randomwalk method.The resultingestimate

Ý ÕÖ for
thecorrection

Ý Ö will not beexact,sothat ÕÕÖ4× ÕÖ1Ù Ý ÕÖ will not beexactly equalto
thesolution Ö of thesystemto besolvedeither. However, regardlessof the erroron
thefirst approximationÕÖ , theerroronthenew approximationÕÕÖ is only determinedby
theerroronthecomputedcorrection

Ý ÕÖ ! Beforewecanshow thepotentialbenefitof
equation(10.1),a theoremneedsto beintroduced:

Theorem10.1 ThevariancesôÜõ ö£÷¢ø (7.22)of the absorption,collision and survival
randomwalkestimators for thesystemÖ�×wØ�ÙäÚ!Ö fulfilsù ôÜõ ö ÷ ø ù�úwû�ù Ø ù$ü�ý (10.2)

where
û

is somepositiveconstantthatdependson theproblem.

Proof: Considerô!õ ö£÷;ø ×�þ ÷ Þ�ÿ ü÷ with þ ÷ ×�� ÷ Ù������ ü÷ �E ÷ � þ � ×��
	�þ ÷ 	 � 	
159
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where þ ÷ 	 ×�� ÷ 	 Ù
����� ü÷ �E ÷ � þ � 	
is only dependenton thecoefficients � ÷ � andthetransitionsprobabilitiesE ÷ � . Denote
thematrix þ ÷ 	 by � , we thenhavethatù ôÜõ ö£÷3ø ù × ù � G �/Þ�ÿ ü÷ ù�ú�ù � ùXù � ù Ù ù Ö ù ü
SinceÖ]×�Ø�ÙäÚ1Ø�ÙáÚ ü ØàÙ GIGIG�� ù Ö ùàú ß��TÙ ù Ú ù Ù ù Ú ù ü Ù GIGqG â ù Ø ù × ù Ø ù� Þ ù Ú ù
Thecoefficients � weregiven in (7.26),(7.27)and(7.28). For theabsorptionestim-
ator, we have � 	 ×�� ü 	� 	 � ù � ù�ú
�����	 �� 	 G ù Ø ù ü
Also for theotherestimators,thereexistsa positiveconstant

û Ê sothat
ù � ù�úwû Ê ù Ø ù üandthus ù ôÜõ ö ÷ ø ùàú�� �ß�� Þ ù Ú ù â ü Ù û Ê ù � ù��áù Ø ù ü

andthetheoremfollows.

ó
Applied to (10.1), this implies that if an approximation ÕÖ for Ö is availableso thatù ØxÙÓÚ ÕÖ�Þ ÕÖ ù! ù Ø ù , it will bemoreeconomicalto computethecorrection

Ý Ö —
andthus ÕÕÖ�× ÕÖ�Ù Ý Ö aswell — to given accuracy thanto computeÖ directly. In
particular, if ÕÖÛ× Ö is the true solutionof the problem Ö�× ØðÙ�Ú!Ö already, thenù ØìÙ�Ú ÕÖ Þ ÕÖ ù ×#" , so that a perfectestimatorresults. Goodvariancereductionis
alreadyobtainedby usingapproximationsÕÖ thataresufficiently closeto Ö .

10.1.2 Sequentialcorrelatedsampling

The basicideaof sequentialcorrelatedsampling[63, 65, 154] is to constructa se-
quenceof graduallyimproving approximationsÖ%$ Ë'& to Ö by successiveapplicationof
(10.1): (10.1) with an initial approximationÖ%$)( & yields a correction

Ý Ö%$*( & , Ö%$,+ & ×Ö $)( & Ù Ý Ö $)( & is filled in in (10.1)again,yieldinganew correction
Ý Ö $,+ & andapprox-

imation Ö $ ü & ×�Ö $,+ & Ù Ý Ö $,+ & etc
ý ý$ý

.
It turnsout thatif thenumberof samples- for computingeachcorrection

Ý Ö $ Ë'&
is chosensufficiently large, the error

ù Ö $ Ë'& ÞáÖ ù after the . -th stagedecreasesgeo-
metrically— like / ß10 Ë â (with 0  � ) ratherthanlike / ß32 ��4 . â — in aprobabilistic
sense:
Proof: A sketchof a possibleproof goesasfollows: considerô $ Ë'& × ù ôÜõ ö£÷3ø ù on the
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resultof the . -th stage.With - randomwalksin eachstage,theorem10.1yieldsô $ Ë'& ú û- ù ØàÙáÚÜÖ $ Ë'& Þ�Ö $ Ë'& ù üú û- ù ß65TÞ4Ú1â G ß¢Ö/Þ Ö $ Ë'& â ù üú û- ù 5TÞ Ú ù ü G ù Ö.Þ�Ö $ Ë�& ù ü ýÖgÞxÖ $ Ë'& is theerrormadein the ß . Þ7�£â -th stage:8Üõ ß¢Ö ÞdÖ $ Ë'& â ü ø × ô $ Ë:9 + & . Assuming
that the centrallimit theoremcanbe applied,with more than ß6" ý ;<;�= â?> confidence,ù Ö1Þ Ö $ Ë'& ù ü úA@ ô $ ËB9 + & . We obtainô $ Ë'& ú ;,û�ù 5TÞ Ú ù ü- ô $ Ë:9 + &
Thenumberof samples- in eachstagecanalwaysbechosenso that the ratio 0á×;,û�ù 5
ÞÜÚ ù ü 4 - is smallerthan1, sothat ô $ Ë'& ú 0 ô $ Ë:9 + & with probabilitylargerthanßC" ý ;<;�= â�> , andthus ô $ Ë�& ú 0 Ë ô $)( & with 0  � , with probability thatcanbemadeas
highasdesiredby choosing- sufficiently large.

ó
10.2 Control variates in random walk radiosity

Thetechniquethatwasoutlinedabovecanbeappliedto gatheringrandomwalk radi-
osity ( Ô 7.4.1).Threepossibilitiesare:

10.2.1 Self-emitted illumination as control variate: initial shoot-
ing pass

Using ÕD × 8 in (4.25)yields:Ý D ÷ × EF 8 ÷ Ù�� �HG ÷6I�÷ � 8 � Þ 8 ÷CJK Ù
� �HG ÷6I�÷ � Ý D �× EF ��� G ÷ I ÷ � 8 � JK Ù���� G ÷ I ÷ � Ý D �
The reducedsource term L � G ÷ I ÷ � 8 � is nothingelsethanthe direct illumination in
thescene.

Ý D
correspondsto thenon-self-emittedillumination. Theoriginalproblem

of finding the radiosity
D ÷ dueto self-emittedlight 8 hasbeentransformedinto an

easierproblemof computingindirectilluminationfor givendirectillumination. Direct
illumination is computedin an initial shootingpassbeforeusinggatheringrandom
walksfor indirectillumination computationonly [131].

Usinganinitial shootingpassis obligatoryin practicein orderto make gathering
randomwalks usable:a gatheringrandomwalk will only yield a non-zeroscoreif
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it happensto hit at leastone light source. The probability of hitting a light source
canbe very low in practice,becauselight sourcescover only a small fractionof the
total surfaceareain mostscenes.The surfacesreceiving direct illumination cover a
muchlargerfractionof thetotalarea,sothatby usingdirectilluminationasthesource
term,gatheringrandomwalkshave a muchhigherprobabilityof yielding a non-zero
contribution.

Of course,in practice,direct illumination is computedwith someerror aswell.
This error will be propagatedinto indirect illumination andwill persistin the final
solution. Onepossibility to remove theerror in direct illumination is to applya per-
pixel final gatherpassafter the indirect illumination computations.The propagated
errorin indirectillumination generallyis negligible.

A moreelaborateinitial shootingpass,thatyieldsamore“smooth”reducedsource,
hasbeenproposedin [21].

10.2.2 Constantcontrol variate

The only choicefor ÕÖ that allows Ú ÕÖ to be calculatedanalytically in the caseof
radiosity, is theconstantchoice ÕD ÷ ×AM . With thischoice,wegetÝ D ÷ × EF 8 ÷ Ù
��� G ÷ I ÷ � M ÞNM JK Ù
��� G ÷ I ÷ � Ý D �× ß 8 ÷ Þ�ß�� Þ G ÷ âOM�âcÙ ���PG ÷6I�÷ � Ý D �
Thequestionnow is how to determineanoptimalvaluefor M . Heuristicsfor choosingM canbederivedby minimisingtheexpectedmeansquareerror8Üõ QSRT8�ø × � ÷�U ÷ ôÜõ ö ÷ ø × � ÷�U ÷ � ÷ þ ÷ 	 Þ � ÷�U ÷ Ý D ü÷ ý
Since þ ÷ 	 is ashardto computeasthe radiosity itself, we proposeto minimiseonlyL ÷ U ÷ � ÷ . Theoptimalvaluefor M will dependon theestimatorthatis used:V absorptionestimator(7.26): � ÷ × � ü÷ 4�� . Substitutionof � ÷ × 8 ÷ Þ�ß��àÞ G ÷ âOM

and � ÷ ×P� Þ G ÷ , yieldsthefollowing expressionto minimise:IXW ß6M�â × � ÷ U ÷� Þ G ÷ ß 8 ÷ Þ�ß�� Þ G ÷ âOM�â ü
By computingthe derivative of I W ß6M�â w.r.t. M andrequiringthat it vanishes,
wefind M W × Y[ZL ÷ U ÷ ß?� Þ G ÷ â ýV collisionestimator(7.27): � ÷ × � ÷ ß]\qÿ ÷ Þ � ÷ âË× � ÷ ß � ÷ Ù�\ ß¢ÿ ÷ Þ � ÷ âDâ_^ � ü÷ :IX` ß1M�â ×a� ÷ U ÷ ß 8g÷ Þwß�� Þ G ÷ âOM�â ü
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Theheuristicoptimalvaluefor M isM ` × L ÷ U ÷ ß?� Þ G ÷ â 8 ÷L ÷ U ÷ ß?� Þ G ÷ â ü ýV survival estimator(7.28): � ÷ × � ÷ ß]\qÿ ÷ Þ � ÷ â34�b ÷ ^ � ü÷ 4�b ÷ :Idc ß1M�â ×a� ÷ U ÷G ÷ ß 8 ÷ ÞÓß?� Þ G ÷ â�M�â ü
Theheuristicoptimalvaluefor M isM c × L ÷ U ÷ ß?� Þ G ÷ â 8 ÷ 4 G ÷L ÷ U ÷ ß?� Þ G ÷ â ü 4 G ÷ ý

10.2.3 Empirical resultsand discussion

Theconstantcontrol variatetechniquewill yield very goodresultsif the radiosityto
becomputedis to goodapproximationconstantin thescene.In theextremecasethat8g÷ Ù G ÷ ×e� for instance,whenalso

D ÷ ×P� is perfectlyconstant,theheuristicoptimal
valueof M will be � aswell, for all threeestimators.Thesourceterm 8 ÷ Þ ß��ãÞ G ÷ âOM�×8 ÷ ÞÓß?� Þ G ÷ â ×�" , sothatnothingremainsto bepropagated.

Figure10.1showsa scenewith sufficiently constantindirectradiosity, sothat the
constantcontrol variateyields a visible improvementwhen appliedafter an initial
shootingpass. In practice,the constantcontrol variatetechniquefor gatheringran-
dom walk radiosityyields only a small variancereduction(becauseradiosity is not
constant),but theadditionalcostis howeververy low aswell.

Figure 10.1: Indirect illumination in a simpleoffice scene,computedwith constantcontrol
variate(left) andwithout constantcontrol variate(right) in collision gatheringrandomwalk
radiosity. Theconstantcontrolvariatetechniqueyieldsa slight,but visible,variancereduction.
TheRMSerroris 27%smallerwith constantcontrolvariate.

10.2.4 Sequentialcorrelatedsampling

Therearetwo problemswith theapplicationof sequentialcorrelatedsamplingto gath-
eringrandomwalk radiosity:
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sincea MonteCarloapproachwith independentsampleshasmuchslowercon-
vergencerate.Theaccuracy thatis neededfor imagesynthesisis typically of the
orderof magnitudeof 1% relative error. It is questionablewhetherthenumber
of samplesneededin a singlestageisn’t too high in orderto make sequential
MonteCarlo competitive with otherapproaches,suchasthe shootingrandom
walk, for suchlow accuracy;V The sourceterm for the . -th stagecontainsthe matrix-vectorproduct ÚÜÖ $ Ë'& ,
which cannotbe calculatedanalytically for radiositysincethis would require
thatall form factorsareknown andstoredin computermemory. It is question-
ablewhetherthis matrix-vectorproductcanbecomputedto sufficientaccuracy
at low enoughcost to make sequentialcorrelatedsamplingcompetitive with
otherMonteCarlomethodsfor radiosity.

10.3 Control variates in stochasticrelaxationradiosity

10.3.1 Constantcontrol variate

A constantcontrol variatecanalsobe beneficialin the context of stochasticJacobi
iterations,andleadsto animprovedversionof theconstantradiositystepproposedby
Neumannetal. [114].

Considertheproblemof computinga new power distribution fXg for givenpower
distribution f asfollows: f g÷ Þ Y ÷ ×h� ÷ ��� f � I � ÷ G ÷ � ÷DË (10.3)

Now supposef � × U � D � can be approximatedby a constantradiosity M : f � ×U � M1Ù U � ß D � ÞNM�â , thenf g÷ Þ Y ÷ × U ÷ G ÷ M1Ù
� ÷ ��� U � ß D � ÞiM�â I � ÷ G ÷ � ÷DË
Thesumsin theright handsidecanbeevaluated(simultaneouslyfor all . ) by Monte
Carloasfollows:

1. Selecta shootingpatchj with probability U �lk D � ÞNM k 4 L 	 U 	 k D 	 ÞiM k ;
2. Selectadestinationpatchm usingconditionalprobabilitiesE ÷Cn � × I � ÷ , by tracing

auniformly distributedline originatingat j ;
3. Contribute o Ë÷ � ×�� ÷DË G ÷ � 	 U 	 k D 	 ÞiM k U � ß D � ÞiM�âU �lk D � ÞiM k

The ratio U � ß D � Þ
M�â34 U �pk D � Þ
M k is Ùl� or ÞX� correspondingto whetherD �Xq M or
D �  M (thecase

D � ×AM will not occur).
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Theexpectationis 8Üõ o Ë ø × fXg÷ Þ Y ÷ Þ U � G ÷ M . Thevarianceis determinedby8sr ß o Ë â üut × G Ëwv � 	 U 	 k D 	 ÞNM k x G ��� U � k D � ÞNM k I � Ë G Ë (10.4)

10.3.2 Determination of the optimal constantradiosity

A very similar idea hasbeenproposedby Neumannet al. [114], however from a
differentpoint-of-view. In [114], aheuristicoptimalvaluefor theconstantradiosity M
wasobtainedby projectingthecurrentradiositysolutionon a specialradiosityhyper-
plane[109]. We foundthatthevaluesof M , asderivedthere,do not alwaysguarantee
a reductionof theerror.

A bettervalue for M canbe obtainedby consideringthe varianceof the Monte
Carloestimatordescribedabove. Expression(10.4)suggeststo chooseM sothatI ß1M�â ×��
	 U 	 k D 	 ÞiM k
is minimal. The function I ß6M�â is linear for values M  DzyT{ |

or M q DzyT}3~
in the

scene:� M  D yT{ |�� � q " ,I ß6M ÞN��â × � 	 U 	 ß D 	 ÞNM1Ù���âË× � 	 U 	 ß D 	 ÞNM�âcÙ U Z �i× I ß1M�â�Ù U Z �
and � M q D yT}?~�� � q " ,I ß1M1Ùp��â ×a��	 U 	 ß1M1Ùp�gÞ D 	 âË×h�
	 U 	 ß6M Þ D 	 âcÙ U Z ��× I ß1M�âcÙ U Z � ý
For valuesof M in between

D yT{ |  M  D yT}3~ , thesetwo straightlinesareconnec-
tedby a smoothcurve without local minima(seefigure10.2). In orderto (probably)
yield a reductionof thevariance,thechosenvaluefor M shallsatisfy I ß6M�â  I ß6"(âË×L 	 U 	 D 	 × f Z . A simplenumericalsearchalgorithmguaranteesthat this require-
mentis fulfilled.

In orderto minimise I ß1M�â , a simpleextensionof the bisectionmethodhasbeen
implemented.In the bisectionmethod,an initial interval known to containthe min-
imum is successively refinedby splitting it in two. The half interval containingthe
minimumis usedasinput for thesubsequentrefinementstep.BecauseevaluationofI ß6M�â requiresafull sweepthroughall thepatchesin thescene,wehavefoundit more
convenientto extendthis methodto 10 intervals. During eachsweep,the valueofI ß6M�â is determinedsimultaneouslyatvaluesM�× D yT{ | Ù!ß D yT}?~ Þ D yT{ | â G . 4���" , where. ×a" � ý$ý ý � ��" . Theinterval, delimitedby thesmallestneighbouringvaluesfoundforI ß6M�â , wasretainedandrefinedin subsequentiterationsuntil

k I ß D yT}?~ â­Þ I ß D yT{ | â k
droppedbelow �:" 9�� I ß6"(â ×e��" 9�� f Z .

Theconstantcontrolvariatetechniquecaneasilybeappliedin importance-driven
stochasticJacobiradiosityaswell. It sufficesto repeatthe reasoningfor expression
(9.24) ratherthan(10.3). The expressionto be minimisedin orderto determinethe
optimalvalueof M turnsout to beIX� ß1M�â ×��
	 U 	 k D 	 ÞiM k ß6� 	 Þ ô 	 â ý
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Figure 10.2: The curves � ç,�@ë between�[��� � and �[����� for the red, greenandblue colour
componentin thetestsceneusedin figure10.3.

10.3.3 Empirical resultsand discussion

Figure10.3shows the resultsof the constantcontrol variatetechniquein stochastic
Jacobiiterationsfor the samesceneasshown in figure 10.1. The reductionof the
RMS error is somewhat larger in this case:38% insteadof 27%. The computation
cost for determininga goodvalueof M is however somewhat larger aswell, but no
morethana few percentof thetotal computationtime.

Figure 10.3: Indirect illumination in a simpleoffice scene,computedwith constantcontrol
variate(left) and without constantcontrol variate(right) in stochasticJacobiradiosity. The
constantcontrol variatetechniqueyields a slight, but visible, variancereduction. The RMS
erroris 38%smallerwith constantcontrolvariate.
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10.4 Conclusion

In this chapter, the applicationof control variatevariancereductionin Monte Carlo
radiosityhasbeenstudied.Thenew resultsof this chapterareV the constantcontrol variate techniquefor gatheringrandomwalk radiosity

( Ô 10.2.2);V animprovedconstantradiositystep( Ô 10.3).

In practice,thesetechniquesleadto a reductionof thevarianceby about5-50%.The
additionalcomputationcostis howeververy low. A numberof assumptionsaremade
in thederivationshowever: thescenemustbeclosedsothatthesumof theform factors
alwaysequals1 for all patches,andeverysurfacein thescenemustbeilluminated.If
theseassumptionsarenot satisfied,thecontrolvariatetechniquespresentedheremay
introducea bias.

Sequentialcorrelatedsampling( Ô 10.1.2)requiresthatmatrix-vectorproductsÚÜÖ $ Ë'&
areevaluated. Beforesequentialcorrelatedsampling,promisinggeometricconver-
gencerates,can be appliedin the context of radiosity, an efficient solution to this
problemneedsto befoundfirst. Evensohowever, it remainsa questionwhetherse-
quentialcorrelatedsamplingwill notbebeneficialonly for muchhigheraccuracy than
requiredfor imagesynthesis.
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11 Combining Estimators in
Monte Carlo Radiosity

Whenmorethanoneestimatorexists for a givenproblem,thecombinationof estim-
atesobtainedby bothindependentor correlatedsamplingof eachavailableestimator,
canyield betterestimatesfor a quantity to be computed. In this chapter, the com-
bination of radiosity estimatorsbasedon gathering(equation(4.25)) and shooting
(equation(4.28)), will be proposed.First, the combinationof gatheringandshoot-
ing in randomwalk radiositywill bediscussed( Ô 11.1). Section Ô 11.2dealswith the
combinationof gatheringandshootingin stochasticrelaxationradiosity.

11.1 Combining gathering and shootingrandom walk
radiosity

Gatheringand shootingcollision randomwalk radiosity, as explainedin Ô 7.4, are
basedon randomwalkswith the sametransitionprobabilitiesE ÷ � × G ÷]I�÷ � . We will
discussherehow a singlesetof randomwalkswith suchtransitionprobabilitiescan
be usedin order to obtaingatheringaswell asshootingestimatesfor the radiosity
on all patchessimultaneously. Threestrategieswill beproposedin orderto combine
theseestimatesinto a single radiosityestimateat a negligible additionalcost. The
resultingestimatewill bebetterthaneitherthegatheringor shootingestimatesalone.
Thecombinationof gatheringandshootingcollision randomwalk radiosityhasbeen
developedin thecontext of this dissertationin collaborationwith M. Sbert[134].

First, the relation betweenthe collision gatheringand shootingestimatorswill
be investigated( Ô 11.1.1). It will be explainedin detail how the gatheringrandom
walk estimatorcanbeusedin orderto obtainradiosityestimateson all patchesin the
scenesimultaneously. Gatheringandshootingover sub-pathsof a randomwalk can
beviewedasalternative importancesamplingestimatorsfor thesamequantity. This
leadsto a first strategy to robustlycombinegatheringandshootingon certainpatches
( Ô 11.1.2). Alternative strategies,basedon varianceapproximations,areproposedin
( Ô 11.1.3). This sectionis concludedwith someempirical resultsand a discussion
( Ô 11.1.4).

11.1.1 The relation betweengathering and shooting

Gathering over sub-paths

Considera randomwalk � × j ( � j + � ý$ý ý � j:� , generatedwith birth probabilities � ÷ ,
analogtransitionsprobabilitiesE ÷ � × G ÷ I ÷ � andcorrespondingterminationprobabil-
ities � ÷ ×P� Þ G ÷ . Thescoreof thecollision gatheringrandomwalk with sourceterm
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estimationsuppressed,for estimatingtheradiosityon a patch . , is (seeÔ 7.4.1):ö:� ß j ( � ý ý$ý � j � âË× � Ë ���� � � �� �1� + G ��� 8 ��� × �� �1� + � Ë �O� G ��� 8 ���� � � ý
A gatheringrandomwalk canbe usedin order to obtaingatheringcontributionsat
every visited patch j ( � ý$ý ý � j � 9 + but the last, ratherthanonly at the origin j ( in the
following way: Õö � ß j ( � ý ý$ý � j�� â × � 9 +�� � ( ���1� �3� +��[� ß j � � ý ý$ý � j � â?� Ë �O�
whereR � ß j � � ý ý$ý � j � â denotestheelementarygatheringscorecontributedby thesub-
path:

� � ß j � � ý$ý ý � j � âË× G �O� 8 � �E � � ý
(11.1)

E ÷ is thesub-pathbirth density, satisfying

E ÷ × � ÷ Ù�� � E � I � ÷ G ÷ ý (11.2)j ( � ý ý$ý � j � is calledacoveringrandomwalk for thesub-pathsj � � ý ý$ý � j � . As presented
here,acoveringrandomwalk j ( � ý ý$ý � j � thatvisitsagivenpatchm twice,givesriseto
two separatesub-pathsoriginatingat m . Thesesub-pathscontributea differentscore.
With eachsub-path,aprobabilitycanbeassociated:  ß j � � ý ý$ý � j � âË× E �O� I ���?���O¡�¢ G ���O¡�¢ I ���O¡
¢����O¡�£ GIGqG G � �6¤ ¢ I � �6¤ ¢]� � (11.3)

Shootingover sub-paths

Now considerthecollision shootingrandomwalk estimatorscores(7.4.2)for thera-
diosity on . :ö c ß j ( � ý ý$ý � j:� âË× G ËU Ë Y

���� �O� �� �1� + � � � Ë × �� �1� +¥�§¦ ß j ( � ý$ý ý � j � â�� Ë � �
where � ¦ ß j � � ý ý$ý � j � â denotesthe elementaryshootingscorecontributedby a sub-
path j � � ý ý$ý � j � :

�[¦ ß j � � ý$ý ý � j � â ×�Y � � G �O�E � � U �O� ý (11.4)

In theory, a coveringshootingrandomwalk canbe usedin orderto computethe ra-
diosity at all visitedpatchesj � �3¨ q " dueto every previously visitedpatchj � �?©  ¨
insteadof only at theorigin j ( :Õö c ß j ( � ý$ý$ý � j � âË× �� �1� +

� 9 +�� � ( �[¦ ß j � � ý$ý$ý � j � â?� Ë �O� (11.5)
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In practice,shootingfrom otherpatchesj � than the origin j ( of the covering path,
is only possibleif the sub-pathbirth densitiesE � � , neededin the scores(11.4), are
known in advance. The sub-pathbirth densities,correspondingto E ÷ � × G ÷ I ÷ � and
sourcetermestimationsuppression,fulfil equation(11.2).Thesolutionof thissystem
of equationsis ashardasthesolutionof theradiositysystemof equationsitself. WithE ÷ � × G ÷ I ÷ � , shootingis thusonly possiblefrom the origin j � × j ( of the covering
path.

Globaluniform lines( Ô 5.3.3)arehowevera notoriousexceptionto this rule: with
global uniform lines, usedthe global multi-path method[137], �B÷ × U ÷ 4 U Z andE ÷ � × I ÷ � . In this case,

E ÷ × U ÷U Z Ù���� E � I � ÷
It is easyto verify that E ÷ × U ÷ 4 U Z × � ÷ is the solutionof this equation,so that
shootingfrom otherpatchesthantheorigin j ( of a randomwalk is possiblein global
multi-pathmethods.Global lines however allow lessfreedomin choosingthe inter-
sectiondensitieswith thepatchesin thescene.

Thereasonthatgatheringoversub-pathswith origin j �«ª× j ( is possible,is because
it is sufficient to estimatethedensitiesE � � a posteriori: gatheringcontributesa score
to theorigin of a sub-path,sothatcountingthenumberof contributionsis sufficient.
With shootingover sub-paths,a scoreis recordedat the destinationj � . For each
destination,thesub-pathbirth probabilityon arbitraryotherpatchesis needed.

Gathering is shootingover reversedsub-paths

Considera sub-pathj � � ý ý$ý � j � . With the collision gatheringrandomwalk, a score� � ß j � � ý$ý ý � j � â is contributedto the radiosityat j � with probability
  ß j � � ý$ý ý � j � â .

This correspondswith thesamplingof thefollowing termin theNeumannexpansion
of theradiosityat j � :¬T­ ç)®'¯:°²±²±'±³°6®'´�ë]µiç)®'¯�°'±²±²±³°6®'´�ë�Ñ·¶�¸ �:¹ ¸ �º ¸ � º ¸ � � ¸ � ¸ �O¡�¢ ¶ ¸ �O¡
¢ � ¸ ��¡�¢ ¸ ��¡�£ íIí�í ¶ ¸ �6¤ ¢ � ¸ �6¤ ¢ ¸ �Ñ ¶ ¸ � � ¸ � ¸ �O¡�¢ ¶ ¸ �O¡
¢ � ¸ �O¡�¢ ¸ �O¡�£ í�íFí ¶ ¸ �6¤ ¢ � ¸ �6¤ ¢ ¸ � ¹ ¸ � ± (11.6)

Now considertheprobabilityassociatedwith thereversedsub-pathj � � ý$ý ý � j � :  ß j � � ý ý$ý � j � â × E ��� I �O�1�O�1¤ ¢ G �O�1¤ ¢ GIGIG G � �O¡
¢ I � ��¡�¢ � �× E � �U ��� U �O� I ���1���6¤ ¢ G ���6¤ ¢ GIGqG G � �O¡�¢ I � �O¡
¢ � � (11.7)× E ���U � � U
� �
E �O� E � � I � � � �O¡
¢ G � ��¡�¢ I � �O¡�¢ � �O¡<£ GqGIG G �O�1¤ ¢ I �O�1¤ ¢ ���× E � �U ��� U
�O�
E � �   ß j � � ý ý$ý � j � â

Suchareversedsub-pathyieldsashootingscoreR ¦ ß j � � ý ý$ý � j � â at j � with probability  ß j � � ý$ý ý � j � â . Thiscorrespondsto samplingthesametermin theNeumannexpansion
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of theradiosityat j � asabove:R ¦ ß j � � ý ý$ý � j � â   ß j � � ý$ý ý � j � â × Y � � G �O�E �O� U � � E
� �
U ��� U

���
E � �   ß j � � ý ý$ý � j � â× G � � 8 ���E �O�   ß j � � ý ý$ý � j � â × (11.6)

ý
We concludethatshootingover reversedpathsis analternative importancesampling
estimatorfor gatheringoverdirectpaths.Thesameis truefor gatheringoverreversed
pathsversusshootingoverdirectpaths.This observationallows to considerthecom-
binationof shootingandgatheringover sub-pathsasa caseof multiple importance
sampling[176].

11.1.2 Gathering and shooting as a caseof multiple importance
sampling

Eachcoveringrandomwalk j ( � ý$ý$ý � j � yieldsa setof sub-pathsthatcanbeusedfor
gatheringandshootingsimultaneously. Gatheringoverasub-pathj � � ý ý$ý � j � resultsin
acontribution R � ß j � � ý ý$ý � j � â to theradiosity

D ���
at thesub-pathorigin j � . Shooting

resultsin a contribution R ¦ ß j � � ý$ý ý � j � â to the radiosity
D � �

at the destinationpatchj � . Thereis howeveralwaysa possibilitythata sub-pathis generatedin reversesensej � � ý$ý ý � j � (as part of someother covering path), in which casegatheringyields a
contribution R � ß j � � ý$ý$ý � j � â at j � andshootinga contribution R ¦ ß j � � ý ý$ý � j � â at j � .

Thebasicideaof multiple importancesampling[176], translatedto this context,
is to assigneachsampledsub-patha weight that takes into accountthe probability  ß j � � ý ý$ý � j � â that it would have beengeneratedin reversesense:if thereis a large
probability that the sub-pathwould have beengeneratedin reversesense,it is given
a small weight. If generatinga sub-pathin reversesenseis unlikely, its shooting
andgatheringscorearegivena largeweight. As long asthe sumof the weightsfor
the direct andreversedsub-pathequals1, the resultwill be unbiased.Onepossible
heuristicfor determinationof theweightsis thesocalledbalanceheuristic.Appliedto
gatheringandshootingoversub-paths,thescoresof asub-pathj � � ý ý$ý � j � areassigned
a weight(11.7) » ß j � � ý ý$ý � j � â ×   ß j � � ý$ý ý � j � â  ß j � � ý$ý$ý � j � âcÙ   ß j � � ý$ý ý � j � â× E � � U �O�E �O� U � � Ù E � � U �O�
Theweightedscoresof thesub-pathsobecome:

gathering(at j � ): G �O� Y � �E � � U �O� Ù E ��� U � � (11.8)

shooting(at j � ): G �O� Y � �E ��� U � � Ù E � � U ��� ý (11.9)

The radiosityat eachpatchis obtainedby accumulatingthe weightedscoresshown
above,anddividing by thenumber- of coveringpaths.
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Discussion Multiple importancesamplingis a provably goodandreliableway of
combiningestimators.

Unfortunately, it canonly beappliedfor sub-pathsthataresuitedfor bothgather-
ing andshootingat thesametime. In particular, with theanalograndomwalk estim-
ators(with E ÷ � × G ÷ I ÷ � ), it canonly beusedonsub-pathsj ( � ý ý$ý � j � originatingat the
origin of the coveringpath j ( � ý$ý$ý � j � : only in that case,the birth densitiesE ÷ × �B÷
areknown in advance.Whenthecoveringpathsareanalogshootingpaths— theap-
proachthatmakesmostsense—, acombinationwith gatheringis only possibleat the
light sources.With aninitial shootingpass( Ô 10.2.1),theilluminationonpatcheswith
direct illumination canbe improved,but not the illumination on patchesthat receive
only indirectillumination: no suitablesub-pathsfor shootingoriginateat these.

Combined gathering and shooting in global multi-path radiosity Globalmulti-
path radiosity is an exceptionto the rule above. In global multi-path radiosity, the
sub-pathbirth densitiesE ÷ × U ÷ 4 U Z areknown in advance,so that thecombination
of gatheringandshootingis possibleover all sub-paths.The probability associated
with eachsub-pathj � � ý$ý$ý � j � is slightly differentfrom above:  ß j � � ý ý$ý � j � âË× E �O� I ���?���O¡�¢ I ���O¡�¢]�O��¡�£ GqGIG I � �6¤ ¢�� �
Theshootingandgatheringweightscanbecomputedin thesameway asabovehow-
ever, andthey turn out to be

» ß j � � ý ý$ý � j � âÉ×��B4<\ , always: shootingandgathering
receivethesameweight.Theobservationthatgloballinescanbeusedbidirectionally
with equalweightsin bothdirectionswasmadebeforeby M. Sbert[130, 137, 131].
Thebalanceheuristicconfirmshis observation.

11.1.3 Combination basedon varianceestimates

In orderto beableto combineshootingandgatheringestimatesonmorepatchesthan
only the sources,the moregeneralcombinationstrategy of Ô 4.3.4canbe used.The
basicideais to computegatheringandshootingestimatesfor the radiosityon each
patchseparatelyfirst. Combinationweightsarechosenafterwards,inversepropor-
tional to estimatesfor thevariances.Unlikewith multiple importancesampling,these
combinationweightsarethusequalfor all sub-pathscontributing to a patch. On the
otherhand,alsogatheringcontributionsfrom sub-pathsthatarenot suitedfor shoot-
ing, becausetherequiredsub-pathbirth densityis notknown in advance,canbetaken
into account.

First, the simultaneouscomputationof separategatheringand shootingradios-
ity estimateswill bediscussed.Next, variance-basedcombinationstrategiesarepro-
posed.

Simultaneouscomputation of gathering and shootingradiosity estimates

The randomwalks � × j ( � ý$ý ý � j:� are tracedas in normal shootingrandomwalk
radiosity (algorithm 19): �V÷ × Y ÷ 4 Y Z , E ÷ � × G ÷ I ÷ � , with sourceterm estimation
suppressionasexplainedin Ô 7.3.3.A gatheringandshootingestimatefor thereceived
radiosity ¼ ÷ at eachpatch m ,is obtainedby averaginggatheringand shootingscores
from thetracedrandomwalksasfollows(figure11.1illustratesthecontributionsof a
singlerandomwalk):
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Figure11.1: Contributionsof a randomwalk ½'¾:¿6½:À'¿6½�Á�¿6½'Â : (a,b,c)gatheringat ½'¾ ; (d) shooting
at ½BÀ ; (e,f) gatheringat ½:À ; (g) shootingat ½�Á ; (h) gatheringat ½�Á ; (i) shootingat ½'Â .

Theshootingradiosityestimatesarecomputedasin normalshootingrandomwalk
radiosity(algorithm19): a shootingradiosityscoreaccumulator ÃÄlÅÆ is keptandini-
tialisedto zerofor eachpatchÇ . Eachtime arandomwalk visits thepatchÇ , a scoreÈTÉ�ÊË É Ê7Ì ÆÍ ÆÏÎ Ì Æ ÈÑÐÍ Æ
is addedto ÃÄ ÅÆ . Finally, ÃÄ ÅÆ . is dividedby Ò , the numberof tracedrandomwalks,
andself-emittedradiosity Ó Æ is added.

Thegatheringestimatesarecomputedasfollows: a gatheringscoreaccumulatorÃÄ!ÔÆ is initialised to 0 for eachpatch Ç aswith shooting,but also a gatheringscore
counterÒ ÔÆ , initialised to 0 aswell, is kept. Eachtime a randomwalk visits a given
patch Ç , a gatheringscoreis addedto ÃÄ!ÔÆ , andthe gatheringscorecount Ò ÔÆ is in-
creasedby one. Eachindividual visit counts: if a randomwalk visits a patchtwice,
two scoresresult.Supposethatthe Õ -th patchÖ�× visitedby a randomwalk ÖuØ
ÙuÚ�ÚuÚ�Ù�Ö�Û
happensto be Ç . Thegatheringscoreat Ç Î Ö:× thenis

Ì Æ ÛÜÝ1Þ ×àßâá Ó É�ã
Finally, ÃÄ ÔÆ is dividedby Ò ÔÆ , thenumberof scores,andself-emittedradiosity Ó Æ is
added.

In this way, two independentradiosityestimates ÃÄ!ÔÆ and ÃÄlÅÆ areobtained.These
estimatesareindependentbecausethegatheringscoresonly dependonthe“future” of
a randomwalk while theshootingscoresonly dependon the“past” andtherandom
walksareMarkovian: thenext patchthat is visiteddependson thecurrentpatch,but
not on previously visitedpatches,sothat the“future” of a pathis independentof the
past,beforethecurrentpatch.
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The gatheringestimatesareobtainedsimultaneouslywith the shootingestimates
at a negligible additionalcost: the extra work causedby computationandaccumu-
lation of the gatheringscoresis much smallerthan the cost of tracing the random
walks.Thereis anincreasein storagerequirementshowever: for eachpatch,not only
a shootingscoreaccumulator, but alsoa gatheringscoreaccumulatorandgathering
scorecountneedto bekeptin memory.

Optimal a-posteriori combination weights

The optimal a-posterioricombination� ÷ ÕD c÷ Ù�M ÷ ÕD �÷ is obtainedby choosing� ÷ ÙM ÷ ×e� with eachcoefficient inverseproportionalto thevarianceof thecorresponding
estimators( Ô 4.3.4): M ÷� ÷ × ôÜõ�äD c÷ ø 4 -ô!õ äD �÷ ø 4 - �÷ ý (11.10)

Closedformulaefor thevariancesô!õ�äD c÷ ø and ôÜõ�äD �÷ ø weregivenin Ô 7.4:ôÜõ äD �÷ ø × G ÷ �
	}ß 8 	 Ù�\ ¼ 	 â ¼I÷ 	 Þ ¼ ü÷ (11.11)ôÜõ
äD �÷ ø × G ÷U ÷ Y Z ß��TÙ�\<å ÷ â ¼I÷ Þ ¼ ü÷ (11.12)

Unfortunately, theseformulaerequirevery detailedknowledgeof the radiositysolu-
tion, in particulartheradiosity ¼�÷ 	 receivedat eachpatch m dueto eachlight sourceö .
Suchinformationis not availablein practice.Near-optimalweightscanbe obtained
howeverby usingapproximationsfor thevariancesin (11.10).We studytwo alternat-
ives:heuristicapproximationsandtheuseof sampleestimatesof thevariances.

Heuristical combination

A very simple but reasonablygood heuristic for determiningthe weights [134] is
obtainedby introducingthefollowing assumptions:V�å ÷ , thefractionof powerat m dueto own emission,is smallin (11.12);V L 	 ß 8 	 Ù�\ ¼ 	 â ¼I÷ 	 ^9ß L 	 U 	 ß 8 	 Ùp\ ¼ 	 â34 U Z â G L 	 ¼I÷ 	 in (11.11);V Almost every patchin a scenereceivesdirect illumination. With this assump-

tion, almosteverypatchm canbeconsideredasourcepatchaftera initial shoot-
ing pass( Ô 10.2.1)sothat L 	 U 	 ¼ 	 ^ L ÷ U ÷ ¼ ÷ ^çæ av è¥é+ 9 æ av

;

With theseassumptions,thefollowing approximationfor (11.10)is obtained:M ÷� ÷ ^ - �÷ U Z- U ÷ G . with optimal . × � Þ G
av� Ù G
av

ý
(11.13)

The expectednumberof gatheringcontributions correspondsto the sub-pathbirth
densityE ÷ (11.2): 8Üõ -ê�÷ ø × - E ÷ with: E ÷ × Y ÷Y Z Ù
�B� E � I � ÷ G ÷
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so that 8Üõ - �÷ ø × -ëf ÷ 4 Y[Z . The following alternative expressionfor (11.13)is ob-
tained: M ÷� ÷ ^ D ÷8 av

G . with optimal . × � Þ G
av� Ù G
av

ý
(11.14)

A gatheringestimatewill receive a larger weight on bright surfacesand a smaller
weightondim surfaces,becausethenumberof gatheringcontributionswill behigher
on bright surfaces.

Combination basedon sampleestimatesof the variance

The main disadvantageof a heuristicalcombinationlike above is that several rough
approximationsneedto be made.An alternative is to useestimatesfor the varianceôÜõ äD �÷ ø and ô!õ äD c÷ ø in (11.10),thatarebasedon theobservedshootingandgathering
scoresthemselves.Thiscanbedoneaccordingto formula(4.10)andrequiresthatnot
only thescoresthemselvesareaccumulatedwhile tracingrandomwalks,but alsothe
squareof thescores.

Thisapproachyieldsoptimalcombinationweightseventually,atthecostof slightly
higherstoragerequirementsfor accumulatingthesumof thesquarecontributionsbe-
sidesthe sumof the contributionsthemselves. It is however not necessaryto keep
thesquareof thescoresfor every colourbandin a multi-channelspectralrenderer:iföBì denotesa scoreat wavelengthband

û
in a colour representationusing í spectral

values,it is sufficient to accumulateL�îì � + ö ü ì . Only two extra floatingpoint numbers
perpatchareneeded:onefor thegatheringandonefor theshootingsquarescores.

A seconddisadvantageof this approachis that the varianceestimatesand the
resulting combinationweights may be unreliablefor low numberof samples. A
worseestimatormayreceivea too largeweightin thebeginningof thecomputations.
Theweightshowever improve togetherwith thevarianceestimatesasthenumberof
samplesin increased.

11.1.4 Empirical resultsand discussion

Figure11.2shows theresultsobtainedfor thesameoffice scenethatwasusedalsoin
chapter10(figures10.1and10.3).Thissceneconsistsof about25,000patches.Com-
bininggatheringandshootingresultsin slight improvementswith eachof thepresen-
tedcombinationstrategies.Theimages,showing indirectillumination,havebeenob-
tainedwith about50,000randomwalkstakingabout125,000rays.Themiddle-right
image,showing thecombinedresultbasedon samplevariance,exhibits somedefects
which aredueto unreliablesample-basedvarianceestimatesfor this low numberof
samples(about5 raysperpatchon theaverage).

In ourexperience,combininggatheringandshootingyieldsimprovementsthatare
comparablewith theuseof thecontrolvariatetechniqueof Ô 10.2.2:a reductionof the
varianceby 5-50%is common.Theadditionalcomputationcostishowevernegligible,
but thereis a slightly higherstoragecost,dueto theneedto storeseparategathering
andshootingestimates,thegatheringcontributioncounts,andtheaccumulatedsquare
scores.

Figure11.3shows thecolour-codedcombinationweightsobtainedwith theheur-
istic of expression(11.13)andbasedonsampleestimatesof thevariance.A morered-
dishcolourindicatesthata higherweight is givento gathering.Theheuristic(11.13)
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shooting

gathering

multiple importance sampling

sample variance-based

heuristical

full illumination (converged)

Figure11.2: Resultsobtainedby combininggatheringandshootingrandomwalk estimatesfor
the indirect illumination in the sceneshown (with alsodirect illumination) in the top-left im-
age:shooting-onlysolution(middle-left,0.046normalisedRMSerror),gathering-onlysolution
(bottom-left,0.052RMS error),combinationbasedon multiple importancesampling( Î 11.1.2,
top-right,0.041RMSerror),usingsample-basedestimatesof thevariance(middle-right,0.051
RMSerror)andusingtheheuristicof expression(11.13)(bottom-leftimage,0.042RMSerror).
Therelatively worseresultswith thesample-basedvarianceestimatesis dueto thelow quality
of theseestimatesfor the low numberof samples(125,000rays)thatwasused.With a higher
numberof samples,thecombinationweightswill improve togetherwith thevarianceestimates.
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heuristicalsample-variance based

Figure11.3: Colourcodedweightsusedin themiddle-andbottom-rightimagesin figure11.2:
weightsbasedon thesample-estimatesof thevariances(left) andheuristicalweights(right). A
morereddishcolourindicatesa largerweightfor gathering.Theheuristicof expression(11.13)
assignsa higherweight to gatheringthanwhensample-estimatesof thevarianceareused.At
this low numberof samples,theweightsbasedonsample-estimatesof thevariancearehowever
not yet reliableandfluctuatelargely from patchto patch.

assignsa higherweight to gatheringthanthe combinationstrategy basedon sample
estimatesfor the variance. This is due to the approximationsthat are madein the
derivation of the heuristic. The weightsbasedon sample-estimatesof the variance
changeabruptlyfrom patchto patch. This is an indicationof theunreliability of the
varianceestimatesat the low numberof samplesusedfor theseimages.Eventually,
for largenumberof samples,theoptimalweightswould beobtained.An interesting
areafor futureresearchmaybeto designa combinationstrategy thatusesheuristical
weightsat low samplesizeandtheweightsbasedonsample-estimatesof thevariances
lateron duringthecomputations.

The variance-basedcombination strategiesare asymptotically unbiased Since8Üõ � ÷%äD c÷ Ù�M ÷âäD �÷ ø × 8Üõ äD c÷ ÙaM ÷ ß äD �÷ Þ äD c÷ â ø and 8Üõ äD c÷ ø × D ÷ , the bias is given
by 8!õ M ÷ ß äD �÷ Þ äD c÷ â ø . Since M ÷ ú � , the bias is boundedby 8!õ k äD �÷ Þ äD c÷ k ø ×ï üð ß ôÜõ äD c÷ ø 4 - Ù ôÉõ äD �÷ ø 4 - �÷ â for sufficiently large - and - �÷ so that the central
limit theoremapplies.

Relatedwork Thecombinationof gatheringandshootingalgorithmshasbeenstud-
iedbeforein bidirectionalprogressiverefinementradiosity[42]: andbidirectionalpath
tracing[96, 98, 175, 176]:V Dutréetal. [42] describeabidirectionalprogressiverefinementalgorithmin or-

derto computetheradiosityof individualpatchesin turnby alternatingstepsin
which radiosityor importanceis propagated.In thebidirectionalrandomwalk
radiosityalgorithmthat is proposedhere,only power is propagatedin orderto
computetheradiosityonall patchesin thescenesimultaneously. Randomwalks
areusedinsteadof deterministicSouthwellrelaxation;V LafortuneandVeach[96, 98, 175, 176] haveproposedbidirectionalalgorithms



11.1. STOCHASTICJACOBI RADIOSITY 179

for computingtheaverageflux througheachpixel in an image.Here,a world-
spaceratherthanimage-spacesolutionis computed.A secondmajordifference
is that here,we areinterestedin computingthe illumination at both endsof a
path,while in bidirectionalpathtracing,only theilluminationat thevieweris of
interest.A third differenceis thatin bidirectionalpathtracing,pairsof random
walks,oneoriginatingat a light source,andoneoriginatingat theviewing po-
sition, areconnectedthroughnext eventestimators.Thebidirectionalrandom
walk radiosity algorithm here,usesindividual randomwalks bidirectionally,
without next eventestimators.

11.2 Combining gathering and shooting in stochastic
Jacobi radiosity

Similar techniquesfor combininggatheringandshootingin randomwalk radiosity,
canbeappliedto stochasticJacobiiterations( Ô 6.4). Thegoalhereis to obtainascore
at both end-pointsof every line that is traced,insteadof only at oneend-point. In
somecases,theresultis thesameasif thenumberof sampledlinesis doubled.Unlike
in randomwalk radiosity, thecombinationof gatheringandshootingherecanbedone
easilywith multiple importancesampling.

11.2.1 Gathering and shootingin stochasticJacobi iterations

StochasticJacobiiterations( Ô 6.4),canbeappliedto solveboththesystemof classical
radiosityequations(gathering):D Ë Þ 8 Ë ×�� ÷ �B�H� ÷ÙË G ÷]I�÷ � D �
and,on theotherhand,thepowersystem(shooting):fHË Þ Y Ë ×�� ÷ � � f�÷ I ÷ � G � � � Ë ý
In both cases,the sumon the right handside canbe estimatedby selectingterms,
determinedby thepair of indices ß m ý j â , accordingto someprobability  ÷ � × E ÷ I ÷ � ý
Selectinga patch j conditionalon a patch m , accordingto the form factorprobabil-
ities I ÷ � , can be carriedout by tracing a local or global uniformly distributed line
originatingat m , anddeterminingthepatchj containingits next intersectionpointwith
the surfacesin the scene. E ÷ denotesthe probability (normalised)of selectingpatchm for “shooting” sucha line. In Ô 6.4,wheretheapplicationto theshootingequations
wasstudied,E ÷ waschosenE ÷ × f�÷ 4 f Z ,with f Z × L 	 f 	 , the total power in the
scene.An arbitrarysegmentof a global line throughthescene,constructedwith the
plane-interceptor two-points-on-a-bounding-spheretechnique( Ô 5.3.3),hasaprobab-
ility E ÷ × U ÷ 4 U Z of intersectingapatchm .
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Theradiositycontributionsassociatedby a line from m to j are:

Shooting(at j ): �[¦÷ � × f�÷ G �E ÷ U � (11.15)

Gathering(at m ): � �÷ � × G ÷ D �E ÷ ý
(11.16)

Justlike sub-pathsin the randomwalk method,a line contributesonly to either its
origin m (in gathering),or to its destinationj (in shooting).We would like to have a
contributionat bothend-points.

11.2.2 Gathering and shooting as a caseof multiple importance
sampling

It is veryeasyto seethatshootingcorrespondswith reservegatheringin thiscase(and
viceversa,gatheringwith reverseshooting):� ¦÷ �   ÷ � × f ÷ G �E ÷ U � E ÷ I ÷ � × G � U ÷U � I ÷ � D ÷ × G � I � ÷ D ÷ × G � D ÷E � E � I � ÷ × �[�� ÷   � ÷ ý
Again,shootingandreversegatheringcanbeviewedasalternativeimportancesampl-
ing estimators(for the shootingequation),so that the multiple importancesampling
framework [176] canbe applied. The balanceheuristicyields the following weight
for a line from m to j : » ÷ � ×   ÷ �  ÷ � Ù   � ÷ × E ÷ U �E ÷ U � Ù E � U ÷ (11.17)

Theweightedscoresat bothend-pointsof theline are:» ÷ � R �÷ � × G ÷Cf �E ÷ U � Ù E � U ÷ on m (11.18)» ÷ � R ¦÷ � × G � f ÷E ÷ U � Ù E � U ÷ on j (11.19)

Unlike in randomwalk radiosity, theprobabilitiesE ÷ arealwaysknown in stochastic
Jacobiiterations:V Local lines: E ÷ × f�÷f Z � » ÷ � × D ÷D ÷ Ù D � (11.20)

A line shotfrom a brightpatchm towardsadarkpatchj receivesa high weight.
Vice versa,if line from a darkto a bright patchreceivesa low weight,because
thereis a high probability thatanotherline is shotin reversesense.Whencon-
nectingtwo patcheswith equalradiosity, theline hasweight

» ÷ � ×S��4�\ ;V Globalline segments(or appropriatelycraftedlocal lines):

E ÷ × U ÷U Z � » ÷ � × �\ ý
This is the casewith for instanceglobal line bundlesin the trans-illumination
method[110, 165].
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11.2.3 Empirical resultsand discussion

Figure11.4showstheresultof combininggatheringandshootingin stochasticJacobi
radiosityfor the,now familiar, office scene.Thereducedvarianceis very clearlyvis-
ible. Althoughthegainis not solargein all scenes,thecombinedresultwill neverbe
worsethantheuncombinedresulteither. Additional computationwork is absolutely
negligible andthereis no extra storagecost. Consideringthat the implementationis
extremelyeasyandthat the techniquecombinesvery well with both the useof both
view importanceandthe constantcontrol radiosityvariatetechniqueof Ô 10.3, there
areno reasonsnot to usethis technique.

uni-directionalbi-directional

Figure 11.4: Thereareno reasonsnot to combinegatheringandshootingin stochasticrelax-
ation radiosity. Although the gain is not alwaysaslarge as in this case,the combinedresult
will neverbeworseeither. Thetechniquecombineswell with theothervariancereductiontech-
niquesandis very easyto implement. Additional computationwork is absolutelynegligible
andnoextra storageis required.

11.3 Conclusion

In this chapter, the relationbetweengatheringandshootingrandomwalk radiosity
hasbeenanalysed,showing how gatheringrandomwalks can be usedin order to
simultaneouslyestimatetheradiosityonall patchesin thescene.Gatheringoverasub-
pathcorrespondsto shootingoverareversedsub-pathsothatacombinationis possible
basedonmultipleimportancesampling.Unfortunately, thiscombinationstrategy only
allows resultsto becombinedon light sources,or on patcheswith direct illumination
if only indirect illumination is beingcomputed.Globalmulti-pathradiosity[137] is
anexceptionto this rule.

In orderto beableto combinegatheringandshootingestimateson otherpatches
thanonly the light sources,combinationstrategies basedon approximationsof the
varianceshave beenproposed.In a first strategy, theclosedform expressionsfor the
varianceof thecollision shootingandgatheringrandomwalk estimatorsfor radiosity
have beenapproximated,leadingto a simpleheuristicfor the combinationweights.
Alternatively, optimal combinationweightswill be obtainedeventuallywhenusing
sample-estimatesfor thevariance.At low samplingdensitieshowever, thesesample-
variancebasedweightsarenot soreliable.
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In all cases,a fair variancereductioncanbeobtainedat very little additionalcost
(mainly storage).A possibletopic for future researchis the investigationof robust
combinationsof moreelaborateheuristics,andtheuseof samplevariances.

Contraryto randomwalk radiosity, combininggatheringandshootingin stochas-
tic Jacobiiterationsis extremelysimplewith the balanceheuristic. It works well in
all casesandmayyield up to a doublingof theefficiency at noextra cost.Thereis no
reasonnot to useit.



12 Low-discrepancySampling
in Monte Carlo Radiosity

In this section,we discussthe applicationof low-discrepancy numbersequencesin-
steadof pseudo-randomnumbersequencesin the context of the radiosityproblem.
Low-discrepancy sequencesarespeciallycraftednumbersequencesthataremoreuni-
form thatrandom(andpseudo-random)numbersequences.They allow integralsto be
computedwith / ß6ñ*ò�ó�ô - 4 - â error insteadof thetypical / ß?2 ��4 - â of MonteCarlo
integration( - denotesthe numberof samples,and õ denotesthe dimensionof the
integral). Low-discrepancy numbersarehowevernotstatisticallyindependent,sothat
somecaremustbe takenwhenusingsuchsequencesin algorithmsthatassumestat-
istically independentsamples.

Theuseof low-discrepancy sequencesfor radiosityhasbeenproposedbyA. Keller
in [88, 87]. In [88], low-discrepancy samplingwasusedinsteadof pseudo-random
samplingin thecontext of a continuousrandomwalk radiosityalgorithmthat is very
similar to algorithm17onpage110.In [87], low-discrepancy samplingwasproposed
for form factorcomputationusingalgorithm5.3.2on page75. Neumannet al. pro-
posedlow-discrepancy samplingin thecontext of astochasticJacobiiterativemethod
[112] ( Ô 6.4.4). The effectivenessof low-discrepancy samplingis similar for form
factorcomputationandin stochasticJacobiiterations.It turnsout to besignificantly
moreeffectivein discreteradiosityalgorithmsthanin continuousradiosityalgorithms
likealgorithm17.

12.1 Quasi Monte Carlo integration

Quasi-MonteCarlointegration— integrationby low-discrepancy sampling— isbased
on numbertheoryratherthanon probability. Consideranarbitrarysetof - numbersÿ Ë � . ×P� � ý$ý$ý � - in thehalf-openinterval õ " � �£â andconsiderafunction ö ß;ÿBâ defined
on theclosedinterval õ " � � ø . Koksma[92] showedthat÷÷÷÷÷ �- ø�Ë � + ö ß¢ÿ Ë â­Þ�ù +( ö ß;ÿBâ õ ÿ ÷÷÷÷÷  ô¥ú G:û ßOü£ÿ Ë k . ×S� � ý ý$ý � -þý â (12.1)

whereV ô�ú denotesthevariationof thefunction ö on theinterval õ " � � ø . Thevariationis
thesmallestupperbound(if finite) for>� ÷ � ( k ö ß ¨ ÷ � + â�Þ ö ß ¨ ÷ â k
for any possiblesubdivisionof theinterval õ " � � ø in sub-intervalsdeterminedby
thenumbers"x× ¨ (  ¨ +  GIGIG  ¨ > 9 +  ¨ > ×P� . Thevariationis anindicator
for thesmoothnessof thefunction ö , anddoesnot dependon thenumbersÿ Ë ;

183



184 CHAPTER12. LOW-DISCREPANCY SAMPLINGV û ßOü ÿ Ë k . ×ÿ� � ý ý$ý � - ý â denotesthe discrepancy(modulo1) of the setof -
numbersÿ Ë � . ×#� � ý$ý ý � - . Thediscrepancy û is the lowestupperboundfor
arbitraryintervals ß6� � M�â � " ú �  M  � of

����� � ßOü ÿ Ë k . × � � ý$ý ý � - ý â34 - ,
where� ��� � ßOü£ÿ Ë k . ×S� � ý$ý ý � - ý â&×��wü ÿ Ë
	 ßC� � M�â k . ×S� � ý ý$ý � -þý ÞÓß6M ÞN�­â -
is thedifferencebetweenthenumberof points ÿ Ë thatlay in theinterval ßC� � M�â
andthesize ß1MðÞ �­â of theinterval times - . Thediscrepancy is anindicatorfor
how uniformly thenumbersÿ Ë fill theinterval õ " � �£â . It doesnot dependon the
function ö .

Hlawka [74] later generalised(12.1) to functionsandsequencesdefinedon the unit
hyper-cube � ô in arbitrarydimensionõ . Hlawka alsoproveda similar inequalityfor
integrals over a wide classof sub-domainsof � ô with non-zerovolume, including
convex domainsof arbitraryshape.

The Koksma-Hlawka inequality(12.1)shows that the error in approximatingan
integral of ö , by theaverageof - samplesof ö , will vanishin thelimit for -���

if the discrepancy û ßOü£ÿ Ë k . ×�� � ý$ý ý � - ý â � " . Numbersequencesthat have this
propertyarecalleduniformnumbersequences.The rateat which theerror vanishes
is boundedby the rateat which the discrepancy vanishes.The potentialof determ-
inistic uniform numbersequencesfor integrationlays in the fact that sequencesare
known for which the discrepancy vanisheslike / ßDß6ñ*ò�ó - â ô 4 - â . Suchnumberse-
quencescanleadto vastlysuperiorconvergenceratescomparedwith the / ß32 ��4 - â
rateof classicalMonteCarlo. Suchsequenceshave beendevelopedby VanderCor-
put,Halton,Sobol,Faure,Niederreiterandothers[115, 158, 170, 18]. They arecalled
low-discrepancysequences.More informationaboutthe implementationandtestof
low-discrepancy sequencescanbefoundin [16, 125].

Sincea sumcanalwaysbeexpressedasanintegral of a piecewiseconstantfunc-
tion, low-discrepancy numberscanequallywell beappliedfor estimatingsums.There
arehowever a numberof importantfactsto be taken into accountconcerningquasi-
MonteCarlointegrationversusclassicMonteCarlointegration:V Low-discrepancy numbersarenot random: for instance,thedifferencebetween

two subsequentnumbersof the Van der Corput sequence(the 1-dimensional
base-2Halton sequence)[62], equals0.5 half of the time. Efficient low-dis-
crepancy numbergeneratorsoftenevenexploit correlationbetweensuccessive
numbersin orderto gainefficiency;V TheKoksma-Hlawka inequalityis valid for integrandswith finite variation. It
doesnot sayanything aboutintegrandswith infinite variation,for instancein-
tegrandswith non-axisalignedvaluediscontinuitieswhich occurfrequentlyin
the context of global illumination [125, 168]. Low-discrepancy numberswill
oftenstill resultin lowererrorfor samenumberof samplescomparedto pseudo-
randomnumbers,but theconvergenceratewill beslower than / ßDß1ñ ò<ó - â ô 4 - â ;V The Koksma-Hlawka inequalityprovidesa deterministicupperboundfor the
integrationerror. Most often, it leadsto grossover-estimatesof theerror. The
problemis due to the variation ô¥ú , which is mostoften not a good indicator
for performance.The discrepancy û however is believed to be a goodindic-
ator for the convergencerate[18]. This is unlike the error analysisof classic
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Monte Carlo integration,whereprobabilisticratherthandeterministic,but at
leastrealisticerrorestimatesarerelatively easyto obtain(seeÔ 4.2.6);V Thediscrepancy is asymptotically, for large - , well approximatedby��ß1ñ ò<ó - â ô 4 - for someconstant� , thatdependson thesequenceunderconsid-
eration(recentlow-discrepancy sequenceshave lower constant� ). Nothing is
statedaboutthe discrepancy of relatively small setsof low-discrepancy num-
bers.Often in rendering,we dealwith - ^ �:" or �:"<" samplesfor computing
form factorsor for the radiosityon eachpatchin a scene.For instance,it is
possiblethat a first sequencewith betterasymptoticaldiscrepancy hasworse
discrepancy for small - thansomeothersequence;V The effect of dimension: for largedimensionõ , the error is dominatedby theß1ñ ò<ó - â ô factorin thenumerator, ratherthanthe - in thedenominator, unless- q \ ô [18]. Quasi-MonteCarlo integrationloosesits effectivenessin higher
dimensions.The convergenceratewith low-discrepancy numbersis however
neverworsethan / ß 2 ��4 - â , aswith pseudo-randomnumbers.

Throughrandomization,it is possibleto find a solution to most problemsof low-
discrepancy sampling: realisticerror estimatesbecomeavailable,a higheraccuracy
canbeobtainedin somecases,andtheeffectivenesscanbepreservedin high dimen-
sions.Thesearestill topicsof ongoingresearchhowever [117].

12.2 Low-discrepancysampling in radiosity

In practice,the applicationof low-discrepancy sequencesoften involveslittle more
than replacingthe pseudo-randomnumbergeneratorin an implementation. How-
ever, caremustbe taken in order to avoid potentialproblemsdueto correlationsin
algorithmsthatassumestatisticallyindependentsamples.

12.2.1 Quasi-MonteCarlo form factor computation

The MonteCarlo estimatorsfor form factors( Ô 5) requireeither2- or 4-dimensional
randomvectors.Thesearetypically obtainedby generating2 or 4 subsequentpseudo-
randomnumbers. Quasi-MonteCarlo form factor computationis obtainedby em-
ploying 2- or 4-dimensionallow-discrepancy vectorsinstead.In particular, werecom-
mend:V A 2- or 4-dimensionalHalton sequence:the componentsof the m -th low-dis-

crepancy vectorare the radical inverseof m w.r.t. base2, 3, 5 or 7 (the four
first primenumbers).Thebase-¼ radicalinverse��� ß m â is thenumberobtainedby
expressingm is base¼ , andmirroring thedigitsof therepresentation[62]:m × � ( Ù � + ¼ Ù � ü ¼ ü Ù GqGIG � � � ß m âË× � ( ¼ 9 + Ù � + ¼ 9 ü Ù � ü ¼ 9�� Ù GIGIG
An implementationin theC programminglanguagecanalsobefoundin [87];V A 2- or 4-dimensionalbase-231-bitsNiederreitersequence.An efficientgener-
atorcanbeobtainedfor free[15].

In appendixD, a new mappingis proposedto transforma 2D low-discrepancy se-
quenceon asquareto a triangle.
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12.2.2 Stochasticrelaxation radiosity

In all stochasticrelaxationradiosityalgorithms,low discrepancy samplingcanbeused
insteadof pseudo-randomsamplingfor selectingapatchj conditionalonpatchm with
probabilityequalto theform factor I ÷ � . This is achievedby tracinga local or global
uniformly distributedline throughj :V Local lines: 2 samplenumbersarerequiredfor samplingtheorigin of a ray onm and2 moresamplenumbersarerequiredfor samplingacosine-distributedray

direction. A 4-dimensionallow-discrepancy vectorreplaces4 pseudo-random
numbers.Thesame4-dimensionalsequences,mentionedabove,canbeused.

Somecaremustbetakenhoweverin orderto breakcorrelationsbetweenraydir-
ectionsof raysoriginatingatneighbouringpatches.Theproblemis illustratedin
figure12.1.Neumannetal. [112] proposedto startsamplingthe4-dimensional
sequenceat differentoffsetsfor differentpatches.In the implementation,the
offset for a patchwith index m , waschosen�<� G m . The origin anddirectionof
the . -th ray from patch m wasconstructedby usingthe 4-dimensionalsample
numberwith index �<� G m Ù . in thesequence;V Global lineswith thetwo-points-on-a-spheremethod:samplingbothpointson
the sphererequirestwo times two samplenumbers,so that hereagain,a 4-
dimensionallow-discrepancy sequencecanbeused[21]. Techniquesto optim-
ally reducecorrelationsarea topic of currentresearch;V Global lines with the plane-interceptmethod: a 2-dimensionalconstruction
samplevector is neededfor choosinga planenormal. Within eachplane,in-
terceptsof parallel global lines can be selectedby a separate2-dimensional
low-discrepancy sequence[165].

Figure 12.1: If samplevectorswith sameindex areusedon differentpatches,for choosingthe
origin anddirectionof therays,distractingpatternsmayresultin acomputedimage.Thisfigure
illustrateshow suchpatternsmayresultdueto clusteredcontributionsfrom nearbysources.

12.2.3 Randomwalk radiosity

Theof a randomwalk requireslow-discrepancy vectorsof higherdimension:
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light source,aswell asaninitial direction;V In continuousshootingrandomwalk, 2 extra randomnumbersarerequiredin
order to determinewhetherthe particle is absorbedafter somecollision or in
whatdirectionit will continueits path. In discreterandomwalk, 4 ratherthan
2 samplenumbersareneededper collision sincealsoa uniform randomnew
positionneedsto bechosen.

For samplingrandomwalksof length � , ß��iÙ�\ � â -dimensionalsamplevectorsarere-
quiredin thecontinuousshootingrandomwalk algorithm,and ß��xÙ�� � â -dimensional
samplevectorsin the discreteshootingrandomwalk algorithm: the 4 first compon-
entsareusedin orderto sampletheorigin andinitial directionof a particleon a light
source.Successivegroupsof 2 or 4 componentsareusedateachcollision. A detailed
descriptionof animplementationcanbefoundin [88]. Dueto thehighdimension,the
effectivenessof low-discrepancy samplingis not sohigh whenappliedlike this.

We foundthat theeffectivenessof low-discrepancy samplingcanbesignificantly
increasedby employing asimilarsamplingschemeaswith local linesin stochasticre-
laxationradiosity(explainedabove): for eachscatteringdecisiona2-or 4-dimensional
samplevectoris needed.For the . -th scatteringeventon a patch m , thesamplevector
with index �<� G m Ù . from asingleglobal2 or 4-dimensionallow-discrepancy sequence
canbeused.In the implementation,this implies thata count( . ) of scatteringevents
needsto bekepton every patch.Thestorageneededfor oneextra integernumberper
patchis well worth theincreasedaccuracy for givenamountof work.

12.3 Empirical resultsand discussion

12.3.1 Experiment description

In this section,threeexperimentsaredescribed.They concern:V the error for givennumberof samplesin regularandincrementalJacobiitera-
tions,andin discretecollision shootingrandomwalk radiosity( Ô 12.3.2);V the effectivenessof quasi-MonteCarlosamplingin continuousversusdiscrete
collision shootingrandomwalks( Ô 12.3.3);V theeffectivenessof variouslow-discrepancy numbergeneratorsin discretecol-
lision shootingrandomwalk radiosity( Ô 12.3.4).

In eachexperiment,themeasuredRMS error in the resultis studiedasa functionof
thenumberof samples.In all cases,local line samplingis used.

The testscenesusedareshown in figure 12.2. The labyrinth sceneis a casein
which the radiosity solution is analytically known to be constantandequalto one
everywhere.This will alwaysbe thecaseregardlessof geometryaslong asfor each
individualpatch8 ÷ Ù G ÷ ×e� . Thedegreeof freedomin varying G ÷ perpatchwasused
to createthreelabyrinthinstanceswith differentaveragereflectivity: 0.1,0.5and0.9.
Sincethe solutionis known, the RMS error canbe determinedexactly. Thesetests
exhibit betterthetheoreticallyexpectedbehaviour of thealgorithms.
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Figure 12.2: Testscenesusedin the experiments:box (left) andlabyrinth (right). The right
imageshows thereflectivities ¶�� of thepatchesin thehigh averagereflectivity case¶���� �"! ± # .
Theself-emittedradiosities

¹ � werechosensuchthat

¹ � î ¶�� Ñ<Ò . Theradiositysolution � �
is constantandequalto oneeverywhere.

Sceneswith constantillumination are however extremely rare in practice. The
secondtestscene,a simplebox containingtwo otherboxes,will providebetterindic-
ationsof thebehaviour of thealgorithmsin practice.Sincethesolutionis not analyt-
ically known, the error hasto be estimatedby comparingwith a referencesolution.
Referencesimageswerecomputedusingabout100timesmoresamplesthanindicated
in thegraphs.TheRMS imagedifferencewith thereferenceimagewasplottedasan
indicationfor the error. Although this includesalsothe effect of tonemappingand
only thepartsof thescenethatarevisible in theimagesaretakeninto account,it has
no qualitative implicationsfor ourconclusions.

12.3.2 Experiment 1: local line sampling in discreteMonte Carlo
radiosity algorithms

In the graphsin figure 12.3, the measurederror of threelocal discreteMonte Carlo
Radiosity(MCR) algorithmsis plottedasa function of the numberof sampleswith
pseudo-randomsamplingandHaltonlow-discrepancy sampling.Thethreealgorithms
thatarebeingcomparedare:V The stochasticray radiosityalgorithm[113]: this algorithmusesregular Jac-

obi iterations( Ô 6.4.3)mergedasexplainedin Ô 6.6.3. Thehighererror for low
numberof samplesindicatesthe“warming-up”problemthatwasmentionedinÔ 6.4.4;V TheWell-DistributedRaySetradiosityalgorithm[112]: in this stochasticJac-
obi algorithm,thewarming-upproblemis solvedby shootingonly additionally
requiredraysin regularJacobiiterations( Ô 6.4.4).IncrementalJacobiiterations
( Ô 6.4.2)with progressiveray refinement( Ô 6.6.4)wouldperformverysimilarly;V The discrete collision shooting random walk radiosity algorithm [132]
( Ô 7.4.2).

The graphsindicatethat in the long-term,after warming-up,the obtainederror for
samenumberof samplesis nearly identicalfor thesethreealgorithms. For pseudo-



12.3. EMPIRICAL RESULTS AND DISCUSSION 189

1e+06100000

0.01

0.001

1e+07

Labyrinth (low reflectivity)

WDRS-Halton
RandomWalk-Halton

StochRay-Halton
WDRS-drand48

RandomWalk-drand48
StochRay-drand48

1e+06100000

0.1

0.01

0.001
1e+07

Labyrinth (medium reflectivity)

WDRS-Halton
RandomWalk-Halton

StochRay-Halton
WDRS-drand48

RandomWalk-drand48
StochRay-drand48

1e+06100000

0.1

0.01

1e+07

Labyrinth (high reflectivity)

WDRS-Halton
RandomWalk-Halton

StochRay-Halton
WDRS-drand48

RandomWalk-drand48
StochRay-drand48

1e+0610000010000

0.1

0.01

StochRay-drand48Cubes

WDRS-Halton
RandomWalk-Halton

StochRay-Halton
WDRS-drand48

RandomWalk-drand48

Figure 12.3: Empirical comparisonof the errorwith threedifferentdiscreteMonteCarlo ra-
diosity algorithmsin which local-line samplingis used. The long-termconvergencerateof
the threealgorithmsis identical,confirmingthe theoreticalerror analysisfor pseudo-random
samplingearlierin this dissertation.Theexperimentsuggeststhatthis resultwill bevalid with
low-discrepancy samplingaswell. Thegraphsalsoindicatethatwith Halton low-discrepancy
samplenumbers,the long-termconvergencerate can be significantly higher. Legend: Sho-
chRay= StochasticRayRadiosity[113], WDRS= Well-DistributedRaySetRadiosity[112],
RandomWalk = Discretecollisionshootingrandomwalk radiosity[132]. MeasuredRMSerror
is plottedagainstthenumberof samples,seeÎ 12.3.1.

randomsampling,this confirmsthetheoreticalcomparisonsof Ô 6.4.4and Ô 7.4.4.The
experimentsuggeststhatthisobservationwill alsoholdfor low-discrepancy sampling.
Thegraphsshow thatlow-discrepancy samplingindeedleadsto asignificantlyhigher
convergencerate.

Thethreealgorithmshaveanintuitiveinterpretationin thesenseof particlescarry-
ing light power thatareshotthroughoutthescene.Intuitively, thedifferencebetween
the algorithmsis mainly in the order in which particlesareshotandto a lesserex-
tentalsoin survival decisionsandin theway theresultsfrom individual particlesare
averaged(seeÔ 7.4.4).

12.3.3 Experiment 2: discreteversuscontinuouscollisionshooting
random walk

In thegraphsof figure12.4,theconvergencerateof thediscreteversuscontinuouscol-
lision shootingrandomwalk algorithms[120, 132] ( Ô 7.1) is comparedwhenpseudo-
or Haltonquasi-randomsamplenumbersareused.In an implementation,thediffer-
encebetweendiscreteandcontinuouscollisionshootingrandomwalk radiosityis very
small: a particlehitting a patchis warpedto another, uniformly chosen,locationon
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thepatchin thediscreterandomwalk algorithm,while it is scatteredfrom thepointof
incidencein thecontinuousrandomwalk algorithm.
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Figure 12.4: Empirical comparisonof discreteversuscontinuouscollision shootingrandom
walk radiositywith pseudo-andHalton quasi-randomsampling. Also Keller’s quasi-Monte
Carlo radiosityalgorithm[88] is includedin the comparison.Low discrepancy samplingap-
pearsto bemoreeffective in discretethanin continuousrandomwalk radiosity.

The convergencerate with randomsamplingis equal for the discreteand con-
tinuousrandomwalk algorithms: / ß��B4%$ - â with - the numberof samples.With
QMC samplinghowever, the convergencerateof the discreterandomwalk method
canbesignificantlybetterthanin thecontinuousrandomwalk method:up to - 9 ('& (
versus- 9 ('& ) . The experimentin Ô 12.3.2suggeststhat sucha higherconvergence
ratewill alsobeobservedwith stochasticrelaxationradiosity. Thedifferenceappears
to be larger for higheraveragereflectivity. This shouldnot besurprisingsincedirect
illumination is computedidenticallyin continuousanddiscreteparticletracing.

The graphsonly show the computationalerror and not the discretisationerror,
which is the error causedby approximatingthe true radiosity solution

D ß¢ÿ@â by a
piecewiseconstantfunction( Ô 3.1). In Ô 7.1.5,it wasshown that thedifferencein dis-
cretisationerrorwill in generalbevery low however.

This experimentthussuggeststhat with randomsampling, the sumof computa-
tional and discretisationerror for the sameamountof work, will be very slightly
higherwithdiscreteMonteCarlo radiosityalgorithmsthanwithcontinuousalgorithms.
With QMCsamplinghowever, lowercomputationalerror will compensatetheslightly
higherdiscretisationerror with discretealgorithms,so that discretealgorithmsmay
bepreferred.

Thegraphsin figure12.4alsoshow theconvergencerateobtainedwith Keller’sal-
gorithm[88] with bothrandomandHaltonsampling.Theconvergenceratesobtained
with this algorithmareinferior mainly becausetheparticlepathsin [88] arefully de-
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terminedby theirsequencenumberwithout takingthelocal reflectanceateachvisited
patchinto account.

Theresultthatlow-discrepancy samplingis moreeffective in discretethanin con-
tinuousrandomwalk radiosity, contradictswith theoreticalpredictions:V Spanier[157] hasproveda Koksma-Hlawka like theoremfor randomwalk es-

timatorsby consideringthe function ö which is beingintegratedimplicitly in
randomwalk methods. This function is a combinationof the randomwalk
scorefunctionandthemappingfrom canonicallow-discrepancy vectorsto ran-
domwalks. Themappingfrom low-discrepancy numbersto a randomwalk is
quitedifferentfor continuousanddiscreterandomwalks,sothatthevariationof
this functioncanbeexpectedto bedifferentaswell. A differentvariationdoes
howevernotexplainadifferenterrorreductionrateasthenumberof samplesis
increased.It only determinestheabsolutevalueof anupperboundfor theerror;V The functionbeingintegratedcontainsdiscontinuitiesrelatedto projectedob-
jectboundariesin thescene[168]. Theconvergenceratecanthusbeexpectedto
be lower than / ß1ñ ò<ó�ô - 4 - â . Theconvergencerateshouldbelower for higher
dimensionalsampling.Thisexperimenthoweversuggestsahigherconvergence
ratefor discreterandomwalks.Discreterandomwalksrequirea higherdimen-
sionalsampling,whichcontradictsthis analysis;V Alsoaccordingto thediscrepancy alone,onewouldexpectahigherconvergence
ratewith continuousrandomwalk radiosity, becausesamplevectorsof lower
dimensionare needed. Our experimentshowever indicatea fasterreduction
of the error asthe numberof samplesin increasedwith discreterandomwalk
radiosity.

That low-discrepancy appearsto bemoreeffective in discreterandomwalks,is prob-
ably dueto the fact that the numberof samplesis quite small. Asymptotically, the
convergencerateof continuousrandomwalk maybehigher, but probablyonly for a
muchhighernumberof randomwalksthanrequiredin imagesynthesis.

12.3.4 Experiment 3: the samplenumber generator

In thepreviousexperiments,theHaltonnumbersequencewasusedin orderto char-
acteriseQMC sampling.Thegraphsin figure12.5comparethe convergencerateof
discretecollision shootingrandomwalk radiositywith local line sampling,for other
quasi-randomnumbersequences.Besidespseudo-randomandHaltonsampling,also
the resultswith the 4D scrambledHalton, Faure,generalisedFaureandSobol and
Niederreitersamplenumbersequences[170] areshown. While a speeddifferenceof
up two a factor2 maybeobservedwith differentQMC sequences,thegraphssuggest
thatno QMC sequencebehavessystematicallysuperiorto the other sequences.The
simpleHalton sequencebehaveswell in all cases.

12.4 ConclusionV Low discrepancy samplingcanincreasetheefficiency of MonteCarloradiosity
algorithmssignificantlyat little extra cost. It appearsto be moreeffective for
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Figure12.5: Theinfluenceof theQMC samplenumbersequencein discretecollisionshooting
randomwalk radiosity. No QMC sequenceis systematicallysuperiorto the othersequences.
ThesimpleHaltonsequencebehaveswell in all cases.

discretethanfor continuousrandomwalk radiosity. The experimentsconfirm
that the performanceof stochasticrelaxationradiosity is the samein practice
asof discretecollision shootingrandomwalk radiosity for randomsampling.
They suggestthatthis is alsotruewhenquasi-randomsamplingis used;* Thereasonwhy low-discrepancy samplingappearsto bemoreeffective in dis-
creteratherthancontinuousrandomwalk radiosityis notaresolvedissue.Prob-
ably, thenumberof samplesrequiredin imagesynthesisis too low in orderto
exhibit theasymptoticalconvergeratespredictedby thetheory;* No quasi-randomsequenceperformssystematicallybetterthantheothers.The
simpleHaltonsequenceperformswell in all cases;* Caremust be taken in order to avoid correlations. With local lines, a good
techniqueto breakcorrelationsis to startsamplingaglobal2- or 4-dimensional
low-discrepancy samplesequenceatdifferentoffsetsfor eachpatch;* Thesamesamplingtechniquealsoyieldsgoodresultsin randomwalk radiosity.
Theprice to bepaid is low: a scatteringeventcounterneedsto bestoredwith
eachpatch.

Low-discrepancy samplingin randomwalk methodsis however a topic of ongoing
research.It is not yet fully understood,andseveral techniquesarebeingdesignedin
orderto make it moreeffective in this context [18, 117].
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Higher-Order Approximations

In thepreviouschapters,severalapplicationsof theMonteCarlomethodto thesolu-
tion of the radiosityproblemwith constantapproximationshave beenpresented.In
thischapter, thesemethodswill beextendedto higherorderradiosityapproximations.
In previous work, only the continuousshootingrandomwalk method( + 7.1.2) has
beenextendedto higher order approximations[47, 14]. The extensionof discrete
MonteCarlomethodsto higherorderapproximationsis a new resultdevelopedin the
context of thisdissertation.

First, the equationsto be solved and relevant previous work will be discussed
( + 13.1). Next, the extensionto higher approximationswill be proposedfor Monte
Carloform factorcomputation(13.2),stochasticrelaxationradiosity( + 13.3)anddis-
creterandomwalk radiosity( + 13.4).

13.1 Problemformulation and previous work

The equationsto be solved for higher order approximationshave beenderived in
chapter2. The problemconsistsin determiningthe coefficients ,.-0/ 1 of an approx-
imateradiositysolution 2,4305�687:9 -�/ 1 , -0/ 1�;<-0/ 1 3�5=68>?,43�5=6 where @ denotesa patch
in thescene,and ; -0/ 1A305�6 arebasisfunctionsdefinedon patch @ ( + 2.2.1). ,4305�6 is the
truesolutionof thecontinuousradiosityequation(2.3)or its alternatives( + 2.1):,4305�6B7DCE305�6GF"H=3�5�6 I�JLK 305NMPOQ6R,430OQ6RS%T.UQV (13.1)

Continuous higher order Monte Carlo radiosity Suchcoefficients , -0/ 1 canbe
founddirectly, asscalarproductsof ,W3�5=6 with thedualbasisfunctions 2; -0/ 1 ( + 2.2.2):, -0/ 1 7 I J ,4305�6X2;X-0/ 1 3�5=6QS%T.YZV (13.2)

Feda[47] and Bouatouchet al. [14] proposedto usean analogcontinuousshoot-
ing randomwalk in orderto estimatethesescalarproducts.The analogcontinuous
shootingrandomwalk canbeviewedasa device to samplepoints 5"["\ with dens-
ity ]^3�5=6L7_,4305�6a`�bdc ( + 7.1.2). Thecoefficients ,.-0/ 1 areobtainedby simultaneously
accumulatingaverages ,e-0/ 1E> bdcf gh ikjGlnmRoh p�jrq 2; -�/ 1N3�5 i / p 6f

denotesthenumberof randomwalksthat is traced. 5 i / p is the s -th visitedpoint of
the t -th tracedrandomwalk. u i is thelengthof the t -th tracedrandomwalk.

193
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For orthogonalbasisfunctionsobtainedby uniformmappingof orthonormalbasis
functionson the unit squareor standardtriangle ( + 2.2.6), the dual basisfunctions
are relatedwith the primary basisfunctionslike 2;X-0/ 1 3�5�6v7 ;<-�/ 1 3�5=6P`wT - . Constant
approximationsareobtainedwith onebasisfunctions ; - perpatch,with ; -P305�6^7yx if5z[{\r- and0 otherwise.

Fedaobservedthat the requirednumber
f

of randomwalks in orderto compute
a solutionof fixed accuracy, usinga | -th orderproductLegendrebasison the unit
square,is }430|n~�6 . An intuitive argumentwasgiven in orderto explain this observa-
tion: “Doubling theorder | of thebasisof a surfacemeansdoublingthemaximum
‘frequency’” [47].

Discrete higher order Monte Carlo radiosity Alternatively, Galerkindiscretisa-
tion canbeused( + 2.2.3),leadingto a systemof linearequations(2.15), -�/ 1 7DC -0/ 1 F h � / � | -0/ 1�� � / � , � / � (13.3)

with generalisedpatch-to-patchform factors(2.14):|E-0/ 1�� � / �E7 I J�� 2; -�/ 1N3�5=6kH=3�5�6 I J Ï K 305NMRO�6 ;
� / �G3�O�6QS�T U S�T Y V (13.4)

In this chapter, we will generaliseMonteCarlo form factorcomputation(chapter5),
stochasticrelaxation(chapter6) andrandomwalk methods(chapter7) to thesolution
of theseequations.

13.2 Generalisedform factor computation by Monte
Carlo

13.2.1 Outline

In caseH�305�6B7�H�- is constanton eachpatch@ , |E-0/ 1�� � / �E7�H�- K -�/ 1�� � / � withK -�/ 1�� � / � 7 I J � 2;<-0/ 1 305�6 I J Ï K 3�5NMPO�6 ;
� / � 30O�6QS%T.U�S�T8Y�V7 IQJ � 2; -0/ 1N305�6 I��r� Y����w� t�� Y� ] � 3��N305NM�� Y 6R6 ; � / �G3��G3�5GM�� Y 6R6�S����G��S%T Y V� 3�5=6 denotesthe hemisphereabove 5�[:\ - , �N305NM��eY�6 denotesthe nearestsurface

point visible from 5 in direction � Y , and ] � 3�O�6 is 1 if OE[z\ � or 0 if Oz�[{\ � .
Thealgorithmsfor MonteCarloform factorcomputation(chapter5) canbegener-

alisedto higher-orderradiosityapproximationsbymerelymultiplying thecontribution
of eachray betweena point 5�[�\r- and O�[�\ � with T8- 2; -�/ 1N3�5=6 G ; � / �N3�O�6 . Consider
for instanceform factorcomputationusinglocaluniformly distributedlines:* pdf: � 3�5GM���6 7 ]G-R305�6T -¢¡w£�¤ ��¦¥



13.2. GENERALISEDFORM FACTORCOMPUTATION 195* samplecontributions:§K -�/ 1�� � / � 305NM���6^7�T - 2;<-0/ 1 3�5=6k] � 3��G3�5GM���6R6 ; � / � 3��N305NM���6P6
All form factors

K -0/ 1�� � / � for apairof patches@ and̈ canbecomputedsimultaneously
usingthesamerays.

13.2.2 Variance

Thevariance©4ª §K -0/ 1�� � / �Q« is boundedfrom aboveby¬®­°¯± ²³µ´ ¶�· ¸P´ ¹�º<» ¼½ ³r¾�¿ � ½ ²³�ÀÁ ²³�´ ¶=ÂµÃ�Ä ¾�Å�ÆÈÇwÉÊ�Ë�ÌQÍ ÇÎ Ï ² Â�Ð�ÂµÃ�ÑkÒ Ç ÄkÄ Á ²¸P´ ¹�Â�Ð�ÂµÃ�Ñ�Ò Ç ÄkÄ�Ó�ÔAÕ � Ó ½ Ç�Ö× Ø ³ ¸Î¢Ù ¼½ ³=¾ ¿ � ½ ²³�ÀÁ ²³µ´ ¶rÂµÃ�Ä ¾ Å�Ú'ÆÈÇwÉ Á ²¸P´ ¹ÛÂ�ÐÛÂµÃ�ÑRÒ Ç ÄkÄ�Ó�ÔAÕ � (13.5)

with

� -
� 7 ÜÞÝ�ßY�à J � / U°à J Ú ¡w£�¤ ��Y�V� -

�
is anupperboundfor themaximumcosineof theanglew.r.t. thenormalon @ , under

whichpointsof ¨ areseenfrom pointson @ . Considertheimportantcaseof orthogonal
basisfunctions;<-�/ 1 3�5=6 obtainedby uniformmappingof orthonormalcanonicalbasis
functions; 1A30áGMPâ�6 onthestandardtriangleor theunit square( S%T.-P30áGMPâ�6 7�T8-�S%á.S%â ).

Theinnerintegral (over
� � 3�5=6 ) of (13.5)canbeboundedin two ways:¾�Å�ÚwÆãÇwÉ Á ²¸P´ ¹ZÂ�Ð�ÂµÃ�Ñ�Ò Ç ÄkÄ�Ó�ÔNÕ � × Á ²¹ Ù ä ³ ¸

or
× ¾�¿ Ú Ê�Ë�Ì�Í'åæ ²Ç å Á ²¸P´ ¹ Âµç%Ä�Ó ½ å × Ø ¸P³æ ²³ ¸ ¾%¿ Ú Á ²¸P´ ¹ Âµç%Ä�Ó ½ å » Ø ¸R³æ ²³ ¸ ½ ¸

where ; � 7 ÜèÝ�ßU°à J ÚNé ; � / �N3�O�6 é 7�ÜèÝ�ßê / ë é ; �N3�á�MRâQ6 é� - � 7 ÜèÝ�ßY�à J � � � 3�5=6�
� -ì7 ÜèÝ�ßU�à J Ú / Y�à J�� ¡'£%¤ � Uí - � 7 ÜïîñðY�à J � / U°à J Ú í Y�U

Thecomputationof
� - � M � -

� M �
� - and í - � hasbeendiscussedin + 5.5. ; � only depends

on thecanonicalbasisfunctionson theunit squareor standardtrianglethatareused
andcanbepre-computedoncein advance.

After boundingthe inner integral as shown above, the remainingouter integral
(over \ - ) of (13.5)becomesxT8- I J � T ~- 2; ~-0/ 1 3�5�6�S%T.Y
7 xT.- I J � ; ~-0/ 1 305�6QS�T8YÞ7 xT8- T - I ; ~1 30áGMPâ�6�S�áeS�âï7yx�V
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Thefollowing boundsfor thevarianceresult:©4ª §K -0/ 1�� � / �Q«óò � -
�� � - � ; ~� (13.6)

or ò � -
�
�
� -� í ~- � T � (13.7)

The latter boundwill not be satisfyingfor nearbyor abutting patches@ and ¨ , whení Y�Uïôöõ . Thefirst boundon theotherhand,maybetoo pessimisticfor moredistant
patcheswith badaspectratio (for instance:long andthin). In all cases,theminimum
of thesetwo boundscanbeusedin orderto determinethenumberof samplesrequired
in orderto computetheform factors

K -�/ 1�� � / � to givenaccuracy.

13.2.3 Required work asa function of the approximation order

The upperbound(13.7) for the varianceis independentof the usedbasisfunctions,
and thus also the approximationorder. When using deterministicintegration rules
(seefor instance[32, 31]), a higher approximationorder always requiresa higher
orderintegrationrule — with morenodes.

Thatthenumberof samplesseemsnot to dependon theapproximationorderwith
MonteCarlo, is a consequenceof theuseof orthonormalpolynomials.Considerfor
instancea setof orthonormalpolynomials ; 3�5=6 on the interval ª õ�M'x'« : with uniform
sampling,thevarianceis

©4ª ; «=7 IÛ÷ q / lkø ; ~ 3�5=6�S%54ùûú IÛ÷ q / lüø ; 3�5=6�S%5Zý ~ ò IÛ÷ q / lüø ; ~ 3�5�6RS�5v7?þ ; þ ~ 7yx
independentof the degreeof the polynomial. Even stronger: ©Eª ; «Þ7ÿõ if ; is a
constantfunctionand ©4ª ; « 7 x for all non-constantfunctions ; in theorthonormal
set.

The previous statementdoesnot imply that computinga higher order radiosity
approximationwith MonteCarlowould not requiremorework thanthecomputation
of aconstantradiosityapproximation.Weanalysetherequiredamountof samplesfor
higherorderapproximationshere.

Considerthe solution of (13.3) by (deterministic)Jacobiiterationswith gener-
alised form factors

K -�/ 1�� � / � computedby Monte Carlo. Considerfor instancethe
interactionbetweena patcḧ andapath @ :� -0/ 1E7�H�- h � K -�/ 1�� � / � � � / �
Ourgoalis to choosethenumberof samples

f
for (simultaneous)computationof the

generalisedform factor
K -�/ 1�� � / � in suchaway thattheresultingerroron

Error ú h 1 � -0/ 1Q;<-0/ 1 305�6�ý 7 Error ú h 1 � -0/ 1Q; 1 30áGMPâ�6�ý > �
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for somethreshold� andconfidencelevel. Applicationof thecentrallimit theoremof
probability, with 99.7%confidencelevel yields:f > �� ~ © �� H�- h 1 ; 1N3�á�MRâQ6 h � K -�/ 1�� � / � � � / ����

> �� ~ H ~-
	� h 1 ; ~1 3�á�MRâQ6 h � � ~� / � ©4ª §K -0/ 1�� � / � «
F
� h1��j�� � ���j�� ; 1N3�á�MRâQ6 ; � 30áGMPâ�6 é � � / � éñé � � / � é Cov ª §K -�/ 1�� � / �AM §K -0/ � � � / � «���

Thisexpressioncanbesimplifiedasfollows:* Following a similar reasoningasfor boundingthevariances©Eª §K « above,it can
beshown that thecovariancesarezerofor orthogonalbasisfunctionsobtained
by uniform mappingof orthonormalcanonicalbasisfunctions;* Thevariances©4ª §K -0/ 1�� � / � «<>?©Eª §K « areapproximatelyindependentof thebasis
functions.

With theseassumptions,f > �� ~ H ~- ú h 1 ; ~1 30áGMPâ�6 ý 	� h � � ~� / � ��_©Eª §K «�V (13.8)

In general,thehigherordercoefficients
� � / ��� q�� � � / � jrq aresmallcorrectionsto the

constantapproximation.On theaverage,; ~1 3�á�MRâQ6d>�x , sothat thefollowing conclu-
sion is reached:thenumberof samplesshall be takenapproximatelyproportional to
thenumberof basisfunctionson @ .

For a productbasisof order | , the numberof basisfunctionsis | ~ . The same
dependenceon the approximationorderwill be observed as in continuousshooting
randomwalk algorithmsfor higherorderapproximations[47, 14]. Theresultderived
hereis howeveralsovalid for non-productbasisfunctions,for instancethosediscussed
in + 2.2.6.

13.3 Higher-order stochasticrelaxation radiosity

13.3.1 Outline

Unfortunately, thegeneralisedform factors
K -0/ 1�� � / � do not form a probabilitydistri-

bution unlike the form factors � - � 7 K -0/ q � � / q . The generalisedform factorscanbe
negative,andtheir sumdoesnot equal1. In orderto obtainstochasticJacobirelaxa-
tion for higher-orderapproximations,onecanproceedasfollows.



198 CHAPTER13. HIGHER-ORDERAPPROXIMATIONS

The problem is to compute a new radiosity distribution2,���3�5=6 7 9 -�/ 1 ,��-0/ 1 ; -�/ 1G3�5=6 for a given radiosity distribution2,4305�6B7 9 -0/ 1 ,e-�/ 1 ; -�/ 1G3�5=6 . Equation(13.3)canberewrittenas "!³µ´ ¶�# ¬ ³µ´ ¶ »�$ ¸P´ ¹�% ³�´ ¶�· ¸P´ ¹  ¸P´ ¹»�$ ¸P´ ¹ ¾ ¿ � ÀÁ ³µ´ ¶ ÂµÃ�Ä'&�ÂµÃ�Ä ¾ ¿'Ú ± ÂµÃ�Ñkç%Ä Á ¸P´ ¹ Âµç%Ä�Ó ½ å Ó ½ Ç Ù  ¸P´ ¹» ¾ ¿ ¾ ¿ ÀÁ ³�´ ¶ ÂµÃQÄ'&�ÂµÃ�Ä ± ÂµÃ�Ñ0ç%Ä"()�$ ¸P´ ¹  ¸P´ ¹ Á ¸P´ ¹ Âµç%Ä+*, Ó ½ å Ó ½ Ç (13.9)

This suffices in order to definea gatheringstochasticJacobirelaxationalgorithm.
However, consider: "!³µ´ ¶�# ¬ ³�´ ¶ » ¾ ¿ ()�$ ¸P´ ¹  ¸P´ ¹ Á ¸P´ ¹ Âµç%Ä'*, ¾ ¿ ± ÂµçQÑkÃ�Ä'&�ÂµÃQÄZÀÁ ³�´ ¶ ÂµÃ�Ä�Ó ½ å Ó ½ Ç (13.10)» ¾ ¿ À Âµç%Ä ¾ ¿ ± ÂµçQÑüÃQÄ'&�ÂµÃ�ÄZÀÁ ³�´ ¶ ÂµÃ�Ä�Ó ½ Ç Ó ½ å Ö (13.11)» ¾ ¿ À Âµç%Ä ¾ Å�Æ å É ÊaË�Ì�ÍÎ &�Â�Ð�ÂµçQÑRÒ ÄkÄÛÀÁ ³µ´ ¶ Â�Ð�ÂµçQÑ�Ò ÄkÄ�Ó�ÔNÕLÓ ½ å Ö (13.12)

The advantageof switchingthe integrals is that now, it is evident that the given ra-
diosity 2,43�O�6 canbe taken into accountduring sampling. Equation(13.11)leadsto
estimationproceduresof thefollowing kind:

1. Selecta point O with normalisedprobabilitydensity

� 3�O�6 . Two specialchoices
for

� 30OQ6 will bediscussedbelow;

2. Selectapoint 5 conditionalon O with conditionalprobability

� 305 é OQ6 7 K 3�O=MP5�6 .
This is thesameaschoosinga cosine-distributeddirection � w.r.t. thenormal
on the surfaceat O , anddeterminingthe first intersectionpoint �G3�O=M���6E7 5
with the surfacesin the scene.As usual,local or globaluniformly distributed
linescanbe used.Global lineshowever enforceuniform areasamplingfor O :� 3�O�6 7_x�`�T.c ;

3. Recorda contribution§, -�/ 1 3�O=MR5=6B7 2,43�O�6� 3�O�6 H�305�6 2;<-0/ 1 3�5�6�] - 3�5=6�V (13.13)

As usual,] - 305�6 is zeroif 5 �[ \ - and1 if 5 [ \ - : thecontribution is non-zero
only for thebasisfunctionson thehit patch,containing5 .

Thereis onesuchestimatorfor eachpatch @ andbasisfunction - . Becausethe dif-
ferenceis only in the scores,theseestimatorscanbe sampledsimultaneously. The
expectationCEª §,e-�/ 1�«=7D, �-0/ 1 ù CL-�/ 1 . We will now discusstwo specialcases:
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Local lines

Theray origins O canbesampledmoredenselyin bright regions:� 3�O�6B7 2, 3�O�6. J 2,430O�6�S�T8U 7 2,W3�O�6/ c V
Thescores(13.13)become§, -�/ 1 3�O=MP5�6B7 / c H�305�6 2;X-0/ 1 3�5�6�] - 3�5=6 (13.14)

SamplingO proportionalto 2,W3�O�6 canbedoneasfollows:

1. Choosea patcḧ thatshallcontainO with probability

� � 7 / � ` / c ;

2. ChooseO4[{\ � by samplingaccordingto apdf� � 3�O�6B7 2,43�O�6/ �
This can be accomplishedefficiently using rejectionsampling( + 4.4.3), with
the maximumradiosityvalue , � 7:ÜèÝ�ß Y�à J Ú 2,4305�6 asa referencevalue. The
rejectiontestdoesnot involve ray tracingandis very cheap. The numberof
rejectionsis generallylow aswell becausetheradiosityfunction 2,4305�6 doesin
generalnot vary excessively on a singlepatch.Thereis a slight additionalcost
dueto theneedto determinethemaximumradiosityvalueon thepatch.In our
implementation,wehavesimply takenthemaximumona 0
120 regulargrid, as
themaximumvalueof eachindividualbasisfunctionis reachedonthesepoints.
Thefoundvalueif only approximate,but appearsto work well in practice.

It is instructiveto seewhat(13.14)yieldsin theconstantradiosityapproximationcase.
In theconstantradiositycase, 2,43�O�6 7D, � , 2; -P3�5�6^7 x�`�T8- and H=3�5=6B7 H�-PMR5{[z\r- . One
obtainsasbeforein + 6.4: §,.-G7 xT - / cGH�-0]�-R3�5=6�V
Global lines

Theintersectionpointshavenormaliseddensity

� 30O�6 7 x�`�T c [131]. Thecorrespond-
ing scores(13.13)are §,.-0/ 1A30O�MP5�6B7DT8c 2,430OQ6�H�305�6 2; -0/ 1�3�5=6k]G-�305�6�V
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13.3.2 Varianceand requiredwork asa function of the approxim-
ation order

Considerthecasewith

� 3�O�6 7 2,W3�O�6P` / c , with scores(13.14).Thevariance©4ª §,e-0/ 1Q«
is boundedbyCEª §, ~-�/ 1 « 7 I J I J43 / cGH�- 2; -�/ 1G3�5=6k]G-a3�5=665 ~ 2,43�O�6/ c K 3�O=MR5=6QS%T Y S�T U7 H - / c IZJ � 2; ~-�/ 1 3�5�6 G H - IQJ8K 3�5NMPO�6<2, 3�O�6QS�T8UXS%T.Yò H - / c 7 � - IQJ 2; ~-0/ 1 305�6QS�T8Y
with 7 � - 7�ÜèÝ�ßY�à J�� H - I J K 3�5NMPO�6<2, 3�O�6QS�T8U�V7 � - is themaximumreceivedradiosityon @ .

For orthogonalbasisfunctionsobtainedby uniform mappingfrom orthonormal
canonicalbasisfunctions, 2;<-�/ 1 3�5=6B7 ;X-0/ 1 305�6a`�T - and

. J ; ~-�/ 1 3�5�6�S%T.Y
7�T - , sothat©4ª §,e-0/ 1�«Nò H�-T - / c 7 � -
Again,we find anupperboundfor thevariancethatis independentof theapproxima-
tion order. Thecomputationof thevariancewith otherchoicesof

� 3�O�6 canbedonein
a similarwayandleadsto thesameconclusion.

Determinationof the numberof samples
f

, canhappenin a similar way asdis-
cussedabovefor generalisedform factorcomputation:f 8 �� ~ ©:9 h 1 §, -�/ 1Z;<-�/ 1 3�5=6+;

> �� ~ ú h 1 ; ~1 3�á�MRâQ6 ý H�-T - / c 7 � -
We find the samedependency on the approximationorder as for generalisedform
factorcomputationandin continuousshootingrandomwalk methodsfor higherorder
approximations.

13.3.3 Variance reduction techniques

View-importance sampling View-importancecanbeusedalsoherein orderto in-
creaseor decreasethe numberof raysshot from eachparticularpatch,basedon its
estimatedimportancefor a particularview. It sufficesto computetheaverageimport-
anceon eachpatch,sothattheconstantimportancecomputationstepsasdiscussedin+ 9.3canbeusedwithoutchange.Importanceis thenusedto bias

� 3�O�6 . Thescoresare
still givenby (13.13).
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Constantradiosity variate Theconstantradiosityvariatetechniqueof + 10.3canbe
generalisedasfollows:, �-0/ 1 ù�C -�/ 1 7 I J 3A2,430O�6Xù=<WF><G6 h J K 30O�MP5�6�H - 2;<-�/ 1 3�5=6QS%T.YBS�T8U7 I J 3A2,430O�6Xù=<�6 h J K 3�O=MR5=6kH�- 2; -0/ 1N305�6QS�T Y S%T UF <AH�- G I J 2; -�/ 1N3�5=6 I J8K 3�5NMPO�6QS%T U S%T Y
Thelatterintegral isI J 2; -�/ 1G3�5=6 I J8K 3�5GMRO�6QS�T U S�T Y 7 I J 2; -0/ 1A3�5=6QS�T Y V
For an orthogonalbasisobtainedby uniform mappingof a canonicalorthonormal
basis, I J 2;<-0/ 1 305�6QS�T8YÛV�7 xT - I J ;<-0/ 1 3�5=6QS�T8Y
7@? 1�/ q V
Thereis only aconstantcontribution H�-A< .

Theformerintegralcanbeestimatedasoutlinedabove,choosing

� 30OQ6CB é 2,430OQ6�ù< é if local linesareused.The determinationof the optimal < canbe donewith the
sametechniqueasfor theconstantcase( + 10.3).

Bidir ectional transports Also for higherorderapproximations,it is quite easyto
achievethateachtracedrayyieldsacontributionatbothits end-pointsinsteadof only
at oneend-point:for a ray tracedfrom O to 5 , theshootingcontribution(at 5 ):§, -0/ 1 30OÞô 5=6B7 2,W3�O�6 K 30O�MP5�6�H�305�6 2; -0/ 1X3�5=6� 30O�6 K 3�O=MP5�6
andgatheringcontribution(at O , derivedfrom (13.9)):§, � / �N3�OED�5�6B7 2; � / �N3�O�6kH=3�O�6 K 3�O=MR5=6 2,v3�5=6� 30O�6 K 3�O=MP5�6
shallbothbeweightedbyF 3�O=MR5=6B7 � 3�O�6 K 3�O=MR5=6� 3�O�6 K 30O=MR5�6GF � 3�5�6 K 3�5GMRO�6 7

� 3�O�6� 3�O�6NF � 305�6 V
There is a contribution to every basisfunction - at 5 and < at O . Note that in
the constantapproximationcase,

� 3�O�6 7�, � ` / c , so that the weights F 30O=MR5�6"7, � `Q3�, � F ,.-ü6 correspondwith (11.20). For global lines with

� 30OQ6{7�x°`�T.c , the
weightsare F 3�O=MR5=6B7yx°`G� asbeforeaswell.
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13.4 Higher-order random walk radiosity

Althoughthegeneralisedform factors
K -0/ 1�� � / � do not form a probabilitydistribution,

randomwalk algorithmsfor higherorderradiosityapproximationsstill arepossible.
Theirderivationrequiresamoregeneral,andatfirst sightquiteawkward,typeof ran-
domwalk, but theresultingscorefunctionsturnout to bequiteevidentgeneralisations
of thescorefunctionsfor constantapproximations.

Only a sketch of the derivation of the collision shootingand gatheringrandom
walk estimatorsfor higher order approximationswill be presentedhere. A more
formalderivation,likein chapter7, is possibleby suitabledefinitionof thestatespace.
It turnsouthoweverthatthevarianceof theseestimatorsincreasesas }430|n~ m av 6 instead
of }E3�| ~°6 for a productbasisof order | , whereu av denotestheaveragelengthof the
paths.Also theexperimentsindicatethat thevariancecanbemuchhigherthanwith
stochasticrelaxation,sothatthediscreterandomwalk methodis not recommendedin
practicefor higherorderapproximations.

13.4.1 Gathering random walk

Equation(13.3)canbewritten in thefollowing form, similar to whatwasdoneabove
for stochasticrelaxation:,e-0/ 1 7 CL-0/ 1 F h � / � H�- I J 2; -�/ 1G3�5=6 I J8K 3�5GMRO�6 ; � / ��3�O�6QS�T U S%T Y\G , � / �7 CL-0/ 1 F h � / � , � / � I�J.IQJIH -�/ 1�� � / �A3�5GMRO�6QS�T U S�T Y (13.15)

where H -0/ 1�� � / �A3�5NMPO�6B7�H�- 2; -0/ 1N305�6 K 3�5NMPO�6 ; � / �X3�O�6 (13.16),.-0/ 1 canbe estimatedusingrandomwalks originatingat @ . Transitionsfrom @�MJ- to¨%MK< canbesampledasfollows:

1. Survival/absorptiontestwith probability H�- of survival;

2. Chooseapoint 5 onpatch@ . At first sight,it seemsbestto sample5 accordingto
apdf thatis proportionalto é 2;<-�/ 1 3�5=6 é . Thebenefitof doingsois howeverquite
small,especiallysinceoneis generallyinterestedin estimating,.-0/ 1 for all basis
functions - . We thereforeproposetheuniform pdf

� 305 é @�687 ]�-P305�6a`�T8- , which
is independentof theapproximationterm - , sothat thedifferencebetweenthe
estimatorsfor different - will only bein thescores,andnot in thesampling;

3. Chooseapoint O conditionalon 5 with pdf

� 30O é 5�6^7 K 305NMRO�6 . Thiscanbedone
by tracingauniformly distributedline originatingat 5 . With globallines, 5 andO aresampledsimultaneouslyaccordingto thecombinedpdf ]G-a3�5=6 K 3�5GMRO�6P`wT8- ;

4. Choosethepatcḧ containingO asdestinationpatch:

� 3 ¨ é O�6 7�] � 3�O�6 ;
5. Choosea approximationterm < on ¨ with pdf� 3L< é O�6 7 é ; � / �N3�O�6 é9 � é ; � / �N3�O�6 é V
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Thecompletetransitionprobabilityfrom @�MJ- , to ¨�MJ< usingpoints 5�[ \ - and Ov[n\ �
thusis � -�/ 1�� � / � 3�5GMRO�6B7�H - ] - 3�5=6T8- K 305NMRO�6�] � 30OQ6 é ; � / � 3�O�6 é9 � é ; � / �N3�O�6 é V (13.17)

Definefor 5{[{\ - and O4[z\ � :M -0/ 1�� � / � 305NMPOQ6^7 H -0/ 1�� � / �A3�5NMPO�6� -�/ 1�� � / �A3�5GMRO�6 7DT - 2;<-0/ 1 305�6 	� h � é ; � / � 30O�6 é �� ; � / �N3�O�6é ; � / ��3�O�6 é (13.18)

Thefollowing scoresfor a path @^7�¨ q MJ-�7N< q ô�¨ l MK< l ô GqGIG ô ¨ m < m over points5 q [ \ �PO MRO l [ \ �6Q ¥ 5 l [ \ �6Q MRO ~ [ \ �SR ¥ V'V�V ¥ 5 mGT l [ \ �SUWVXQ MPO m [ \ �PU thenyield a
first collision estimatorfor ,e-�/ 1 :t�-�/ 1�� �SO / � O /ZYZYZY �SU / � U 305 q MRO l ¥ V'V�V ¥ 5 mGT l MRO m 67 mh p�jrq M �SO / � O � �6Q / � Q 305 q MRO l 6 GIGqG M �S[LVXQ / � [AVXQ � �S[ / � [ 305 p T l MPO p 6�C �P[ / � [ V
A lengthy, but straightforward,calculationshows that C4ª t�-0/ 1�«r7�,e-�/ 1 indeed.Source
termestimationsuppressionyields:t �-�/ 1�� �SO / � O �\YZYZY�� �PU / � U 3�5 q MPO l ¥ V'V�V ¥ 5 mGT l MRO m 67�H - mh p�jGl M � O / � O � � Q / � Q 305 q MRO l 6 GIGqG M � [LVXQ / � [AVXQ � � [ / � [ 305 p T l MPO p 6�C � [ / � [ V
TheexpectationCEª t �-0/ 1 «=7�,e-�/ 1èù�CL-0/ 1 .

Themaindifferencew.r.t. thecollision gatheringrandomwalk estimatorfor con-
stantradiosityapproximationsis in thenon-unitymultiplicative factors(13.18)asso-
ciatedwith eachtransition.Theseresultbecausethegeneralisedform factors

K -�/ 1�� � / �
do not form aprobabilitydistributionandthusa non-analogsamplingmustbeused.

The useof expectedvalues Theestimatorsaboveuseonly oneapproximationterm< p at eachcollision. Usinga variancereductiontechniquecalled“the useof expected
values”,or “analyticalsummation”( + 4.3.6),it is possibleto derive improvedestimat-
ors,thatuseall approximationtermsateachcollision.

Considerfirst thefirst-ordertermin theNeumannexpansionof , -0/ 1 accordingto
(13.15).This termcorrespondsto directillumination:7 l-0/ 1 7 h � / � C � / � IQJ.I�J]H -0/ 1�� � / �A305NMRO�6QS�T U S�T Y V
Theexpectationof thescoresabovefor pathsof length1 thatoriginateat @ isCEª t l-0/ 1 « 7 h � / � I J I J M -0/ 1�� � / �N3�5GMRO�6�C � / � G � -0/ 1�� � / �N3�5NMPO�6QS%T U S%T Y7 h � / � C � / � I�JeIQJ H -0/ 1�� � / � 3�5NMPO�6QS%T.U<S%T.Y 7 7 l-�/ 1
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The summationover < canbe doneanalytically as follows: considerthe modified
scoresfor length-1pathsfrom @�MJ- to ¨%MK< overpoints 5z[v\A- and OW[v\ � :2t l-0/ 1�� � 3�5GMRO�6 7 h �

� 3A< é O�6 M -�/ 1�� � / �G305NMRO�6RC � / �7 T8- 2; -�/ 1N3�5�6 h � ; � / �N3�O�6�C � / �AV
Suchscoresshallbesampledwill probability� - � 305NMPOQ6 7 � -0/ 1�� � / �N3�5GMRO�6� 3A< é O�6 7�]�-R305�6 xT - K 3�5NMPO�6k] � 3�O�6
Then,C4ª 2t l-0/ 1 «=7 h � I J I J h �

� 3A< é O�6 M -�/ 1�� � / � 305NMPOQ6RC � / � G � -�/ 1�� � / �N305NMRO�6� 3A< é O�6 S�T8UXS�T8Y
7 7 l-0/ 1
equals7 l-�/ 1 aswell.

Generalisationof this schemeto analyticalsummationover the approximation
terms< p at everycollision,eventuallyyieldsthefollowing scores:2t�-0/ 1�� �PO /ZYZYZYk/ �PU 3�5 q MPO l ¥ V'V�V ¥ 5 m^T l MRO m 67�H�-�T �PO 2; �SO 3�5 q 6 mh p�j�l í �KQ 30O l MP5 l 6 GIGqG í �P[AVXQ 3�O p T l MP5 p T l 6X2CE3�O p 6 (13.19)

with2CE3�O p 6B7 h � [ C � [ / � [ ; � [ / � [ 30O p 6 and í �P_ 30Oa`�MP5�`�6 7 h � _ ; �6_ / � _ 3�Oa`�6�Tb`82; �6_ / � _ 3�5�`�6wV
Sourcetermestimationhasbeensuppressed.

Samplingtransitionswith pdf

� - � 305NMPOQ6 canbedoneasdescribedabove,for sampl-
ing accordingto

� -0/ 1�� � / � 3�5NMPO�6 , exceptthat the last stepof selectinga approximation
term < is skipped.The remainingtransitionsamplingprocedureis exactly the same
asfor constantapproximations:at eachtransition,first a survival/absorptiondecision
is made,next, a uniform point 5 is chosenanda uniformly distributedline is traced
to find O andthedestinationpatch.Generalisingthegatheringcollision randomwalk
radiosityestimatorfor constantapproximations( + 7.4)to higherorderapproximations
thusonly requiresthat the scoresbe computeddifferently. The tracingof the paths
itself remainsunchanged.

Thescoresarebestcomputedby accumulatingthemultiplicativefactorsH - T - 2;<-�/ 1 3�5 q 6 at the origin and í �6_ 30Oa`�MR5�`�6 at survived collisions,while tracing the
path.Thatis astraightforwardextensionto algorithm18 in + 7.1.4.

Becausepart of the summationsis doneanalyticallyinsteadof by sampling,the
variancewill belower thanwith thefirst gatheringrandomwalk estimatorsfor higher
orderapproximationsthatwerepresentedabove.



13.4. HIGHER-ORDERRANDOM WALK RADIOSITY 205

13.4.2 Shootingrandom walk

Theshootingrandomwalk canbederivedin asimilarwayby useof theadjointequa-
tion. , -0/ 1 canbeobtainedasascalarproduct:,e-0/ 147 h ` / � , ` / � ?�- ` ?�1 � 7 h ` / � C ` / �dc ` / � (13.20)

where

c ` / � is thesolutionofc ` / � 7e?'- ` ?�1 � F h � / � c � / �ZH � K � / �Q� ` / �
Thisadjointequationcanbebroughtin a form thatbettercorrespondswith (13.15)so
thata collision randomwalk estimatorcanbederivedin exactly thesameway:30H�` c ` / � 6 7y30H - ? - `f? 1 � 6AF h � / � Hd`e2K ` / � � � / � 30H � c � / � 6
with (by switchingtheintegralsin thedefinitionof

K � / �Q� ` / � ):2K ` / � � � / � 7 I J ; ` / � 3�O�6 I J K 3�O=MP5�6 2; � / � 3�5=6QS%T.YBS�T8U 7 K � / ��� ` / � V
Insteadof (13.20),thefollowing scalarproductis estimated:,e-0/ 1 7 h ` / � C ` /

�H�` 3�H ` c ` / � 67 CL-0/ 1
F I J 2CE3�O q 6 I J8K 3�O q MR5 l 6 h�KQ / � Q 2; �6Q / � Q 3�5 l 6w30H �KQ c �KQ � Q 6�S%T Y Q S%T U O V
This formulasuggestssourcetermestimationsuppressionandpathbirth probabilities� �SO 7 b �SO `�bdc , exactlyasin theconstantradiositycase.Also transitionsaresampled
exactly the sameway asin the gatheringrandomwalk, andfor a constantradiosity
approximation.Thescoreto , -0/ 1 associatedwith a randomwalk ¨ q ôÿ¨ l ô GIGqG ô¨ m overpoints O q [�\ �SO MR5 l [�\ �6Q ¥ O l [n\ �6Q MR5 ~ [ \ �SR ¥ V'V�V ¥ O m^T l [�\ �PUgVXQ MR5 m [�\ �SU
is: 2t�-�/ 1�� �SO /ZYZYZYk/ �SU 3�O q MR5 l ¥ V�V'V ¥ O mGT l MR5 m 67 bdc 2C43�O q 6C � O mh p�jGl 2í �6Q 3�5 l MPO l 6 GqGIG 2í �S[LVXQ 3�5 p T l MPO p T l 66?�- �P[ ?�1�� [ H�- 2; -0/ 1A3�5 p 6 (13.21)

with C �PO theaverageself-emittedradiosityon ¨ q and2CE3�O q 6 7 h � O C � O / � O ; � O / � O 3�O q 62í � _ 305�`�MPOa`�6 7 h � _ 2; � _ / � _ 305�`%6�Tb` ; � _ / � _ 3�Oa`�6�V
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Again, the requiredchangesto the collision shootingrandomwalk algorithm19 for
constantradiosity approximationsare quite straightforward: the samplingitself of
the randomwalks is exactly the same.The multiplicative factors b c 2CE30O q 6a`�C � O as-
sociatedwith the origin (on a light source)and 2í �6_ 3�5�`QMPOa`�6 associatedwith survived
collisions,areaccumulatedwhile tracingthepath.Eachtime a patch @ is hit, a score
is recordedto everyapproximationterm - . Thescoreto ,.-0/ 1 equalstheaccumulated
weightstimes H�- 2; -0/ 1N305 p 6 , where 5 p is the point where @ is hit. (The multiplicative
factor 2í � [ is accumulatedafterscoringon ¨ p .)
13.4.3 Varianceand requiredwork asa function of the approxim-

ation order

A detailedvarianceanalysiswill not begiven. It turnsout that for boththegathering
aswell astheshootingestimator, thesquaredscorescontainsfactorsm^T lhp�jGl h � [ I J Ú [ I J Ú [ T ~ 2; ~� [ / � [ 305�6 ; ~� [ / � [ 30O�6QS%T.Y S�T8U
For an orthogonalbasisobtainedby uniform mappingof a orthonormalcanonical
basis, IQJ Ú [ IQJ Ú [ T ~ 2; ~�S[ / � [ 3�5=6 ; ~�S[ / � [ 3�O�6QS�T8Y^S%T.U�7yx�V
If thereare i basisfunctions ; � [ / � [ on eachpatch ¨ p ( i 7 | ~ for a | -th order
productbasis),thevariancewill containfactorsmGT lhp�jGl iì7ji m^T l V
The variancefor higherorderapproximationswill dependvery stronglyon the path
length.

Intuitively, this is clear: long pathsmake many transitions.With eachtransition
is associateda multiplicative non-constantfactor í (gathering)or 2í (shooting). The
productof many suchfactorscanvarygreatlyandwill varymorefor longerproducts.

For a continuousrandomwalk however, the differencebetweenthe scoresfor
higher order approximationsand constantapproximationsis not in the transitions,
but only in a factor ; -�/ 1N3�5=6 eitherat the origin of the randomwalk (for gathering)
or at a hit point (shooting). Thereis no accumulationof factorsat eachtransition.
A detailedanalysisof the variance,for instanceby generalisingthe exposition of
chapter7 by replacingsumsover thediscretesetof statesof a discreterandomwalk
to integralsover thecontinuoussetof statesof acontinuousrandomwalk, will reveal
the samefactors 9 1 ; ~-�/ 1 3�á�MRâQ6 in the varianceasfor MonteCarlogeneralisedform
factorcomputationandstochasticrelaxationradiosity.

13.5 Empirical results

Thefigures13.1,13.2and13.3show theobtainedresultsfor thenon-productconstant,
linear, quadraticandcubicbasesdescribedin + 2.2.6. Thenumberof basisfunctions
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is 1, 3, 6 and10 respectively. Thenumberof sampleswaschosenproportionalto the
numberof basisfunctions. Figure13.1 shows resultsobtainedwith the continuous
shootingrandomwalk method[47, 14]. Figure13.2shows theresultsobtainedwith
stochasticJacobirelaxationusing local lines, as proposedin this chapter. In both
cases,thevisualqualityof theresultingimagesis similar, confirmingtherule,derived
in thischapter, thatfor anapproximationwith i basisfunctions,abouti timesmore
samplesarerequired.

Thevisualqualityof theimagesobtainedwith discretecollision shootingrandom
walks,shown in figure13.3,is worsefor non-constantapproximations.Thedifference
is largerfor higherorder. Somepatchesin thesefiguresshow high“spike” noise.This
noiseis dueto long paths,for which the productof the factors 2í �P_ 3�5 ` MRO ` 6 canvary
greatly.
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linear (3 units work)

quadratic (6 units work) cubic (10 units work)

Continuous Shooting Random Walk

constant (1 unit work)

Figure 13.1: Higher-orderradiosityapproximationsobtainedwith continuousshootingcolli-
sion randomwalk radiosity [47, 14]. The numberof sampleswaschosenproportionalto the
numberof basisfunctionsin eachapproximation.Thevariancein theresultsis similar.
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linear (3 units work)

quadratic (6 units work) cubic (10 units work)

Stochastic Jacobi

constant (1 unit work)

Figure 13.2: Higher-order radiosity approximationsobtainedwith the stochasticrelaxation
radiositymethodpresentedin this chapter. Thenumberof sampleswaschosenproportionalto
thenumberof basisfunctionsin eachapproximation.Thevariancein theresultsis similar. The
amountof work is equalasin figure13.1for sameapproximation.
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linear (3 units work)

quadratic (6 units work) cubic (10 units work)

Discrete Shooting Random Walk

constant (1 unit work)

Figure 13.3: Higher-orderradiosityapproximationsobtainedwith discreteshootingcollision
randomwalk radiosity, asexplainedin this chapter. Thenumberof sampleswaschosenpro-
portionalto thenumberof basisfunctionsin eachapproximation.For thesameapproximation,
theamountof work wasthesameasfor figures13.1and13.2.Thevarianceis however higher
for non-constantapproximations.The differencewith the othermethodsis larger for higher
approximationorder. This is dueto themultiplicative factors Àæ associatedwith eachtransition.
Especiallyfor longpaths,high “spike” noiseresults.
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13.6 Conclusion

In this chapter, the discreteMonte Carlo radiositymethodsof the previouschapters
have beenextendedto higherorderapproximations.Their costhasbeenanalysedas
a functionof theapproximationorder. Theconclusionis that* Monte Carlo form factorcomputationfor higherorderapproximationsis very

straightforward. Thevariancefor individual form factorsdoesnot seemto de-
pendgreatlyonapproximationorderfor thebasisfunctionsproposedin + 2.2.6.
The computationcost for an approximationwith i suchbasisfunctions is
abouti timeshigherthanfor aconstantapproximation.Thisis notbecausethe
Monte Carlo methodhasmoreproblemscomputingthe integrals,but because
thevariancefor eachbasisfunctionaddsup;* Thederivationof stochasticrelaxationmethodsfor higherorderapproximations
is quitedifferentthanfor constantapproximations,becausethegeneralisedform
factorsdo not form a probability distribution. The continuousintegral kernelK 3�5GMRO�6 however canbe usedasa probability distribution. The useof view-
importance,theconstantcontrolradiositytechniqueandbidirectionaltransports
is equallywell possiblewith theextendedstochasticJacobimethodfor higher
orderapproximation.Theamountof work is againproportionalto thenumber
of basisfunctions;* The derivation of discreterandomwalk methodsfor higherorderapproxima-
tions is even moreawkward, but leadsto fairly straightforward extensionsof
the randomwalk radiosityestimatorsof chapter7. Their varianceis however
considerablehigher, so that the discreterandomwalk methodsarenot recom-
mendedin practicefor higherorderapproximations.The reasonis that with
eachtransition,a non-constantmultiplicative factoris associated.Theproduct
of thesefactorscanvary greatly, especiallyfor long pathsandhigh approxima-
tion orders;* With a continuousrandomwalk methodfor higherorderapproximations[47,
14], therearenosuchmultiplicativefactorsassociatedwith eachtransition.The
varianceagainis proportionalto the numberof basisfunctions,confirmingan
observationby Feda[47].

The possibility to computehigherorderapproximationswith Monte Carlo radiosity
allows very high quality to be obtainedin regionsof the scenewherethe radiosity
variessmoothly. The (discrete)stochasticrelaxationmethodis certainlynot worse
thanthe continuousrandomwalk method,especiallybecausethe variancereduction
techniquesproposedin previouschaptersappearto work well for higherorderapprox-
imationstoo.

Figure13.4shows two convergedimagesgeneratedfrom a singleradiositysolu-
tion of cubic ordercomputedwith the stochasticrelaxationmethodfor higherorder
approximations.Oncetheradiositysolutionis available,the time neededin orderto
generateanimagefor a new viewpoint is only a fractionof a second,sothatinteract-
ive“walk-throughs”arepossible.Theimagesillustratethatthecomputedhigherorder
solutionwill beof veryhighquality on asufficiently fine mesh,illustratingagainthat
theMonteCarloradiosityalgorithmsdealwell with computationalerrors.Theshown
imagesexhibit somedisturbingartifactsnearshadow boundaries.Thesearedueto
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the discretisationof the sceneandwill not be reducedby the Monte Carlo method.
Chapter3 focussedon the control of exactly this kind of errorsby meansof hier-
archicalrefinement.In thenext chapter, we presenta first steptowardsthesynthesis
of MonteCarlo solutionof the radiosityequations,andthecontrol of thediscretisa-
tion errorby meansof hierarchicalrefinementaccordingto theprinciplesexplainedin
chapter3.

Figure 13.4: Two imagesgeneratedfrom the sameconvergedcubic approximationsolution.
Oncethe solution hasbeenobtained,a new imagefor a new viewpoint canbe generatedin
fractionsof a second.Theseimagesillustratealso that the (discrete)higherorderstochastic
relaxationradiosity algorithm proposedin this chaptercan yield very high imagequality in
regionswherethe illumination variessmoothly: computationalerror is dealtwith effectively
in Monte Carlo radiosity. In the neighbourhoodof discontinuitieshowever, disturbingimage
artifactsremaindueto thediscretisationerror. Theresultingimageartifactswould beavoided
if discontinuitymeshingwereused.



14 Hierar chical Monte Carlo
Radiosity

In previouschapters,it hasbeenshown thattheMonteCarlomethodis well suitedin
orderto solve thesystemsof linearequationsthatarisein radiositywithout hierarch-
ical refinement.This chapterwill dealwith the incorporationof hierarchicalrefine-
mentin MonteCarloradiosity. Althoughthebasicideaspresentedherearemoregen-
erally applicable,thetext will focuson thestochasticJacobiiterativemethod( + 6.4).

Thesynthesisof hierarchicalrefinementandMonteCarloradiosityoffersadvant-
ageswith respectto both deterministichierarchicalradiosity and non-hierarchical
Monte Carlo radiosity. The relation with previous work will be discussedfirst in+ 14.1. In + 14.2,per-ray refinementwill be presentedasa novel strategy in orderto
incorporatehierarchicalrefinementin Monte Carlo radiosity. Someimplementation
issuesarecoveredin + 14.3. Empirical resultsandthe benefitsandlimitationsof the
new strategy will bediscussedin + 14.4.

14.1 Previous work

The incorporationof hierarchicalrefinement(HR) in Monte Carlo radiosity(MCR)
offersadvantagesoverbothHR andMCR. Somepreviousapproachesfor incorporat-
ing HR in MCR arediscussedat theendof this section.

Hierar chical refinementradiosity

Originally, hierarchicalrefinementhasbeenproposed[28, 68] with two purposes:* automaticadaptivemeshing;* a firm reductionof the numberof form factorsthatneedsto be computedand
stored.With clustering[151, 147], thenumberof form factorsis reducedfrom}E3LkA~�6 to }43AkN6 (cfr. + 2.3.5).

Evenso,deterministichierarchicalradiositysuffersfrom two importantproblems:* Computationalerrorin theform factorsandtherefinementindicatorthatdrives
hierarchicalrefinement,will resultin incorrector evenmissedenergy transport.
An examplewill beshown in + 14.4.Theissueof computationalerrorhasbeen
discussedbeforein chapter3;* Although storagecomplexity is linear in the numberof elements,storagere-
quirementsarestill quitehigh [183]: usually, a few hundredbytesperelement
areneededfor storingtheinteractionsandform factors.

With MonteCarloradiosity, form factorstoragecanbeavoided.MonteCarloradiosity
is alsomorereliablethandeterministicradiositysystemsolution.

213
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Non-hierarchical Monte Carlo radiosity

The varianceof shooting-typestochasticrelaxationalgorithms(chapter6) and the
shootingrandomwalk estimatorsfor radiosity( + 7.4.2)is inverseproportionalto the
patcharea.On smallpatches,thevariancewill behigh. Besidesproviding automatic
adaptive meshing,hierarchicalrefinementwith clusteringwill leadto a reductionof
thevarianceby lettingsmallpatchesinteractwith otherpatchesin group.

Previouswork in combining hierarchical refinementin Monte Carlo radiosity

Thefirst applicationof MonteCarloin radiosityconcernedthecomputationof all form
factorsfrom a givensourcepatchwith thewholeenvironmentasa ray-tracingbased
alternative for the hemi-cubemethod. Suchform factorcomputationwasneededin
thecontext of progressiverefinementradiosity( + 5.3).

Severalauthors[101, 91, 89] have addressedthe extensionof suchMonteCarlo
form factorcomputationto hierarchicalprogressive refinementradiosity. The basic
ideain thesethreeproposalsis identical:alargeamountof raysis shotfrom thesource
patch.Thesurroundingsceneis subdividedin receiverelementssothateachreceiver
element(a surfaceor cluster)receivesthe sameamountof rays. Theseapproaches
have thefollowing disadvantages:* they correspondto only a single,primitive refinementstrategy. It is not clear

how they can be adaptedin order to incorporatemore advancedrefinement
strategies;* theseapproacheswill only work well whena sufficiently largeamountof rays
is shotat oncefrom the sourcepatch. This is not the casein moreadvanced
MonteCarloradiosityalgorithms.

More recently, Tobler et al. [171] have presentedan adaptive meshingschemefor
continuousshootingrandomwalk radiosity( + 7.1.2).By simultaneouslykeepingtrack
of incidentparticleson successive hierarchicalelementlevels, smoothnessassump-
tion violationscanbe detected.Whenanelementis subdivided,partof the incident
sampleshadto be forgotten,resultingin about25% of the samplesbeing“wasted”.
This techniquealsodoesn’t solve theunder-samplingof smallpatches.

14.2 Incorporation of hierarchical refinementin Monte
Carlo radiosity

14.2.1 Observations

The new strategy for incorporatinghierarchicalrefinementin Monte Carlo radiosity
is basedon two observations:

Hierar chical refinementand wavelet pre-conditioning of systemsof linear equa-
tions

Hierarchicalrefinementin radiosity is relatedwith wavelet-basedpre-conditioning
techniquesfor linearsystems[78]. Wavelet-basedpre-conditioningtransformsagiven,
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large, matrix into a multi-resolutionrepresentationby groupingentries,a bit sim-
ilar to wavelet-basedanalysisandcompressionof imagesor 3D-meshes.Themulti-
resolutionrepresentationallows to solve thelinearsystemfaster.

Straightforwardapplicationof wavelet-basedpre-conditioningin radiosity,
would correspondto thecomputationof a very largeanddetailedform factormatrix
betweenvery fine elementsfirst. Next, this form factormatrix would be simplified.
It is clearthat suchan approachis not feasible. In radiosity, a top-down ratherthan
bottom-upapproachis taken: initial roughform factorentriesarerefinedinto more
accurateentriesafter predictingin advancethat the roughrepresentationwould not
suffice [68, 60, 140].

The new strategy presentedbelow can be viewed formally as the Monte Carlo
solutionof thepreconditionedsystemof radiosityequations,usinga top-down rather
thanbottom-upapproachasin deterministichierarchicalradiosity.

Algorithmic differ encebetweendeterministic and stochasticiterati ve Jacobi it-
erations

ConsiderstochasticJacobiiterationsversusdeterministicJacobiiterationswith Monte
Carloray-tracedform factorswith uniformly distributedrays:* Deterministicsolutionmethod:for eachpairof patches,shootanumberof rays

in order to computethe form factorbetweenthe patches.Multiply the form
factorby thepowerof thesourcepatchandthereflectivity of thereceiverpatch.
Add theresultto thereceivedpowerof thereceiverpatch;* Stochasticsolutionmethod:shootanumberof raysthroughthescene,for each
ray, determinewhich patchesare connectedby the ray. Multiply the power
of the sourcepatchby the reflectivity of the receiver patchanddivide by the
expectednumberof raysbetweenthe two patches.Accumulatethe resultof
eachray separatelyon thereceiverpatch.

The deterministicand stochasticmethoddiffer in the order in which rays are shot
andin how their contribution to theform factoris translatedinto energy transfers:in
thedeterministicmethod,raysareshotin a“coherent”fashion,while in thestochastic
method,subsequentraysrarelyconnectthesamepairof elements.In thedeterministic
method,thecontributionsof all raysto theform factorbetweenafixedpairof patches
is accumulatedfirst andthentranslatedinto a power transferfrom sourceto receiver
patch.Becauseraysareshot“incoherently”in thestochasticmethod,thecontribution
of eachindividual ray is immediatelytranslatedinto a (partial) energy transferfrom
sourceto receiver.

14.2.2 Per-ray refinement

Without hierarchicalrefinement,eachshotray in a Monte Carlo radiosityalgorithm
will beusedin orderto transferpowerbetweenthepair of patchesthatareconnected
by the ray. With hierarchicalrefinement,a hierarchyof elementsis constructedon
eachpatch( + 2.3.2).Weproposeto incorporatehierarchicalrefinementin MonteCarlo
radiosityasfollows(seefigure14.1):* Constructtheelementhierarchieslazily, perray;
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therayis determined.Poweris transferredbetweenthispairof elementsinstead
of betweenthepatchesconnectedby theray.l m

?
ml

Figure 14.1: Per-ray hierarchicalrefinementin Monte Carlo radiosity: for eachindividual
ray, connectingtwo points Ã and ç , the algorithmwill determinewhich level of the element
hierarchiesat Ã and ç is appropriatefor computinglight transportfrom Ã to ç . The element
hierarchiesare lazily constructed.In non-hierarchicalMonte Carlo radiosity, light transport
would becomputedbetweentheinput patchescontainingtheend-pointsÃ and ç of theray. In
deterministichierarchicalradiosity, theinteractionlevelsaredeterminedonce,beforeor during
element-to-elementform factorcomputation.

Theseeffectsareobtainedby carryingout hierarchicalrefinementfor eachshotray
separatelyinsteadof in a singlesweepasexplainedin + 2.3.3.Exceptthatrefinement
is donefor eachray separately, the refinementprocedure,shown in algorithm20 is
identicalasin deterministichierarchicalradiosity(algorithm2 on page25, compare
figure14.2with figure2.7on page26).

The samehierarchicalrefinementindicatorsandstrategiescanbe employed (at
leastin theory, somepracticallimitationswill bediscussedin thenext sections).This
is possiblebecausehierarchicalrefinementindicatorsandstrategiesarebasedonscene
geometry, reflectance,emittanceandpossiblythecurrentintermediateradiositysolu-
tion. Thesedataarealsoavailablein MonteCarloradiosity.
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Algorithm 20: Per-ray hierarchicalrefinement:recursively refinebetweena receiver ELE-
MENT rcv anda sourceELEMENT src containingthe end-pointsÃ and ç of a ray shot in
MonteCarloradiosity. This algorithmshallbecalledwith thetop-level elementscontainingÃ
andç . Thesetop-level elementsarethesingletop-level clustercontainingthewholescenewhen
clusteringis used[151, 147], or thetop-level surfaceelementscorrespondingto thepatchescon-
taining Ã and ç if no clusteringis used.

Refine(ELEMENT rcv, ELEMENT src)

1. if candidateinteractionrcvn srcis notadmissibleaccordingto refinementindicator, then

(a) subdivide oneor bothelements,or increaseapproximationorder, Ö�Ö�Ö
(b) recursively call Refine() for the single new candidateinteractionbetweensub-

elementscontainingtheend-pointsÃ and ç of theray.

2. else

(a) transferenergy over theacceptedinteractionrcvn src;

not OK

OK

yx

not OK

not OK

Figure 14.2: The per-ray hierarchicalrefinementalgorithmfirst considersa candidateinter-
action betweenthe top-level elementscontainingthe end-pointsÃ and ç of the ray. If the
candidateinteractionis deemednon-admissibleby therefinementindicator, refinementis car-
ried out, yielding a setof new candidateinteractions. Of this set,only the singlecandidate
sub-interactionbetweenelementsthatcontaintheend-pointsÃ and ç of theray is furthercon-
sidered.Here,a candidateinteractionis refinedby regularsubdivision of oneof theinteracting
elements.
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14.3 Implementation

14.3.1 Hierar chical stochasticJacobi iterati vemethod

In thenon-hierarchicalstochasticJacobiiterative method,thedoublesumover pairs
of patches@ and ¨ in the right handside of the following equationis estimatedby
MonteCarlo: / �` 7 b ` F h - h � / -'�G- � H � ? � ` V
The sumcanbe viewed asa sumover all non-hierarchicalinteractionsin the scene.
With hierarchicalrefinement,a similar sumneedsto beestimated.This sumis a sum
overall admissibleinteractionsin thesceneinsteadof a sumoverpairsof patches.

Theincorporationof hierarchicalrefinementin algorithm13 requiresthefollow-
ing changes:* step3d needsto iterateover all leaf elementsin the scene,sinceat the leaf

elementsthemostdetailedrepresentationof power is available;* step3(d)ivC is changedasfollows: first, the nearestintersectionpoint O of a
ray, originatingat 5 beingshotin direction � , with thesurfacesin thesceneis
determined.Next, theadmissiblepair of elementscontainingtheend-points5
and O is determinedasexplainedin theprevioussection;* step3(d)ivD: accumulate

l
g H�o / i ` M i on theadmissiblereceiverelementí con-

taining O . t denotestheadmissiblesourceelement,which containstheorigin 5
of theray;* step3f: receivedpower ? / is first pusheddown to theleafelements.At theleaf
elements,self-emittedpower b is added.Finally, it is pulled up andreplaces/

at every level. This push-update-pullsweepis identicalasin deterministic
hierarchicalradiosity.

14.3.2 The number of rays in eachiteration

With hierarchicalrefinement,radiosity will be received at different elementlevels
insteadof beingreceivedall on a singlepatch.Thenon-self-emittedradiosity 27 3�5=6 at
apoint 5 onasurfacewill beobtainedasthesumof thepartialradiosities7qp , received
at eachelementr in the hierarchythat contains5 ( + 2.3.4). It canbe shown that the
varianceis givenby©Eª §7 3�5=6ü«A7�H=3�5=6 / c h p 7spT p ù 3 27 305�6R6 ~ ò H�305�6 / c h p 7qpT p V (14.1)

Thesumis overall elementsin thehierarchythatcontain5 .
Withouthierarchicalrefinement,thevarianceis givenby (see+ 6.4.4):©èª §7 3�5=6ü«r7�H=3�5�6 / c 7 -T - ù 3 27 3�5=6R6 ~ V (14.2)
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where @ is thepatchcontaining5 . Theradiosity 7w- receivedon this patchwould cor-
respondwith 9 p 7qp . The numberof samplesin an iterationwaschosenso that the
(computational)error on a patchwith averageradiosity ,ut�ë would be smallerthan, t�ë with 99.7%confidence,usingthefollowing expression:vxw ©4ª §7 «f >�,
t�ë�V
Unfortunately, a similar derivationof a heuristicfor choosing

f
in the caseof hier-

archicalrefinementfails, becausethe subdivision in elementsr is not known in ad-
vance.

Theresultingsubdivisionin elementsdependsonscenegeometryandopticalchar-
acteristicsandalsoon thetherefinementcriterionandstrategy thatis used.Often,re-
finementis carriedoutsothateachadmissibleinteractionwill transportapproximately
thesameamountof power

/zy
(see+ 2.3.5).It hasbeenfoundreasonableto choose

f
asfollows: f > / c/�y (14.3)

Thischoiceof
f

leadsto ©4ª §7 «f > H=3�5=6 h p /�yT p 7sp V
14.3.3 Quasi-MonteCarlo sampling

Quasi-MonteCarlo(QMC) samplingcanyield a considerablyimprovedconvergence
rate(seechapter12). In non-hierarchicalstochasticrelaxationradiosity( + 12.2.2),it
wasproposedto keepa sampleindex with eachpatchasa meansof breakingcor-
relationsbetweenlow discrepancy samples.This sampleindex determinesthe next
sampleto begeneratedfrom thepatch.

Hierarchicalrefinementrequiressamplesequenceson sub-elements.As a sample
sequenceonasub-element,wewill takeasubsetof all samplesgeneratedonthepatch
containingthesub-element:thosewith origin within thesub-element(seefigure14.3).
Takingthenext sampleon a sub-elementinvolvesgeneratingsubsequentsampleson
thepatchuntil oneis foundwith origin within thesub-element.

Whenever a leaf elementis subdivided,a sampleindex needto be computedfor
eachresultingnew leafelement.Thenext-sample-index canbecopiedfrom theparent
element.

Whenregularsubdivision is used,finding a subsequentsampleon a sub-element
is considerablyfacilitatedwith a so called 3�s�M|{Z6 low discrepancy samplesequence.
In theimplementation,abase-231-bits4-dimensionalNiederreitersequence[15] was
used.With thisseries,eachgroupof four successivesampleswith index }�@�MK}%@�FEx�MK}%@�F��MK}%@�F v on a parentelement,will containexactlyonesamplewithin eachof thefour
regularsub-elements.The 3�s�Mq{�6 propertyof thissequencealsoensuresthatdirections
of rayswith origin restrictedto a sub-elementstill will beproperlydistributed.

In AppendixD, anappropriatesub-elementnumberingschemeandquadrilateral-
to-trianglemappingis proposedthatallows thesamesamplegenerationandcounting
routinesto beusedfor triangularandquadrilateralelements.
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Figure 14.3: The left figureshows a numberof sampleson a parentelement.A suitablesub-
sequenceof sampleson a sub-elementis obtainedby skipping thosesamplesthat have their
origin on other sub-elementsthan the one of interest. By choosingan appropriatenumber
sequence[15], skippingirrelevantsamplescanbedoneefficiently andray directionsstill will
bewell distributed.

14.4 Empirical resultsand discussion

Comparisonwith previouswork

Deterministic hierarchical refinementradiosity HierarchicalMonteCarloradios-
ity (HMC) canbeviewedasavariantof HR in which form factorsarecomputed(im-
plicitly) asin MCR. It inheritsthebenefitsof MCR: morereliableandefficient form
factorcomputationwhile avoiding form factorstoragewithout doublework. Form
factorstoragewaspreviously avoidedin HR by recomputingform factorswhenever
needed(seee.g.[159]). In HMC algorithms,new form factorsamplesalwaysimprove
the(implicit) form factorestimates.

As in MCR,everyHMC sampleconnectsmutuallyvisiblepoints.Becauseof this,
never an attemptis madeto refine interactionsbetweentotally occludedelements.
In deterministicHR, global visibility pre-processing[169] have beenproposedasa
remedy. Global visibility pre-processingstill can be usedfor fasterray tracing in
MCR,but is notsorequiredasin deterministicHR.For goodelement-to-elementform
factorcomputationin HR, the form factorintegral shouldberestrictedto thevisible
part of the source( ~ 3.5). In orderto obtainthis effect, sophisticatedalgorithmsand
datastructures,suchas a back-projectionalgorithm or the visibility skeleton[162,
38, 40] have beenproposedin deterministicHR. In HMC, the implicit form factor
integrationis automaticallyover thevisiblepartsof thesourcesonly.

Discontinuitymeshing[71, 103] will howeverstill beneededfor highqualitypen-
umbra. Unfortunately, suchalgorithmsarerestrictedto moderatelycomplex scenes
( �����G� input patches).HMC without discontinuitymeshingwill yield reasonably
goodimagequality for much more complex scenes. We reporton experimentsindic-
ating the reliability, efficiency andlow storagerequirementsof HMC further in this
section.

Non-hierarchical Monte Carlo radiosity Theuseof a multi-resolutionrepresent-
ationof radiosityleadsto a reductionof thevariance.Imaginea hierarchicalelement
mesh.With hierarchicalrefinement,thevarianceon thecomputedradiosityis given
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by (14.1).Now imagethe“flat” meshconsistingof theleafelementsof thehierarchy
only. Without hierarchicalrefinement,thevarianceis givenby (14.2). The radiosity�g�

ona“flat” elementcorrespondswith thesumof thepartialradiosities
�q�

gatheredat
thevariouslevelsof thehierarchicalmesh.Thedifferenceis varianceis� hierarchical� � non-hierarchical�@� � � �� � ��� � �s�� ���
Thedifferencewill alwaysbenegativebecausethearea

� �
of higherlevel elementsis

largerthanthatof theleafelement� , regardlessof therefinementcriterionandstrategy
thatis used.

An intuitive explanationis asfollows: by depositingradiosityon a higher level
in a hierarchicalmesh,it is distributedover several small elementsinsteadof being
concentratedon asinglesmallelement.

Previousapproachesat combining hierarchical refinementin Monte Carlo radi-
osity Unlike [101, 91, 89], per ray refinementcanbe usedfor arbitraryrefinement
indicatorsandstrategies. (Therearesomepracticallimitations thatwill bediscussed
below). Our strategy alsostill works for small amountsof raysshotat oncefrom a
source.For this reason,it is possibleto generatefirst completehierarchicalradiosity
solutionsin a shortertime. More smoothprogressive variancereductionis possible
becausethenumberof samplescanbeincreasedin smallersteps.

Comparedto [171], thenew strategybasesrefinementonthegeometricandoptical
propertiesof ascene,without “wasting”samples.With clusteringin HMC, theunder-
samplingproblemis solvedwell.

Reliability

Figure14.4shows anexampleof a problemdueto computationalerroron therefine-
mentoraclein HR. Thehorizontalpatchwaserroneouslyclassifiedasfully occluded
from the light sourceearly on during the refinementprocessin HR. The problem
couldbe reducedby deferringvisibility estimationuntil othercriteria,suchassmall
enoughunoccludedform factor, arefulfilled [68]. This would however leadto many
form factorsamplesbeing“wasted”in fully occludedcandidateinteractions.Visib-
ility pre-processing[169] hasbeenproposedasa solution. In HMC, all form factor
samplesalwaysconnectmutuallyvisible points. Theappropriatelevel of interaction
is determinedfor eachsample,after visibility detection. HMC is considerablyless
sensitive thanHR to missingimportantinteractionssuchasshown in thisexample.

Computation time

Figure14.5showssomeresultsobtainedwith thehierarchicalextensionof thestochas-
tic Jacobiiterative methodasdescribedin this paper. Although the modelsthat are
shown are quite complex, the imagesonly requireda few minutesof computation
time1. While noisy effectsarestill visible, the mostdisturbingartifactsin the radi-
osity solutionsaredueto a badinitial meshquality. Theseartifactsarehowever not
uniqueto HMC andalsoshow up with otherradiosityalgorithms.

1All experimentaldatawereobtainedon a SGI Octaneworkstationwith 195MHzR10000processors
and256MB RAM.
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Comparingrunningtimesof HR andHMC for thecubicleoffice space,we found
thatafirst imageshowing only directilluminationwasobtainedafter14minuteswith
HR. Six Jacobiiterations,yielding a more completeillumination solution took 89
minutes. With HMC, a first solution,containingthe effect of inter-reflections,was
obtainedalreadyafter3.6 minuteswith lessthan2 visibility samplesper interaction.
We foundthatoftenno morethan5 to 10 samplesper form factorsuffice in orderto
obtain imagesin which noiseis not noticeable.Many moresamplesareneededto
ensuresufficiently reliableelement-to-elementintegration.

Storagerequirements

In HMC, interactionsneednot to bestoredexplicitly. Comparedto deterministicHR
with form factorstorage,storageis reducedfrom (at least)8 bytesperinteractionwith
HR to 4 bytesperelementin HMC with QMC sampling.Experimentswithin our test-
bedrenderingsystemRENDERPARK reveal thata reductionof storagerequirements
to about20%is feasible.

Smoothness-basedoracles

In the experimentsabove, the popularlow-cost refinementoracleof [68] wasused
(seealso � 2.3.5). A smoothness-basedoracle(see � 2.3.5)will often however result
in fewer elementsandinteractions,while shadow boundariesandotherareaswhere
theillumination variesquickly will bereproducedbetter. In low-gradientregions,the
variancewill be lower for sameamountof samples,becauselargerelementswill be
usedin orderto representslowly varyingradiosity. In high-gradientregionshowever,
a largervariancewill beobservedasthepricefor moreaccuraterepresentationof the
radiosity.

We have found that with the smoothness-basedoracleof [102], the numberof
elementsis typically reducedby a factorof abouttwo. Theanalyticalform factorand
visibility computationsin this oraclearehowever carriedout several timesfor each
sample,resultingin anincreasedcomputationcostby a factorof 10 to 20. In orderto
avoid repeatedcomputationof thesmoothnessestimates,they canbestoredfor each
link (the form factorsthemselvesdon’t needto be storedwith HMC). Theobserved
increasein computationtime (factorthree)still wasn’t compensatedby thegain. The
needfor goodlow-costrefinementcriteriais moreurgentin HMC thanin HR.

We achieved acceptablesmoothness-basedrefinementsimilar to [102] by using
cheappoint-to-elementform factorestimatesat the verticesandmidpoint of an ele-
ment for estimatingan upperform factorbound. The lower boundis alwaysset to
zerosinceit is not determinedwhetherthereis full or partialvisibility in a link (full
occlusionnever hasto be consideredin HMC). Radiosityvariationover an element
for estimatingpropagatederroris approximatedby thedifferencebetweenmaximum
andminimumradiosityon descendantleafelements.



14.4. EMPIRICAL RESULTS AND DISCUSSION 223
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Figure 14.4: With HR (left), thehorizontalpatchwaserroneouslyclassifiedasfully occluded
from the light sourcebecauseall form factorsamplelines either hit the receiver behindthe
source,or intersectedthe occludersurface. As a result,direct illumination is missingon the
horizontalpatch.HMC (right) is muchlesssensitive to suchvisibility mis-estimationproblems.

Figure14.5: Complex scenesrenderedwith hierarchicalMonteCarloradiosity:theatre(39,000
initial polygons,refinedinto 88,000elements,5 minutes),conferenceroom(125,000polygons,
refinementyields 178,000elements,9 minutes)andcubicleoffice space(128,000polygons,
refinedinto 506,000elements,10minutes).
Model credits:CandlestickTheatre:Design:Mark Mack Architects,3D Model: CharlesEhr-
lich andGreg Ward(work conductedasaresearchprojectduringtheArchitecture239Xcourse
taughtby Kevin Matthews formerly at UC Berkeley, Collegeof EnvironmentalDesign).Con-
ferenceroomandcubiclespacemodelsby AnatGrynberg andGreg Ward(LawrenceBerkeley
Laboratory, Berkeley, California).
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14.5 Conclusion

In this chapter, the incorporationof hierarchicalrefinementin MonteCarloradiosity
hasbeenstudied.Thesynthesisof hierarchicalrefinementradiosityandMonteCarlo
radiosityyieldsnew algorithmsthat inherit the benefitsof their ancestors,while im-
portantdrawbacksareannihilated.They arewell suitedfor reliableandfastrendering
of complex diffusemodelson low-costplatforms.

Theincorporationof hierarchicalrefinementin thestochasticJacobiiterative me-
thod( � 6.4)hasbeenworkedoutin detail.Thehierarchicalextensionof otherstochastic
relaxationalgorithmscanbe donein the samemanner. The similarity betweenthe
stochasticJacobiiterative methodand the collision shootingrandomwalk ( � 7.4.4)
suggeststhatthesametechniquecanalsobeusedfor collisionshootingrandomwalks,
whentracingpathsin parallel,in breadth-firstorder. Whentracingpathsin depth-first
order, a separate,but fortunatelyrestricted,push-pulloperationwill be necessaryat
eachpathnode.Oneareaof futureresearchis theextensionof therandomwalk theory
in chapter7 to thesolutionof wavelet-preconditionedlinearsystems.Sucha frame-
work will allow to incorporatehierarchicalrefinementalsoin theotherrandomwalk
algorithms.

A secondimportantareafor futureresearchin this context concernsthedevelop-
mentof cheaperdiscretisation-errorbasedrefinementcriteriaandstrategiesfor con-
stantaswell ashigherorderradiosityapproximations.Themainpracticallimitation
of per-ray refinementis thattherefinementprocedureis carriedout muchmoreoften
thanin deterministichierarchicalradiosity. Theneedfor cheaprefinementprocedures
is thereforemoreurgentwith per-ray refinementthanin deterministichierarchicalra-
diosity. Experimentsindicatethat a speed-upof oneorderof magnitudeis feasible
with a sufficiently cheaprefinementprocedure.

TheMonteCarlomethoddealseffectively with computationalerrorandallows to
solve thesystemof radiosityequationswith muchlessstoragethandeterministicap-
proaches.It doesnot improvethediscretisationerrorin thesolutionhowever. In order
to dealwell with discretisationerrorneardiscontinuitiessuchasshadow boundaries,
discontinuitymeshingstill is needed.Willmott et al. [183] pointedout thattheuseof
a multi-resolutionrepresentationof radiosityalsointroducessomeerrors,which can
be visible nearabutting patches.Theseerrorsaredueto accumulationof discretisa-
tion erroratdifferentlevelsin thehierarchy, andstill will bepresentwith hierarchical
MonteCarloradiosityaswell.

Evenwithout a solutionof theseproblemshowever, hierarchicalMonteCarlora-
diosity promisesto be a fast,view-independentrenderingtechniqueyielding image
quality thatis sufficient for many applications.



15 Conclusion

This dissertationhasfocussedon two topics:discretisationerroranalysisandcontrol
( � 15.1.1)andMonteCarlomethodsfor radiosity( � 15.1.2).A list of originalcontribu-
tionsin this dissertationis givenin � 15.2. Somedirectionsfor futureresearchfollow
in � 15.3.

15.1 Summary

15.1.1 Discretisationerror analysisand control

The discretisationerror is the solution of an integral equationof the samekind as
the radiosity integral equationitself, with samekernel,but with the residualas the
sourceterm insteadof self-emittedradiosity. An efficient algorithm for approxim-
ately computingthe residualduring form factorcomputationhasbeenproposed.It
hasbeenusedin order to estimatethe discretisationerror in a given radiositysolu-
tion andfor error-drivenhierarchicalrefinement.The combinationof discretisation
error estimationand error-driven hierarchicalrefinementpromisesto lead to auto-
matic algorithmsin which the resultingdiscretisationerror will be below a before-
handspecifiedthresholdwith minimal refinement.Othersourcesof error, in particu-
lar computationalerrordueto visibility mis-estimationanddueto inexactnumerical
integration,canbeincorporatedin thepresentedframework. Althoughin thecurrent
implementation,only very simplemeasureshave beentakento preventproblemsdue
to computationalerror, thepreliminaryresultsarepromising.

15.1.2 Monte Carlo methodsfor radiosity

A systematicoverview hasbeenpresentedof how the Monte Carlo methodcanbe
applied in order to solve the radiosity problem. The Monte Carlo methodcan be
usedin orderto reliably computeform factors,but alsoleadsto algorithmsin which
theradiosityproblemis solvedwithout explicit form factorcomputationandstorage.
Suchalgorithmshavetwo importantadvantages:� low storagerequirementssinceno form factorsever needto bestoredin com-

putermemory;� the difficult problemof computingan accuratenumericalvalue for the form
factorsis avoided. This is possiblebecausetheform factorscanbe interpreted
asprobabilitiesthat canbe sampledefficiently. Importancesamplingleadsto
expressionsin which theform factorscancelin numeratoranddenominator. In
this way, anumericalvaluefor theform factorsis no longerrequired.

It turnsout thattheresultingMonteCarloalgorithmsarealsoefficient. Thecomputa-
tion costof thesealgorithmsis determinedby thenumberof samplesthatneedto be
drawn in orderto computetheresultto givenaccuracy, timesthecostof drawing each
sample. The samplestypically correspondto rays tracedthroughthe virtual scene.
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The numberof rays that needsto be traceddependson the varianceof the Monte
Carlo estimatorsthat areused. In practice,the varianceappearsto be low enough
so that completeradiosity solutionsof fair quality can be obtainedby tracing rays
betweenonly a small fractionof thepossiblepairsof patchesin thescene.As usual
in Monte Carlo, the effect of contributionsthat have not beensampledexplicitly is
accountedfor by thefactthatthesecontributionscouldhavebeensampled.

Severalvariancereductiontechniques,andtheuseof low-discrepancy samplese-
quences,furtherreducethenumberof samplesneededin orderto achieveaprescribed
accuracy. View-importancesamplingallows to renderpartsof complex scenesmuch
moreefficiently by increasingthesampledensityin importantregionsanddecreasing
it in unimportantregions.Thereis a significantcosthowever, in thedeterminationof
whatpartsof thesceneareimportantfor a givenview andwhatpartsarenot. Other
techniquesyield a moremoderatevariancereduction,but their additionalcostis very
small.

Furthermore,the Monte Carlo methodleadsto reliable algorithms. As more
samplesaredrawn, eventually the correctsolutionof the problemunderconsidera-
tion — in this casethe solutionof the systemof radiosityequations— is obtained.
TheMonteCarlomethoddealswell with computationalerror. By doing thecompu-
tationsin stages,andmerging the resultsof eachstageappropriately, it is possible
to obtaincompleteradiositysolutions,providing a goodqualitative ideaof the final
result, in a very short time. Oncean initial imagehasbeenobtained,varianceis
progressively reducedwithout largequantitative changesin the result. Gooddefault
valuesfor thenumberof samplesin eachstagecanbechosenautomatically. Theres-
ulting algorithmsrequirelessuserinput thandeterministicradiosityalgorithmsand
areeasierto implement.

Finally, Monte Carlo radiosityalgorithmsto computehigherorderradiosityap-
proximationshavebeenproposed.A new, flexible, strategy to incorporatehierarchical
refinementpavesthewayfor radiosityalgorithmsin whichboththecomputationaland
thediscretisationerrorwill bedealtwith adequately.

TheMonteCarlomethodpromisesto offer alternativesof greatvaluefor determ-
inistic radiositysystemsolution.

15.2 Original contributions

The researchperformedin the context of this dissertationhasled to the following
original results:� Theanalysisof thediscretisationerror in chapter3 is a first original contribu-

tion. The derived algorithmsfor a-posterioridiscretisationerror computation
anderror-drivenrefinementgeneralisepreviousresultsfor constantandbilinear
basisfunctions.Thealgorithmfor discretisationerrorcontrolis new. Chapter3
is a revisedversionof [P6]1;� Chapter5 presentsa new MonteCarloalgorithmfor computingpatch-to-patch
form factors. basedon weightedsampling. It is almostas reliable as with
directionalsampling,althoughuniformareasamplingis used.

1Citationslike [P6] referto thelist of publicationsat theendof this chapter.
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An analysisof the varianceof Monte Carlo form factorestimatorsleadsto a
heuristicfor adaptively choosingthenumberof samplesneededin orderto en-
sureagivenaccuracy for thelight transportbetweenapair of patches.

Theseresultscanbeintegratedeasilyin existinghierarchicalrefinementradios-
ity implementations;� Chapters6 to 8 presentasystematicoverview of MonteCarlomethodsfor solv-
ing linear systemssuchas the systemof radiosityequations.New resultsin
thesechaptersinclude:

– theanalysisof thecomputationalcostof stochasticJacobialgorithms;

– the result that stochasticadaptationsof more advancedrelaxationalgo-
rithmssuchasover-relaxationandtheChebyshev method,will notbesig-
nificantlysuperiorto thesimplestochasticJacobialgorithmsbecausethey
will needapproximatelythesamenumberof samples(raysin radiosity);

– the resultthat the discretisationerror in a discreteMonteCarlo radiosity
algorithmwill hardlybehigherthanin acontinuousMonteCarloradiosity
algorithm;

– the theoreticaland empirical comparisonof collision shootingrandom
walk radiosityversusstochasticJacobiradiosity, indicatingthatin practice
bothwill beapproximatelyequallyefficient for constantapproximations.� Theimportance-drivenstochasticJacobiiterative methodin chapter9 is a new

result. Thepresenttext is a completelyrevisedandsignificantlyextendedver-
sionof [P7].� In chapter10, the useof a constantcontrol variatein the context of random
walk radiosityestimatorsis proposed.An improvedconstantradiositystepfor
stochasticJacobiradiosity, basedon varianceminimisation,is presented;� The combinationof gatheringandshootingrandomwalk radiosityestimators
in chapter11 is anothernew result. Thepresenttext is anextendedversionof
[P13]. Thecombinationof gatheringandshootingin stochasticJacobiiterations
is asmall,but quitebeneficial,new result;� Chapter12 presentsnew empirical resultsconcerningthe efficiency of low-
discrepancy samplingin MonteCarloradiosityalgorithms.Thepresenttext is
a revisedversionof [P12]. Themainresultsare:

– Low-discrepancy samplingappearsto bemoreeffectivein discretethanin
continuousMonteCarloradiosityalgorithms;

– No low-discrepancy samplesequenceis systematicallysuperiorto the
othersequences.� Theextensionof discreteMonteCarloradiosityalgorithmsto higherorderra-

diosity approximationsin chapter13 is a new result.Main conclusions:

– StochasticJacobiiterationsaresignificantlysuperiorto discreterandom
walk methodsfor higherorderapproximations.They arenot worsethan
continuousrandomwalk methodsfor higherorderapproximations;
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– The amountof work requiredin orderto computea resultof prescribed
(computational)accuracy is proportionalto thenumberof basisfunctions.� Finally, chapter14 presentsa new, flexible, strategy in order to incorporate

hierarchicalrefinementin MonteCarloradiosityalgorithms.Experimentswith
an inexpensive refinementcriterion indicate that a speed-upof one order of
magnitudecanbeobtainedcomparedto deterministichierarchicalradiosityal-
gorithms,while the storagerequirementscan be reducedby a factor 5. The
presenttext includessomepracticalinformationthatcouldnot bepublishedin
[P10] becauseof spaceconstraints.

15.3 Dir ectionsfor futur e research

15.3.1 Better hierarchical refinementcriteria

The main problemsof previous radiositymethodsconcernmeshingandform factor
computationandstorage.Thestudyin thisdissertationindicatesthattheMonteCarlo
methodleadsto efficientradiosityalgorithmsin whichnoformfactorsneedtobecom-
putedor storedexplicitly. The framework in chapter3 will beusefulin orderto de-
velopeffective automaticandadaptive meshingalgorithmsfor higherorderradiosity
approximations.Thecurrentalgorithmsin chapter3 however assumepatch-to-patch
form factorcomputationandhavebeenworkedoutonly with averyrestrictedform of
refinement.Moreover, they aretoo expensive in orderto beappliedwith successin a
per-ray fashionasproposedin chapter14.

Themainareaof futureresearchthereforeconcernsthedevelopmentof veryflex-
ible but inexpensive criteria and strategies for hierarchicalrefinementfor constant
as well as higher-order radiosity approximations. In particular, future refinement
strategies should incorporateselective discontinuitymeshingat a low storageand
computationalcost. Sincetypically only a very small fraction of the discontinuity
curvesin asceneactuallycausesnoticeableartifacts,apossibleareafor improvement
of discontinuitymeshingalgorithmsmayconsistin resolvingonly thosediscontinuity
lines that leadto visible artifacts. Currentdiscontinuitymeshingalgorithmsappear
to be little selective, andrequirelarge amountsof computingtime and/orcomputer
storage.Also thereliabledeterminationof which discontinuitieswill actuallyleadto
visible artifactsandwhich oneswill not, unfortunatelyis anunresolvedproblem. In
thecontext of higherorderapproximations,efficientpredictionof whatapproximation
orderwill suffice for a receiver element,combinedwith � -refinementasexplainedin� 3.3.2,will prevent unnecessarycomputationof higherorderapproximationterms.
In orderto successfullyapply themin a per-ray fashion,theresultingrefinementcri-
teriaandstrategiesshouldideallybeinexpensivecomparedto thecostof tracingaray
throughthescene,without requiringlargeamountsof storage.

Experimentsin thisdissertationindicatethatevenwithoutasolutionto theseprob-
lems,the presentedalgorithmswill result in imagequality thatwill be sufficient for
many applications.In orderto obtainimagesof very high quality without a per-pixel
MonteCarlofinal gatherpasshowever, a solutionto theseproblemsis required.Pre-
liminary work into thisdirectionincludes[104, 13, 73, 10].
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15.3.2 Mor eMonte Carlo

Sometopicsfor futureresearchconcerningtheMonteCarlosolutionof linearsystems
are:� Theexotic randomwalk estimatorsin � 7.2.6needto beexaminedfurther. Pre-

liminary experimentsindicatethat theseestimatorsdo not competeaspresen-
ted with the collision estimator. Unlike the collision estimatorhowever, they
contributescoresto a fixed numberof nodes,so that they may leadto perfect
importance-samplingrandomwalk estimators;� In chapter8, a numberof more obscureMonte Carlo techniquesfor solving
linearsystemshavebeenenumerated.They needto bestudiedin moredetail;� Thedevelopmentof efficientandreliablealgorithmsin orderto sampleraydir-
ectionsaccordingto incomingradiosityor importance,without anexplicit rep-
resentationof incomingradiosity, will bebeneficialin thecontext of sequential
adaptiveimportancesampling( � 9.2.1),andview-importancesampling( � 9.3.1);� Morereliableheuristicsfor combininggatheringandshootingestimators(chap-
ter 11) canbedeveloped.Also thecombinationof differentshooting(or gath-
ering)randomwalk estimatorscanbea topic of furtherresearch;� In this dissertation,only a limited numberof variancereductiontechniqueshas
beenexamined.In particular, moreadvancedapplicationsof stratifiedsampling
in order to aim moreraysto “dif ficult” regionsof a scene[80] andweighted
samplingarepossible.� Low-discrepancy samplingin randomwalk problemsis a topic of active ongo-
ing research[18, 117]. Applicationof emerging researchresultsin this areato
MonteCarloradiosityis anotherinterestingareafor futureresearch;� Stochasticrelaxationalgorithmsappearnot to have received any attentionin
generalMonteCarlo literature. Their applicationto otherproblemsthanradi-
osity needsto beinvestigated;� Thedevelopmentof randomwalk methodsfor thesolutionof waveletprecondi-
tionedsystemsof linearequationsmayleadto new efficienthierarchicalMonte
Carloalgorithmsfor solvingproblemslike theradiosityproblem.

15.3.3 Dynamicenvir onmentswith generalsurfacecharacteristics

Theproblemof computingtheilluminationin “glossy”environmentscanbedescribed
by a systemof linearequationsthat is similar to the radiositysystem.It is expected
that the Monte Carlo techniquesfor linear systemsthat aredescribedin this disser-
tation, canbe appliedin a quite straightforwardmannerto thosesystemsfor glossy
illumination.

In orderto takeadvantageof time-coherencein dynamicenvironments,algorithms
similar to theview-importancedrivenstochasticJacobialgorithmscanbedeveloped.
The notionof importancewill thenreflectto what extent the illumination at a given
spotchangesastheresultof achangeof scenegeometryor materialproperties.
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[P11] Ph. Bekaert,Ph.Dutré, andY. D. Willems. Final radiositygatherstepusinga Monte
Carlo techniquewith optimal importancesampling.TechnicalReportCW275,Depart-
mentof ComputerScience,K. U. Leuven,November1998.14pages.

231



232 PUBLICATIONS

[P12] Ph. Bekaert,R. Cools,andY. D. Willems. An empiricalcomparisonof Monte Carlo
radiosityalgorithms. In 7th InternationalConferencein Central Europeon Computer
Graphics,Visualizationand Digital Interactive Media, Plzen,Czech Republic, pages
9–16,February1999.

[P13] M. Sbert,A. Brusi,andPh.Bekaert.Gatheringfor freein randomwalk radiosity. In Ren-
deringTechniques’99 (Proceedingsof the10thEurographicsWorkshopon Rendering,
Granada,Spain), pages97–102.SpringerComputerScience,June1999.

[P14] M. Feixas,E. del Acebo,Ph.Bekaert,andM. Sbert. Informationtheorytoolsfor scene
discretization. In RenderingTechniques’99 (Proceedingsof the 10th Eurographics
Workshopon Rendering, Granada,Spain), pages103–114.SpringerComputerScience,
June1999.

[P15] M. Feixas,E. del Acebo,Ph.Bekaert,andM. Sbert.An informationtheoryframework
for theanalysisof scenecomplexity. ComputerGraphicsForum, 18(3):95–106,1999.



Bibliography

[1] G. E. Albert. A generaltheoryof stochasticestimatesof the Neumannseriesfor the
solutionof certainFredholmintegralequationsandrelatedseries.In H. A. Meyer, editor,
Symposiumon MonteCarlo methods,Florida, March, 16 and17, 1954, pages37 – 46.
J.Wiley andsons,1956.

[2] J. Arvo. Stratifiedsamplingof sphericaltriangles.In ComputerGraphicsProceedings,
AnnualConferenceSeries,1995(ACM SIGGRAPH’95 Proceedings), pages437–438,
August1995.

[3] J.Arvo, K. Torrance,andB. Smits.A Framework for theAnalysisof Error in GlobalIl-
luminationAlgorithms. In ComputerGraphicsProceedings,AnnualConferenceSeries,
1994(ACM SIGGRAPH’94 Proceedings), pages75–84,1994.

[4] L. AupperleandP. Hanrahan.A hierarchicalillumination algorithmfor surfaceswith
glossyreflection.In ComputerGraphicsProceedings,AnnualConferenceSeries,1993,
pages155–162,1993.

[5] L. AupperleandP. Hanrahan.Importanceanddiscretethreepoint transport.In Fourth
EurographicsWorkshopon Rendering, pages85–94,June1993. held in Paris,France,
14–16June1993.

[6] G. Baranoski,R. Bramley, andP. Shirley. Fastradiositysolutionsfor high averagere-
flectanceenvironments.In EurographicsRenderingWorkshop1995, June1995.

[7] G. Baranoski,R. Bramley, andP. Shirley. Iterative methodsfor fastradiositysolutions.
TechnicalReportTR429,Departmentof ComputerScience,IndianaUniversity, Bloom-
ington,U.S.A.,April 1995.

[8] D. R. Baum,S. Mann,K. P. Smith,andJ. M. Winget. Making radiosityusable:Auto-
matic preprocessingand meshingtechniquesfor the generationof accurateradiosity
solutions.In ComputerGraphics(SIGGRAPH’91 Proceedings), volume25,pages51–
60,July 1991.

[9] D. R. Baum,H. E. Rushmeier, andJ.M. Winget. Improving radiositysolutionsthrough
theuseof analyticallydeterminedform-factors.In ComputerGraphics(SIGGRAPH’89
Proceedings), volume23,pages325–334,July1989.

[10] P. Bekaert. Opsplitsenvolgensdiscontinuiteitslijnenin deradiositeitsmethode(discon-
tinuity meshingin radiosity),1997. MastersThesis,Departmentof ComputerScience,
Katholieke UniversiteitLeuven.

[11] D. Blythe and T. McReynolds. Advancedgraphicsprogrammingtechniquesusing
OpenGL,August1999.ACM SIGGRAPH’99Course29.

233



234 BIBLIOGRAPHY

[12] M. A. Bolin andG. W. Meyer. An errormetric for MonteCarlo ray tracing. In Euro-
graphicsRenderingWorkshop1997, pages57–68,June1997.

[13] K. BouatouchandS.N. Pattanaik.Discontinuitymeshingandhierarchicalmultiwavelet
radiosity. In GraphicsInterface’95, pages109–115,May 1995.

[14] K. Bouatouch,S.N. Pattanaik,andE.Zeghers.Computationof higherorderillumination
with a non-deterministicapproach.ComputerGraphicsForum, 15(3):327–338,August
1996.

[15] P. Bratley, B. Fox, andH. Niederreiter. Algorithm 738: Programsto generateNieder-
reiter’s low-discrepancy sequences. ACM Transactionson MathematicalSoftware,
20(4):494–495,December1994.

[16] P. Bratley, B. L. Fox, andH. Niederreiter. Implementationandtestsof low-discrepancy
sequences.ACM Transactionson Modelling and ComputerSimulation, 2(3):195–213,
July 1992.

[17] N. P. Buslenko, D. I. Golenko, Yu. A. Shreider, I. M. Sobol,andV. G. Sragovich. The
MonteCarlo Method– TheMethodof StatisticalTrials. PergamonPress,1962. Trans-
latedfrom theRussianby G. J.Tee,1966.

[18] R. E. Caflish. MonteCarloandquasi-MonteCarlomethods.ActaNumerica, pages1 –
49,1998.

[19] A. T. Campbell,III. ModelingGlobal DiffuseIllumination for Image Synthesis. PhD
thesis,Dept.of ComputerSciences,Univ. of TexasatAustin,December1991.

[20] A. T. Campbell,III and D. S. Fussell. Adaptive meshgenerationfor global diffuse
illumination. In ComputerGraphics(SIGGRAPH’90 Proceedings), volume24, pages
155–164,August1990.

[21] F. Castro,R. Matinez, andM. Sbert. Quasi-MonteCarlo andextendedfirst-shotim-
provementto themulti-pathmethod.In Proc.SpringConferenceonComputerGraphics
’98, pages91–102,Bratislava,Slovakia,April 1998.ComeniusUniversity.

[22] S. E. Chen. IncrementalRadiosity:An Extensionof Progressive Radiosityto anInter-
active ImageSynthesisSystem.In ComputerGraphics(ACM SIGGRAPH’90 Proceed-
ings), volume24,pages135–144,August1990.

[23] S. E. Chen, H. E. Rushmeier, G. Miller, and D. Turner. A progressive multi-pass
methodfor global illumination. In ComputerGraphics(SIGGRAPH’91 Proceedings),
volume25,pages165–174,July1991.

[24] P. H. Christensen.Hierarchical Techniquesfor GlossyGlobal Illumination. PhDthesis,
Universityof Washington,1995.

[25] P. H. Christensen,E. J.Stollnitz,D. H. Salesin,andT. D. DeRose.WaveletRadiance.In
Fifth EurographicsWorkshopon Rendering, pages287–302,Darmstadt,Germany, June
1994.

[26] M. F. Cohen,S. E. Chen,J. R. Wallace,andD. P. Greenberg. A progressive refinement
approachto fast radiosity imagegeneration. In ComputerGraphics(SIGGRAPH’88
Proceedings), volume22,pages75–84,August1988.

[27] M. F. CohenandD. P. Greenberg. The hemi-cube:A radiositysolution for complex
environments. ComputerGraphics(SIGGRAPH’85 Proceedings), 19(3):31–40,July
1985.



BIBLIOGRAPHY 235

[28] M. F. Cohen,D. P. Greenberg, D. S. Immel, and P. J. Brock. An efficient radiosity
approachfor realistic image synthesis. IEEE ComputerGraphicsand Applications,
6(3):26–35,March1986.

[29] M. F. CohenandJ.R.Wallace.RadiosityandRealisticImageSynthesis. AcademicPress
Professional,Boston,MA, 1993.

[30] R. L. Cook, T. Porter, andL. Carpenter. Distributedray tracing. ComputerGraphics,
18(3):137–145,July1984.

[31] R. Cools. Monomialcubaturerulessince“Stroud”: a compilation– part2. Journal of
ComputationalandAppliedMathematics, 112(1-2):21–27,1999.

[32] R. CoolsandPh.Rabinowitz. Monomialcubaturerulessince“Stroud”: a compilation.
Journal of ComputationalandAppliedMathematics, 48:309–326,1993.

[33] R. R. Coveyou, V. R. Cain, andK. J. Yost. Adjoint and importancein Monte Carlo
application.NuclearScienceandEngineering, 27:219– 234,1967.

[34] J. H. Curtiss. A theoreticalcomparisonof the efficienciesof two classicalmethods
and a Monte Carlo methodfor computingone componentof the solution of a set of
linearalgebraicequations.In H. A. Meyer, editor, SymposiumonMonteCarlo methods,
Florida, March, 16and17,1954, pages191– 233.J.Wiley andsons,1956.

[35] L. M. DelvesandJ.L. Mohamed.Computationalmethodsfor integral equations. Cam-
bridgeUniversityPress,1985.

[36] I. T. Dimov andV. N. Alexandrov. A new highly convergentMonteCarlo methodfor
matrix computations.MathematicsandComputers in Simulation, 47:165– 181,1998.

[37] I. T. Dimov andA. N. Karaivanova. A fastMonteCarlomethodfor matrixcomputations.
In S. D. Margenov andP. S. Vassilevski, editors,IMACSSeriesin Computationaland
AppliedMathematicsVolume3 (Iterative Methodsin Linear Algebra II) , pages204 –
215.1996.

[38] G. DrettakisandE. Fiume. A FastShadow Algorithm for Area Light SourcesUsing
Backprojection. In ComputerGraphicsProceedings,AnnualConferenceSeries,1994
(ACM SIGGRAPH’94 Proceedings), pages223–230,1994.

[39] G.DrettakisandF. X. Sillion. Interactiveupdateof globalilluminationusingaline-space
hierarchy. In ComputerGraphics(ACMSIGGRAPH’97 Proceedings), volume31,pages
57–64,1997.

[40] F. Durand,G. Drettakis,andC. Puech.Thevisibility skeleton:A powerful andefficient
multi-purposeglobalvisibility tool. In SIGGRAPH97 ConferenceProceedings, pages
89–100,August1997.
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thesis,Universit́e JosephFourier— GrenobleI, France,March1996.

[76] N. HolzschuchandF. Sillion. Accuratecomputationof theradiositygradientfor constant
and linear emitters. In 6th EurographicsRenderingWorkshop,Dublin, Ireland, June
1995.

[77] D. S. Immel, M. F. Cohen,andD. P. Greenberg. A radiositymethodfor non-diffuse
environments.ComputerGraphics, 20(4):133–142,August1986.

[78] B. Jawerth andW. Sweldens.An overview of wavelet basedmultiresolutionanalyses.
SIAMReview, 36(3):377– 412,1994.

[79] H. W. Jensen. Global illumination using photonmaps. In EurographicsRendering
Workshop1996, pages21–30.Eurographics,June1996.

[80] V. Jolivet, D. Plemenos,andM. Sbert. A pyramidal hemispheresubdivision method
for MonteCarloradiosity. In Eurographics’99 ConferenceProceedings(ShortPapers),
pages63–69,September1999.

[81] H. Kahn. Useof differentMonte Carlo samplingtechniques.In H. A. Meyer, editor,
Symposiumon MonteCarlo methods,Florida, March, 16 and 17, 1954, pages146 –
190.J.Wiley andsons,1956.

[82] H. KahnandT. E. Harris. Estimationof particletransmissionby randomsampling. In
Monte Carlo method,National Bureau of Standards, Appl. Math. Series, volume 12,
pages27– 30,1949.

[83] J.T. Kajiya. Therenderingequation.ComputerGraphics(SIGGRAPH’86 Proceedings),
20(4):143–150,August1986.



238 BIBLIOGRAPHY

[84] M. H. Kalos. Importancesamplingin Monte Carlo shieldingcalculations. Nucl. Sci.
Eng., 16:227– 234,1963.

[85] M. H. KalosandP. Whitlock. TheMonteCarlo method. J.Wiley andsons,1986.

[86] J.K. Kawai, J.S.Painter, andM. F. Cohen.Radiooptimization- GoalBasedRendering.
In ComputerGraphicsProceedings,AnnualConferenceSeries,1993(ACM SIGGRAPH
’93 Proceedings), pages147–154,1993.

[87] A. Keller. TheFastCalculationof FormFactorsUsingLow Discrepancy Sequences.In
Proceedingsof theSpringConferenceon ComputerGraphics(SCCG’96), pages195–
204,Bratislava,Slovakia,June1996.ComeniusUniversityPress.

[88] A. Keller. Quasi-MonteCarlo radiosity. In EurographicsRenderingWorkshop1996,
pages101–110,June1996.

[89] A. Keller. Quasi-MonteCarlo methodsfor photorealistic image synthesis. PhDthesis,
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A BasisFunctions for
Quadrilaterals and Triangles

Thebasisfunctions� �A� � in our implementationof higher-orderradiosityareobtained
by uniformmappingof canonicalbasisfunctions� � ontheunit squareor thestandard
triangle.Thesecanonicalbasisfunctionshavebeenobtainedby orthonormalisationof
thepolynomialfunctions �^�J�z�J�x�J�x���K�����K���G�J���^�K���g���K���X�^�K���G� �W�W� on theunit squareor
thestandardtriangleby meansof theGram-Schmidtorthonormalisationprocedure.

TheGram-Schmidtorthonormalisationprocedureisageneralprocedurethattrans-
formsagivensetof � independentvectors� � �K� � �^� �W�W� �J� into asetof � orthonormal
vectors  � spanningthesamevectorspace.Theprocedureis outlinedin algorithm21.

Algorithm 21: Gram-Schmidtprocedure:transformsa setof ¡ input vectors¢�£P¤P¥�¦e§�¤s¨q¨q¨©¤P¡
into a setof ¡ orthonormalvectorsª £ spanningthesamevectorspace.

1. ª�«­¬®¢G«J¯a°K¢^«�° ;
2. For ¥�¦²±G¤|¨q¨q¨©¤P¡ ,

(a) ¢ £ ¬®¢ £x³µ´ £·¶ «¸J¹ «©º ¢ £ ¤6ª ¸"» ª ¸ ;
(b) ª £ ¬®¢ £ ¯a°J¢ £ ° .

In step2a of this algorithm, the � -th input vector is replacedby its orthogonal
complementw.r.t. thevectorspacespannedby thefirst � � � vectors.Theorthogonal
complementis thedifferencebetweena vectorandits projectionon a sub-space.The
projectionis obtainedasexplainedin � 2.2.2.Thevectors g¼^�S½2¾¿� form anorthonor-
mal set, so that the dual vectorsin the scalarproductsfor obtainingthe projection
coefficients,areequalto theprimaryvectors  ¼ themselves.

This procedurecanbe appliedto polynomial functionson the unit squareor the
standardtriangleasfollows:� Polynomialfunctions ÀÂÁA�­�K�dÃ arerepresentedby their coefficients Ä � inÀÂÁA�­�K�dÃ � � � Ä �PÅÆ� ÁA�­�K�dÃ , where

ÅC�
denotesthemonomials�^�K�­�K���K����� �W��� ;� Linear combinationsof functionscorrespondto linear combinationsof their

coefficients:ÁLÀÈÇ>É�ÃWÁAÊ�Ã � ÀÂÁLÊ�Ã­Ç>ÉÂÁLÊ�Ã � � � Á'Ä � ÇÌË � Ã ÅÆ� ÁAÊ�ÃÁ'Í�ÎÏÀ�ÃgÁAÊ�Ã � Í�ÎWÀÂÁLÊ�Ã � � � ÁLÍ�ÎÏÄ � Ã Å � ÁAÊ�Ã ( Í is a realnumber)� Scalarproductscorrespondto:¾¿À]�JÉÑÐ � ¾ � � Ä � Å � � � ¼ Ë ¼ Å ¼ Ð � � �A� ¼ Ä � Ë ¼ ¾ Å � � Å ¼ Ð
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Thescalarproducts¾ ÅÆ� � Å ¼ÒÐ of themonomials
ÅC�

areintegralsover theunit
squareor the standardtriangle. They arepre-computedonceandstoredin a
table;� Thenorm ÓWÀ2Ó is thesquarerootof a scalarproduct:ÓWÀ2Ó ��Ô ¾ÕÀ]�|À�Ð �

Theresultingorthonormalpolynomialsupto degree3 ontheunit squareandstandard
triangleareshown in tableA.1. They areplottedin figure2.3.

Unit squareÖ�× ØÖ�Ù Ú �WÛÜ�|ÝßÞ Ø6àÖ�á Ú �WÛÜ�|â­Þ ØKàÖXã �WÛ Ø Þu�|ÝäÞu�|âæåÒç|Ý�â àÖ�è Ú é Û Ø Þuê|Ý­å�êJÝ Ù àÖ�ë Ú é Û Ø Þuê|âæå�êJâ Ù àÖdì Ú í ÛAÞ Ø å Ø �JÝîÞ
�KïqÝ Ù å��JïqÝ á àÖ�ð Ú ØKé ÛLÞ Ø å�êJÝñå��|âñÞ Ø �|Ý�âñÞuê|Ý Ù å Ø �|Ý Ù â àÖ�ò Ú ØKé ÛLÞ Ø å��JÝñå�ê|âñÞ Ø �|Ý�âñÞuê|â Ù å Ø �|Ý�â Ù àÖ ×Ló Ú í ÛAÞ Ø å Ø �Jâ­Þ
�Kïqâ Ù å��Jï|â á à
StandardtriangleÖ�× ØÖ�Ù Ú �WÛÜ�JÝîÞ Ø6àÖ�á Ú êWÛAÞ Ø å�ÝÆå��|â àÖ ã ô õqö í Û Ø ÞbçqÝîÞbçqâ�å��Jï|Ý�â àÖ è ô í é ö í Û Ø ÞuêW÷ øJÝîÞ Ø ÷ �|â�å�ê|ÝÏâ�å í Ý Ù àÖ�ë Ú ØKé Û Ø Þu�|ÝäÞuê|âæå�ê|Ý�â�å�Ý Ù å�êJâ Ù àÖdì Þ���å��JïqÝßÞ õ ïqÝ Ù å í ïqÝ áÖ ð Ú Ø �gÛAÞ Ø å Ø �|ÝÆå��|â­Þu�Jç|Ý�âñÞ
�J�|Ý Ù å�� Ø Ý á åÒçq�JÝ Ù â àÖ�ò Ú �JïWÛAÞ Ø å õ ÝÆå�ê|â­Þbçqø|ÝÏâÆÞ ØKé Ý Ù Þuê|â Ù å í Ý á å�ç|�|Ý Ù âæåÒçq�|ÝÏâ Ù àÖ�×Ló Ú �|øgÛAÞ Ø å��JÝÆå Ø �|â­Þu�Jç|Ý�âñÞ
�JÝ Ù Þu�Jï|â Ù å�Ý á å Ø �|Ý Ù âæå��JïqÝÏâ Ù å��Jïqâ á à

TableA.1: Orthonormalpolynomialsùæú on theunit squareandthestandardtriangle.



B Uniform Parametrisation of
Convex Quadrilaterals

Theimplementationof higher-orderradiosityalgorithmsis significantlysimplifiedif
auniformmappingbetweenthestandarddomainandeach3D patchis used.Integrals
on a 3D patchthencorrespondto integralson the unit squareor standardtriangle,
multipliedwith thepatcharea(twice thepatchareafor triangles).A barycentricmap-
ping betweenthe standardtriangleanda triangular3D patchis alwaysuniform. A
bilinear mappingbetweenthe unit squareanda convex 3D quadrilateralis however
only uniformif thequadrilateralis aparallelogram.Thisappendixdescribesauniform
mappingbetweentheunit squareandanarbitraryconvex quadrilateral.

Thebasicideais to transformbilinearcoordinatesÁ'ûa�KüKÃ of a point ý� into uniform
coordinatesÁA�­�K�dÃ (andvice versa)in sucha way that � denotestherelative arealeft
of the point in the quadrilateraland � denotesthe relative areabelow the point (see
figureB.1). þÿ á � �������� ������� þÿ ó

þÿ á	� � � þÿ Ù ¶ þÿ á � þÿ ó � � � þÿ á ¶ þÿ ó � þÿ × � � � þÿ Ù ¶ þÿ × �þÿ ó � � � þÿ × ¶ þÿ ó �

þÿ Ù
þÿ ×

þÿ áþÿ ó þÿ ×

þÿ Ù



below

� �������

left

� �������

FigureB.1: Theuniformcoordinates
���¤S¢�� of apoint �� with bilinearcoordinates
��Ï¤���� corres-
pondwith therelativearea� left ¯�� total and � below ¯�� total left andbelow thepoint.

Considerthe Jacobianof the bilinear mappingfrom the unit squareto a convex
quadrilateralwith vertices ý� ï ��ý� Ø ��ý� � ��ý� � andnormal ý� . It canbeshown that the Jac-
obianis of theform ÍuÇ � ûîÇ��sü :� � Á'ûa�JüKÃ � Á'Í
Ç � ûäÇ��süKÃ � û � ü
where Á+û^�JüKÃ arethebilinearcoordinatesof apoint,and:Í � ÁKÁfý� Ø � ý� ï Ã�� Áfý� � � ý� ï ÃKÃñÎ©ý�� � ÁKÁfý� � � ý� � Ã�� Áfý� Ø � ý� ï ÃKÃñÎ©ý�� � ÁKÁfý� � � ý� Ø Ã�� Áfý� � � ý� ï ÃKÃñÎ©ý� �Í , � and � arethesurfaceareaof certainparallelogramsrelatedwith thequadrilateral,
with appropriatesign indicatingwhetherthe width or heightof the quadrilateralin-
creasesor decreasesasa function of û and ü (seefigure B.2). The total areaof the
quadrilateralis givenby�

total
� � Øï � Øï ÁLÍÒÇ � ûîÇ��süKÃ � û � ü � Í
Ç �! Á � Ç���Ã �
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"� ×Ù #$¹ ¶ ×Ù%& ó %& Ù %& á
%& ×

%& Ù%& á %& ó %& ×%& á%& ó %& Ù
%& × %& ×%& ó %& á %& Ù

FigureB.2: Thesurfaceareaof aconvex quadrilateralis thesumof thesurfaceareaof thepar-
allelogramin (a) andhalf thesurfaceareaof theparallelogramsin (b) and(c), with appropriate
sign.Thecoefficients ' , ( and ) in theJacobianof thebilineartransformationcorrespondto the
signedsurfaceareaof theseparallelograms.

Thearealeft of apoint with bilinearcoordinatesÁ'ûa�KüKÃ is (seefigureB.1, left):�
left Á'ûa�KüKÃ � �+*ï � Øï Á'Í
Ç � Ê�Ç��-,�Ã � , � Ê � ÁLÍÒÇ �! ��ÃKû]Ç �! � û � �

Theareabelow a point with bilinearcoordinatesÁ'ûa�JüKÃ is (seefigureB.1, right):�
below Á'ûa�KüKÃ � � Øï �/.ï ÁLÍÒÇ � Ê Ç��0,dÃ � , � Ê � Á'ÍuÇ �! � Ã6üæÇ �! �sü � �

TheuniformcoordinatesÁL�z�J��Ã correspondingwith bilinearcoordinatesÁ+ûa�KüKÃ cannow
beobtainedas � � �

left Á+û^�JüKÃ�
total

� Á'ÍuÇ Ø� ��ÃKû]Ç Ø� � û �Í
Ç Ø� Á � Ç+�WÃ� � �
below Á'ûa�KüKÃ�

total

� ÁLÍ
Ç Ø� � Ã6ü�Ç Ø� �sü �ÍuÇ Ø� Á � Ç��WÃ �
Theserelationsallow to mapbilinearcoordinatesto uniform coordinates.In orderto
mapuniformcoordinatesÁL�z�J��Ã into correspondingbilinearcoordinates,thefollowing
quadraticequationsin û and ü needto besolved:ÁLÍÒÇ �! ��ÃKû]Ç �! � û � � �ñÁLÍuÇ �! Á � Ç+�WÃJÃÁ'ÍuÇ �! � Ã6üæÇ �! �sü � � ��ÁLÍuÇ �! Á � Ç��WÃJÃ �
Theseequationshaveoneroot in therange 1 2©�W�43 .

In the implementation,Í , Ø� � and
Ø� � arepre-computedonceandstoredfor each

irregularconvex quadrilateralin thescene.



C A Selectionof Numerical
Integration Rules

This appendixpresentsa compilationof non-productnumericalintegrationrulesfor
theunit squareandthestandardtriangle.Useof theseintegrationrulesis recommen-
dedfor smoothfunctionson theunit squareor standardtriangle. They areusefulfor
2D-functionsthat arenot the productof two 1D-functions,suchasthe non-product
basisfunctionsin ourhigher-orderradiosityimplementation.

Approximatenumericalintegrationis performedby evaluatingthe integrandat a
numberof well-chosennodes,with coordinatesÁA�65��J��5GÃ , where 7 � �a� �W��� ��8 . 8
denotesthenumberof nodes.A weightedsumof theevaluationsyieldsanapproxim-
ationfor theintegral: 9�5-: Ø<; 5^ÄñÁA�65X�K��5GÃ>= �@? ÄñÁA�­�K�dÃ � � � � �
Theweights ; 5 andthe nodecoordinatesarecarefullychosenso thatanaswide as
possibleclassof functionswill be integratedexactly with asfew nodesaspossible.
The rules enumeratedbelow are exact for polynomialsup to a given degree. The
maximumorderof a polynomial that is integratedexactly by an integrationrule, is
calledthedegreeof therule.

Therulespresentedbelow areaselectionof rulesfoundin [32, 31]. For degrees4
to 9, onerule is retainedaccordingto thefollowing criteria:� lowestnumberof nodesfor givendegree;� all nodeslay strictly insidetheintegrationdomain;� thenodeshavepositiveweights;� theconvex hull of thenodesis maximal.

The latter criterionallows betterocclusiondetectionif the integrationrulesareused
in orderto computeform factorsin radiosity, with visibility testingby ray-tracing.

For all rulesbelow, the sumof the weightshasbeennormalisedto 1. The sum
of weightsshouldequalthesurfaceareaof thedomain,andthusbe �BA ! for triangles.
Normalisingtheweightsto sumto 1 is convenientbecauseanintegralovera3D patch
will thenalwaysrequiremultiplicationwith thepatchareawhena uniform mapping
is used,regardlessof thekind of domain. If theweightswerenormalisedto �BA ! for
triangles,a multiplicationwith twice thepatchareawould berequiredfor triangles.

The imagesleft of thetablesshow thelocationof thenodes.Thesizeof thedots
is proportionalto theweightof thecorrespondingnode.

249



250 APPENDIXC. NUMERICAL INTEGRATION RULES

C.1 Numerical integration rules for the unit square

Degree4, 6 nodes[C6, C4]:

ÝBC â�C DEC
0.5 0.32158895511345498 0.32160302122221301
0.5 0.967086179481358 0.1228414232222315
0.88729833462074148 0.69544258126503555 0.19047092727140325
0.11270166537925852 0.69544258126503555 0.19047092727140325
0.88729833462074148 0.07361731105911451 0.087306850506374503
0.11270166537925852 0.07361731105911451 0.087306850506374503

Degree5, 7 nodes,Radon’s rule [C5]:Ý C â C D C
0.5 0.5 0.2857142857142857
0.78867513459481287 0.8872983346207417 0.1388888888888889
0.78867513459481287 0.1127016653792583 0.1388888888888889
0.21132486540518713 0.8872983346207417 0.1388888888888889
0.21132486540518713 0.1127016653792583 0.1388888888888889
0.98304589153964794 0.5 0.079365079365079361
0.016954108460352058 0.5 0.079365079365079361

Degree6, 10 nodes[C6]:ÝBC â�C DEC
0.5 0.93491668762502944 0.098187647741087
0.5 0.26029682419394451 0.18869072031065251
0.93187141317307698 0.90141875810382843 0.05154151264706975
0.068128586826923021 0.90141875810382843 0.05154151264706975
0.75934526069629604 0.63107183275402901 0.17249803462246599
0.24065473930370401 0.63107183275402901 0.17249803462246599
0.96698627248642444 0.31845170842596704 0.065129372183079251
0.033013727513575508 0.31845170842596704 0.065129372183079251
0.80448876800817803 0.051695683618773525 0.067391896521515254
0.19551123199182202 0.051695683618773525 0.067391896521515254

Degree7, 12 nodes[C5]:ÝBC â�C DEC
0.96291004988627571 0.5 0.060493827160493827
0.03708995011372429 0.5 0.060493827160493827
0.5 0.96291004988627571 0.060493827160493827
0.5 0.03708995011372429 0.060493827160493827
0.69027721660415775 0.69027721660415775 0.13014822916684862
0.69027721660415775 0.30972278339584219 0.13014822916684862
0.30972278339584219 0.69027721660415775 0.13014822916684862
0.30972278339584219 0.30972278339584219 0.13014822916684862
0.90298989145929942 0.90298989145929942 0.059357943672657558
0.90298989145929942 0.097010108540700579 0.059357943672657558
0.097010108540700579 0.90298989145929942 0.059357943672657558
0.097010108540700579 0.097010108540700579 0.059357943672657558
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Degree8, 16 nodes[C6]:Ý C â C D C
0.5 0.82978006598017107 0.1125691940763975
0.5 0.025428538478437512 0.041642606694453251
0.97625473303578092 0.88252590977884204 0.024717364983357751
0.023745266964219025 0.88252590977884204 0.024717364983357751
0.766163727037103 0.96848799054420798 0.038424186785202999
0.233836272962897 0.96848799054420798 0.038424186785202999
0.84236814897586743 0.66682835886787351 0.099171744018225746
0.15763185102413252 0.66682835886787351 0.099171744018225746
0.61657162040070246 0.46020836381130148 0.088003591986423754
0.38342837959929749 0.46020836381130148 0.088003591986423754
0.96384165965305857 0.36387995969373299 0.047397263644449503
0.036158340346941487 0.36387995969373299 0.047397263644449503
0.7265603437018745 0.19313232330098601 0.093775250286896747
0.2734396562981255 0.19313232330098601 0.093775250286896747
0.918751820211406 0.055761174732014473 0.031404697910018001
0.081248179788593999 0.055761174732014473 0.031404697910018001

Degree9, 17 nodes[C3]:ÝBC âFC DEC
0.5 0.5 0.13168724279835392
0.98442498318098881 0.81534005986583447 0.022219844542549678
0.015575016819011134 0.18465994013416559 0.022219844542549678
0.18465994013416559 0.98442498318098881 0.022219844542549678
0.81534005986583447 0.015575016819011134 0.022219844542549678
0.87513854998945029 0.96398082297978482 0.02802490053239912
0.12486145001054971 0.036019177020215176 0.02802490053239912
0.036019177020215176 0.87513854998945029 0.02802490053239912
0.96398082297978482 0.12486145001054971 0.02802490053239912
0.76186791010721466 0.7266699105678236 0.099570609815517519
0.23813208989278534 0.2733300894321764 0.099570609815517519
0.2733300894321764 0.76186791010721466 0.099570609815517519
0.7266699105678236 0.23813208989278534 0.099570609815517519
0.53810416409630857 0.92630786466683113 0.067262834409945196
0.46189583590369143 0.073692135333168873 0.067262834409945196
0.073692135333168873 0.53810416409630857 0.067262834409945196
0.92630786466683113 0.46189583590369143 0.067262834409945196

C.2 Numerical integration rules for the standard tri-
angle

Degree4, 6 nodes[C2]:

ÝBC âFC DGC
0.81684757298045851 0.091576213509770729 0.10995174365532183
0.091576213509770729 0.091576213509770729 0.10995174365532183
0.091576213509770729 0.81684757298045851 0.10995174365532183
0.10810301816807021 0.44594849091596489 0.2233815896780115
0.44594849091596489 0.44594849091596489 0.2233815896780115
0.44594849091596489 0.10810301816807021 0.2233815896780115
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Degree5, 7 nodes[C5]: ÝBC â�C DEC
0.33333333333333331 0.33333333333333331 0.22500000000000001
0.1012865073234563 0.1012865073234563 0.12593918054482711
0.1012865073234563 0.79742698535308731 0.12593918054482711
0.79742698535308731 0.1012865073234563 0.12593918054482711
0.47014206410511511 0.47014206410511511 0.13239415278850619
0.47014206410511511 0.059715871789769809 0.13239415278850619
0.059715871789769809 0.47014206410511511 0.13239415278850619

Degree6 and7, 12 nodes[C1]:ÝBC â�C DEC
0.062382265094390842 0.067517867073924362 0.053034056314869002
0.067517867073924362 0.8700998678316848 0.053034056314869002
0.8700998678316848 0.062382265094390842 0.053034056314869002
0.055225456656919997 0.32150249385201563 0.087762817428896217
0.32150249385201563 0.62327204949106441 0.087762817428896217
0.62327204949106441 0.055225456656919997 0.087762817428896217
0.034324302945094878 0.66094919618679804 0.05755008556995056
0.66094919618679804 0.30472650086810721 0.05755008556995056
0.30472650086810721 0.034324302945094878 0.05755008556995056
0.51584233435360005 0.277716166976405 0.13498637401961758
0.277716166976405 0.20644149866999489 0.13498637401961758
0.20644149866999489 0.51584233435360005 0.13498637401961758

Degree8, 16 nodes[C2]:ÝBC â�C DGC
0.33333333333333331 0.33333333333333331 0.1443156076777862
0.081414823414554124 0.4592925882927229 0.095091634267284966
0.4592925882927229 0.4592925882927229 0.095091634267284966
0.4592925882927229 0.081414823414554124 0.095091634267284966
0.89890554336593786 0.050547228317031033 0.032458497623198135
0.050547228317031033 0.050547228317031033 0.032458497623198135
0.050547228317031033 0.89890554336593786 0.032458497623198135
0.65886138449647969 0.1705693077517601 0.1032173705347184
0.1705693077517601 0.1705693077517601 0.1032173705347184
0.1705693077517601 0.65886138449647969 0.1032173705347184
0.0083947774099572114 0.72849239295540413 0.027230314174434864
0.0083947774099572114 0.26311282963463872 0.027230314174434864
0.72849239295540413 0.26311282963463872 0.027230314174434864
0.72849239295540413 0.0083947774099572114 0.027230314174434864
0.26311282963463872 0.0083947774099572114 0.027230314174434864
0.26311282963463872 0.72849239295540413 0.027230314174434864
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Degree9, 19 nodes[C2]:Ý C â C D C
0.33333333333333331 0.33333333333333331 0.097135796282796102
0.020634961602525929 0.48968251919873701 0.031334700227139835
0.48968251919873701 0.48968251919873701 0.031334700227139835
0.48968251919873701 0.020634961602525929 0.031334700227139835
0.125820817014129 0.43708959149293553 0.07782754100477543
0.43708959149293553 0.43708959149293553 0.07782754100477543
0.43708959149293553 0.125820817014129 0.07782754100477543
0.62359292876193562 0.18820353561903219 0.079647738927209097
0.18820353561903219 0.18820353561903219 0.079647738927209097
0.18820353561903219 0.62359292876193562 0.079647738927209097
0.91054097321109406 0.044729513394452969 0.025577675658698101
0.044729513394452969 0.044729513394452969 0.025577675658698101
0.044729513394452969 0.91054097321109406 0.025577675658698101
0.036838412054736258 0.74119859878449801 0.043283539377289404
0.036838412054736258 0.22196298916076571 0.043283539377289404
0.74119859878449801 0.22196298916076571 0.043283539377289404
0.74119859878449801 0.036838412054736258 0.043283539377289404
0.22196298916076571 0.036838412054736258 0.043283539377289404
0.22196298916076571 0.74119859878449801 0.043283539377289404
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D Low-discrepancysampling
of points on a triangle

This appendixdescribesa uniform mappingfrom the unit squareto the standard
triangle Á�2©��2aÃg��ÁK�^��2XÃs�ÏÁ�2����ÏÃ that transformsdyadicboxesin the unit squareinto dy-
adic triangles.A dyadicbox is a sub-squaredefinedby coordinates�IHJ1 �KA ! 5 �ÏÁA�­Ç��Ã�A ! 5 Ãs�J�/HJ1 ½LA ! 5 �ÏÁÜ½ ÇN�ÏÃ�A ! 5 Ã , where �q�+½ � �^� ���W� � ! 5 � � . A dyadictriangleis a
sub-trianglethat resultsby connectingthemid-pointsof thesidesof a parentdyadic
triangle.

Sucha transformationis usefulin thecontext of hierarchicalMonteCarloradios-
ity (chapter14) with regularquadtreesubdivision of quadrilateralsandtriangles.In-
deed:sub-elementson quadrilateralscorrespondto dyadicboxesin theunit squarein
this case,andsub-elementson triangularpatchescorrespondto dyadictriangles.The
mappingproposedheresimplifiestheimplementationof hierarchicalMonteCarlora-
diosity becauseit allows thesamesamplingandsamplecountingroutinesto beused
on trianglesandquadrilaterals.

Also for otherproblemshowever, this mappingwill beusefulin connectionwith
low-discrepancy samplingwith abase-22D Niederreitersequence[16, 15]. With this
sequence,samplepointson theunit squareareplacedin dyadicboxesin a particular
order that ensureslow discrepancy. The transformedpoints will be placedin cor-
responding(isomorphic)dyadictrianglesin the sameorder, so that low-discrepancy
samplingon thestandardtrianglecanbeexpected1.

Themappingassumesthatthepointsto betransformedlay on a regulargrid with
resolution

! 5 in eachdimension,in other words that the coordinatesare �KA ! 5 with� � 2©� �W��� � ! 5 � � . Here, 7 is thenumberof bits in thebase-2representationof the
point coordinates.This is the casewith thebase-2Niederreitersequencesdescribed
in [16, 15]. It is straightforwardto generalisethemappingbeingpresentedhereto an
arbitrary(homogeneous)base.

First, in orderto avoid thatdifferentpointson theunit squarewill bemappedto
thesamedestinationpoint in thestandardtriangle,thepointsin thesquareareshifted
by 1/4-thof thegrid resolutionin eachdirection(seefigureD.1). Now considerthe
parentgrid cellsat resolution

! 5 Þ Ø . Eachsuchparentgrid cell containsfour points,
oneon thelower-left of eachquadrantof thecell. Threeof thesepointslay below the
maincell diagonal.Onepoint laysabove thediagonal.Thepoint above thediagonal
is thepoint in theupper-right quadrantof theparentcell. By “folding” thecell along
themaindiagonal,thepoint above thediagonalis transformedinto a point below the
diagonal.Thethreepointsbelow thediagonaldonotchange(seefigureD.1,rightmost
illustration). Subsequently, the processof folding cells alongtheir main diagonalis
repeatedat lower resolutions,until eventuallyall pointslay below themaindiagonal
of theunit square(figureD.2). Thetrianglebelow themaindiagonalof theunit square
is thestandardtriangle.

All neededoperationscanbe performedvery efficiently by consideringthe bit-

1An in-depththeoreticalstudyof thepropertiesof this transformationis a topic for futureresearch.
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Figure D.1: Beforeapplyingthenew mapping,thepointsto bemappedareslightly displaced
in orderto prevent coincidingresults. The right-mostillustration shows the resultof the first
folding step.

FigureD.2: Thenew mappingtransformstheunit squareinto thestandardtriangleby repeated
folding. First, the trianglesabove the diagonalin dyadic cells at the highestresolutionare
foldedalongthediagonal(top-left). Theresultof this stepin onecell is shown in detail in the
right-mostillustrationof figureD.1. Next, thefolding processis repeatedat lower resolutions.
Eventually, all pointsin theunit squarearemappedto thestandardtriangle(bottom-right).

representationof theintegernumbers� in thepoint coordinates�KA ! 5 :� Displacementof theinputpointscanbeimplementedby shifting thebit repres-
entation2 bits to theleft andnext settingtheleastsignificantbit to 1;� Whetheror not folding at a givenresolutionis necessarycanbedeterminedby
inspectingthe bits at correspondingpositionsin the bit-representationof each
coordinate.If thecorrespondingbitsbothare1, thepoint laysin theupper-right
quadrantandfolding is necessary. No folding is necessaryif thecorresponding
bitsareboth0, or oneis 0 andtheotheris 1, in whichcasethepoint laysin the
lower-left quadrantor thelower-right or upper-left quadrantrespectively;� Ratherthanfolding, the sameeffect is obtainedmoreefficiently by mirroring
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aroundthecentreof thecontainingcell. If thecell werethefull unit square,mir-
roringwouldbeobtainedby replacingbothcoordinatesby their1-complement:ÁAÊz�K,�ÃNM Á6� � Ê���� � ,�Ã . Foldingat higherresolutionsis obtainedby replacing
only the leastsignificantbits of the coordinates.The mostsignificantbits de-
terminethecell in whichthepoint is to befolded.Sincefolding leavesthepoint
insidethecontainingcell, themostsignificantbitsshallbeleft unchanged.� We foundit convenientto startfolding at thelowestresolutionlevel (thewhole
unit square)andproceedwith higher resolutionsratherthanvice versa. The
result is identical, sincethe numberof times that eachbit in the coordinate
representationis toggledremainsthesame.

The resulting C-programminglanguagecode fragmentis shown below. u and v
areunsignedintegerscontainingthe integer representationof the coordinatesof the
point to be transformed: � � integerÁLÊ+� ! 5 Ãs�J� � integerÁ�,O� ! 5 Ã . At the end,
they containthe integer representationof the coordinatesof the transformedpoint:ÊGP � �QA ! 5 å��f�K,LP � �<A ! 5 å�� . NBITS is 74Ç ! : the numberof bits in the coordin-
aterepresentation,plus two (becauseof the displacement).Caremustbe taken that
NBITS is lessthanthenumberof bits in therepresentationof anunsignedinteger, or
anoverflow errorwill occur.

/* unsigned u, v; (given) */
unsigned m, d;

u = (u<<2) | 1; v = (v<<2) | 1; /* displace */

/* d contains 1’s where folding is needed */
d = (u & v) & ˜1;

/* mask marking most significant bits */
m = 1<<NBITS;

while (d) {
if (d&(1<<(NBITS-1))) { /* need to fold */

u = (u & m) | (˜(u-1) & ˜m); /* fold */
v = (v & m) | (˜(v-1) & ˜m);

}
d <<= 1;
m |= m>>1;

}





Notations

¾+R ��S Ð scalarproductof R and S (functionsor vectors)Ó0R Ó normof R (functions,vectors,matrices)R overestimatefor a quantity RR underestimatefor a quantity RTR estimateor approximationfor R , or modifiedquantity RUR MonteCarloestimatorfor a quantity RURWV secondaryestimatorfor R :
UR with X samplesY Ê	Z largestintegersmallerof equalto Ê[ �F\ matriceswith elementsÍ � ¼ ��� � ¼] �K^ä��_��K`��KaÆ��b vectorswith componentsÍ � � �g� � ���W�� �

surfaceareaof patch�c � absorptionprobabilityof a randomwalk atstate�du�
radiosityemittedby patch� (constantapproximations)db�L� �
radiosityemitted“under” basisfunction � �L� �d ÁAÊ�Ã “true” radiosityfunctionat point ÊTd ÁAÊ�Ã � �L� � du�A� � � �A� � ÁAÊ�Ã�s� d � �fe � : non-selfemittedradiosityat patch�d 1 URg3 biasof theMonteCarloestimator

UR for R
Cov 1 UR � USh3 co-varianceof MonteCarloestimators

UR and
US\ji transposeof thematrix \ : elements�ki� ¼ � �q¼ �l ¼ ÁAÊ�Ã characteristicfunctionof m ¼ : 1 if ÊnHom ¼ and0 if notp � ¼ Kronecker’sdelta:1 if � � ½ , 0 if �rq� ½e � self-emittedradiosityby patch� (constantapproximations)e �L� � self-emittedradiosity“under” basisfunction � �L� �e ÁAÊ�Ã “true” self-emittedradiosityfunctionat ÊTe ÁAÊ�Ã � �L� � e �L� � � �L� � ÁLÊ�Ãe 1 URo3 expectationof theMonteCarloestimator

UR for Rs ÁAÊ�Ã errorat apoint Ês � erroron a patch�À � ¼ patch-� -to-patch-½ form factorÀutFvQw � ¼ point-Ê -to-patch-½ form factorÄñÁ�x � Ã mapsa spectralrepresentationof x � to asinglefloating
point value
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260 APPENDIXD. LOW-DISCREPANCY SAMPLINGÉÂÁAÊz�K,�Ã geometricradiositykernelÉ ¼ ÁAÊ�Ã y{zB|�ÉÂÁLÊ���,dÃ � �~} : point-Ê -to-patch-½ form factorÉ ¼ � � ÁLÊ�Ã y zB| ÉÂÁLÊ���,dÃ6� ¼ � � Á�,dÃ � �~} : generalisedpoint-to-patchform factor� ÁLÊ��F�
Ã first pointon a surfacevisible from Ê in thedirection ���� �
importanceat patch� (radiosity-like)�
randomwalk ½ ï �+½ Ø � �W��� �+½{�8²ÁLÊ��K,�Ã ��ÁLÊ�Ã6ÉÂÁLÊ���,dÃ8 ¼ ÁAÊ�Ã ��ÁLÊ�Ã6É ¼ ÁAÊ�Ã8 ¼ � � ÁAÊ�Ã ��ÁLÊ�Ã6É ¼ � � ÁAÊ�Ã8 �L� ��� ¼ � � generalisedform factorbetween� �A� � and �z¼ � �T8 ¼ � � ÁAÊ�Ã approximationof 8 ¼ � � ÁAÊ�Ã asa linearcombinationof
basisfunctions� �A� � ÁAÊ�Ã at ÊX numberof samplesin aMonteCarlocomputation� sizeof aproblem,for instancenumberof equationsin a linearsystem� ÁAÊ�Ã hemisphereof directionsabove Ê� ¼aÁAÊ�Ã directionsfrom Ê pointingto patchor element½���u�
infinitesimalsolidanglecontainingdirection �x � � ��db�

: poweremittedby patch��­ÁAÊ�Ã (continuous)probabilitydensityat apoint Ê� � (discrete)probabilityat a patchor state��zÁ � Ã probabilityassociatedby randomwalk
�� � ¼ transitionprobabilityfrom � to ½� � randomwalk birth probabilityat �� � � � e � : self-emittedpowerat patch�� �L� � c -th basisfunctiononpatch�� � c -th canonicalbasisfunction(unit squareor standardtriangle)T� �L� � c -th dualbasisfunctionon patch�� � } distancebetweenpoints Ê and ,� � reflectivity of patch���ÁAÊ�Ã reflectivity at point Êm � surfaceof patch� (setof points)ûXÁ � Ã scoreof a randomwalk

�� � survival probabilityof a randomwalk at state���� out-goingdirectionatpoint Ê� � anglebetween� � andthesurfacenormalat ÊS � � ���g�
: importanceat patch� (power-like)�x�

source-importanceatpatch� (radiosity-like)� 1 URg3 varianceof theMonteCarloestimator
UR for R

vis ÁLÊ��K,�Ã visibility predicate:1 if Ê and , aremutuallyvisible,0 if not� � � � � �
: source-importanceat patch� (power-like)�g�

recurrentradiosity: fractionof radiosityon � dueto itself


